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We will establish some oscillation criteria for the third-order Emden-Fowler neutral delay dynamic
equations (r(t)(x(t) - a®)x(t(£))*M)4 + p(H)x¥(6(t)) = 0 on a time scale T, where y > 0 is a
quotient of odd positive integers with r, a, and p real-valued positive rd-continuous functions
defined on T. To the best of our knowledge nothing is known regarding the qualitative behavior
of these equations on time scales, so this paper initiates the study. Some examples are considered
to illustrate the main results.

1. Introduction

The study of dynamic equations on time-scales, which goes back to its founder Hilger
[1], is an area of mathematics that has recently received a lot of attention. It has
been created in order to unify the study of differential and difference equations. Many
results concerning differential equations carry over quite easily to corresponding results
for difference equations, while other results seem to be completely different from their
continuous counterparts. The study of dynamic equations on time-scales reveals such
discrepancies, and helps avoid proving results twice—once for differential equations and
once again for difference equations.

Several authors have expounded on various aspects of this new theory; see the survey
paper by Agarwal et al. [2], Bohner and Guseinov [3], and references cited therein. A book
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on the subject of time-scales, by Bohner and Peterson [4], summarizes and organizes much of
the time-scale calculus; see also the book by Bohner and Peterson [5] for advances in dynamic
equations on time-scales.

In the recent years, there has been increasing interest in obtaining sufficient conditions
for the oscillation and nonoscillation of solutions of various equations on time-scales; we
refer the reader to the papers [6-38]. To the best of our knowledge, it seems to have few
oscillation results for the oscillation of third-order dynamic equations; see, for example, [14—
16, 21, 35]. However, the paper which deals with the third-order delay dynamic equation is
due to Hassan [21].

Hassan [21] considered the third-order nonlinear delay dynamic equations

(c((@®x*®)*))" + flxxzt)) =0, terT, (1)

where 7(o(t)) = o(7(t)) is required, and the author established some oscillation criteria for
(1.1) which extended the results given in [16].

To the best of our knowledge, there are no results regarding the oscillation of the
solutions of the following third-order nonlinear neutral delay dynamic equations on time-
scales up to now:

(rt)x(t) - a(t)x(T(t)))AA>A +p(HXT(6() =0, teT. (1.2)

We assume that y > 0 is a quotient of odd positive integers, r, a and p are positive
real-valued rd-continuous functions defined on T such that r2(t) > 0, 0 < a(t) < ap <
1, lim;_,,a(t) = a < 1, the delay functions 7 : T — T, 6 : T — T are rd-continuous
functions such that 7(t) <t, 6(t) <t,and lim;_, . 7(f) = lim; _, ,,6(f) = co.

As we are interested in oscillatory behavior, we assume throughout this paper that the
given time-scale T is unbounded above. We assume f; € T and it is convenient to assume
to > 0. We define the time-scale interval of the form [t, o) by [to, 00) = [to, 00) N T.

For the oscillation of neutral delay dynamic equations on time-scales, Mathsen et al.
[26] considered the first-order neutral delay dynamic equations on time-scales

[y - r(t)y(’r(t))]A +p(Hy(6(1) =0, teT, (1.3)

and established some new oscillation criteria of (1.3) which as a special case involve some
well-known oscillation results for first-order neutral delay differential equations.

Agarwal et al. [7], Sahiner [28], Saker [31], Saker et al. [33], Wu et al. [34] studied the
second-order nonlinear neutral delay dynamic equations on time-scales

(rO () + pOyEO)®)) " + f(LyEE) =0, teT, (14)

by means of Riccati transformation technique, the authors established some oscillation
criteria of (1.4).
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Saker [32] investigated the second-order neutral Emden-Fowler delay dynamic
equations on time-scales

(a0 +ry )] +pwy G0 =0, teT, (15)

and established some new oscillation for (1.5).

Our purpose in this paper is motivated by the question posed in [26]: What can
be said about higher-order neutral dynamic equations on time-scales and the various
generalizations? We refer the reader to the articles [23, 24] and we will consider the particular
case when the order is 3, that is, (1.2). Set t_1 := minse[s,).{T(t),6(t)}. By a solution of
(1.2), we mean a nontrivial real-valued function x € C,4([t-1, o0), R) satisfying x —ax ot €
Cfd([to, o), R) and r(x —axo D = Cid([to, o)1, R), and satisfying (1.2) for all t € [t, o0) .

The paper is organized as follows. In Section 2, we apply a simple consequence of
Keller’s chain rule, devoted to the proof of the sufficient conditions which guarantee that
every solution of (1.2) oscillates or converges to zero. In Section 3, some examples are
considered to illustrate the main results.

2. Main Results

In this section we give some new oscillation criteria for (1.2). In order to prove our main
results, we will use the formula

1
()" = yfo[hx"a) + (1= mx()] x4 ()dh, @.1)

where x is delta differentiable and eventually positive or eventually negative, which is a
simple consequence of Keller’s chain rule (see Bohner and Peterson [4, Theorem 1.90]).
Before stating our main results, we begin with the following lemmas which are crucial
in the proofs of the main results.
For the sake of convenience, we denote: z(t) = x(t) — a(t)x(7(t)), for t € [ty, o0)1. Also,
we assume that

(H) there exists {ck} ey, C T such that limk —, .ck = 00 and 7(ck+1) = ck.

Lemma 2.1. Assume that (H) holds. Further, assume that x is an eventually positive solution of

(1.2). I

© At
LO E = o0, (2.2)

then there are only the following three cases for t > ty sufficiently large:
(i) z(t) >0, z2(t) > 0, z22(t) > 0, z222(t) < 0,
(i) z(t) <0, z2(t) >0, z22(t) >0, z222(t) <0, lim;_ ,x(t) = 0,
or

(iii) z(t) > 0, z2(t) < 0, z24(t) > 0, z822(t) < 0, limj_ z(t) =1 > 0, limy_ ox(t) =
I/(1-a)>0.
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Proof. Let x be an eventually positive solution of (1.2). Then there exists t; > t; such that

x(t) >0, x(7(t)) >0,and x(6(t)) > 0 for all t > ¢;. From (1.2) we have

(rh=*21)" = px"(6(1) <0, 2.

(2.3)

Hence r(t)z22(t) is strictly decreasing on [t;,o0);. We claim that z22(t) > 0 eventually.

Assume not, then there exists t, > f; such that
r()zA%(t) <0, t>t.
Then we can choose a negative c and t3 > t, such that
r(Hz82 () <c<0, t>ts.

Dividing by 7(t) and integrating from 3 to t, we have

P As

Z8(t) < z8%(t3) + cJ‘tsm.
Letting t — oo, then zA(t) — -0 by (2.2). Thus, there is a 4 > t3 such that for ¢ > ty4,
zZ8(t) < z%(ty) < 0.
Integrating the previous inequality from ¢4 to f, we obtain
z(t) — z(ts) < 2% (ta) (t - ta).
Therefore, there exist d > 0 and t5 > t4 such that
x(t) < -d+a(t)x(t(t)) < -d+ agx(r(t)), t>ts.
We can choose some positive integer ko such that ci > 5, for k > ko. Thus, we obtain

x(ck) < —d + apx(t(ck)) = —d + apx(ck—1) < —d — apd + agx(t(ck-1))

= —d—apd + adx(ck2) < -+ < ~d—apd — - — a7 'd + a O x(T(chyn))
=—-d-apd----— ag_ko_ld + alg_k(‘x(cko).

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

The above inequality implies that x(cx) < 0 for sufficiently large k, which contradicts the fact

that x(t) > 0 eventually. Hence we get

z84(t) > 0.

(2.11)
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It follows from this that either z*(t) > 0 or z2(t) < 0. Since r2(t) > 0,
A
<r(t)zM(t)> = A2 (1) + 7 (1) 2222 (1) < 0, (2.12)

which yields
z884(h <. (2.13)

If z2(t) > 0, then there are two possible cases:

(1) z(t) > 0, eventually; or
(2) z(t) <0, eventually.

If there exists a t; > f; such that case (2) holds, then lim;_ z(t) exists, and
lim; . z(t) = b < 0. We claim that lim;_, ,z(t) = 0. Otherwise, lim; . z(f) = b < 0. We
can choose some positive integer ko such that cix > t4, for k > ky. Thus, we obtain

x(ck) < agx(t(ck)) = apx(ck-1) < aéx(r(ck,l))
(2.14)

k—k k—k
= @x(ck) < -+ < @k M x(T(ern) = ak Fx(er,),

which implies that limk _, . x(cx) = 0, and from the definition of z(t), we have limy_, . z(ck) =
0, which contradicts lim; ., ,z(t) < 0. Now, we assert that x is bounded. If it is not true, there
exists {Sk} ey C [t6, 0) With sx — oo as k — oo such that

x(sk) = sup x(s), kli_r)rc}ox(sk) = 0. (2.15)
From 7(t) <t
z(sk) = x(sk) — a(sk)x(7(sx)) 2 (1 - ao)x(sk), (2.16)

which implies that limy_, ,z(sk) = oo, it contradicts that lim;_,,,z(t) = 0. Therefore, we can
assume that

limsupx(f) =x;,  liminfx(f) = xo. (2.17)
t—oo -

By0<a<1, weget

x1—ax; <0< xp —axy, (2.18)

which implies that x; < x;, s0 X1 = xp, hence, lim;_, ,,x(t) = 0.
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Assume that z2(t) < 0. We claim that z(t) > 0 eventually. Otherwise, we have
lim; —, ,z(t) < 0 or lim;_, ,z(t) = —o0. By (H), there exists t; > t;, we can choose some positive
integer ko such that cx > t7 for k > ky, and we obtain

x(ck) < apx(t(ck)) = apx(ck-1) < agx(r(ck_l))
(2.19)

kKo
ay

k—ki
= a%x(ck—z) S e S x(T(Cko+1)) = ao Ox(cko)/

which implies that limy_, ,,x(cx) = 0, and from the definition of z, we have limy_, ,z(cx) = 0,
which contradicts lim; _, . z(t) < 0 or lim; _, ,,z(f) = —c0. Now, we have that lim; _, ,z(t) =1 >0,
here [ is finite. We assert that x is bounded. If it is not true, there exists {sk} ey C [t6, o0) with
Sy — oo as k — oo such that

x(sk) = sup x(s), klim x(sk) = oo. (2.20)
to<s<sk —®
From 7(t) <t
z(sk) = x(sk) — alsk)x((sk)) 2 (1 - ao)x(sk), (2.21)

which implies that limk_, ,z(sk) = oo, it contradicts that lim;_, ,,z(f) = I > 0. Therefore, we
can assume that

limsup x(t) = x1., litm inf x(t) = xp4. (2.22)

t— oo
By0<a<1, weget

X1x — AX15 < 1< Xy — AX0y, (2.23)

which implies that x1, < x4, S0 X1, = x2,, hence, lim;_, ,x(t) = /(1 — a) > 0. This completes
the proof. m

In [4, Section 1.6] the Taylor monomials {h,(t, s)},-, are defined recursively by

t
hot,s) =1, hani(t,s) = f ha(r,$)AT, tseT, n>1. (2.24)
s

It follows from [4, Section 1.6] that hi(t,s) = t — s for any time-scale, but simple formulas in
general do not hold for n > 2.
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Lemma 2.2 (see [15, Lemma 4]). Assume that z satisfies case (i) of Lemma 2.1. Then

. tz(t)
1 f——" "t ——>1. :
[Ty ho(t, to)z2(t) — (2:25)
Lemma 2.3. Assume that x is a solution of (1.2) satisfying case (i) of Lemma 2.1. If
[“poa60 0=, (226)
to
then z satisfies eventually
A AA zZ8(t) . . .
z2(t) > tz75 (1), ; is nonincreasing. (2.27)

Proof. Let x be a solution of (1.2) such that case (i) of Lemma 2.1 holds for ¢ > ¢;. Define
Z(t) = z2(t) - tz22(1). (2.28)
Thus
ZA(t) = —o()z222 () > 0. (2.29)

We claim that Z(t) > 0 eventually. Otherwise, there exists t, > t; such that Z(t) < 0 for t > t,.
Therefore,

A
<@> =_%>o, E> b, (2.30)

which implies that z* (¢) /t is strictly increasing on [t2, 00) . Pick t3 > t, such that 6(t) > 6(t3) >
tr, for t > t3. Then we have

z8(6(1) | z8(6(ta))

50 > 500 =P>0, (2.31)

then z2(6(t)) > P5(t) for t > t;. By Lemma 2.2, for any 0 < k < 1, there exists ¢4 > t; such that

z(t) S khz(f, to)

t>t. :
A" ¢ 0t (2.32)

Hence there exists t5 > t; so that

ha(6(t), to) ha(6(t), to) _
Z(6(t)) > kTZA(é(t)) > Pkwé(t) = th2(6(t), to), t > ts. (233)
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By the definition of z, we have that
x(t) > z(t). (2.34)
From (1.2), we obtain
A
<r(t)zAA(t)> +p(t)z" (5(t)) <O0. (2.35)
Integrating both sides of (2.35) from t5 to t, we get
t
r(H)z84 () - r(ts)z™ (t5) + (Pk)Vf p(s)(h2(6(s), t0)) As <0, (2.36)
ts
which yields that

r(ts)z5% (ts) 2 (Pk)yf p(s)(h2(6(s), o))" As, (2.37)

which contradicts (2.26). Hence Z(t) > 0 and z2(t) /# is nonincreasing. The proof is complete.
O

Lemma 2.4. Assume that (H) holds and x is a solution of (1.2) which satisfies case (iii) of Lemma 2.1.
If

[e'e]

p(s)R%(s)As = oo, (2.38)
fo

where R(t) := f:o(o(u)/r(u))Aufort € [to, o0) 1, then lim;_, o, x(t) = 0.

Proof. Let x be a solution of (1.2) such that case (iii) of Lemma 2.1 holds for ¢ > t;. Then
lim; o z(t) =1>0, lim;, ,x(t) = 1/(1 — a) > 0. Next we claim that [ = 0. Otherwise, there
exists t, > t; such that z(6(t)) > [ > 0 for all t > t,. By the definition of z, we have that (2.35)
holds. Integrating both sides of (2.35) from t to oo, we get

Z88 (1) > r(l—t)fp(s)zr(a(s)ms. (2.39)

Integrating again from ¢ to oo, we have

—zA(t)zf %f p(s)z" (6(s))As Au. (2.40)

t
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Integrating again from ¢, to oo, we obtain
z(t) > f J f p(s)z"(6(s))As AuAv > IYI f e )f p(s)As Au Av, (2.41)
tz tZ

which contradicts (2.38), since by [23, Lemma 1] and [3, Remark 4.7], we get

J‘:J‘:o%fjp(s)AsAuAv
= J‘:J‘jj‘:o%p(s)AsAuAv

Jtof IG(S) )P(S)AuAsAv LO IG(S)I:(S)%p(s)Au Av As

o(s) o(s) o) (242)
f (S)J f —Au Av As —J S)J f —Av Au As
to to
o(s) o(u)
Av Au As
-[ ol vl
o(s) o(s) & ©
I p(s)J o(u) Au As = J‘ p(s)j A As = f p(s)R?(s)As.
to to to
Hence lim;_, ,x(t) = 0 and completes the proof. O

Theorem 2.5. Assume that (H), (2 2), (2.26), and (2.38) hold, y > 1. Furthermore, assume that
there exists a positive function 1 € C? ,([to, o), R) such that for some 0 < k < 1 and for all constants
M>0

t

lim sup t <11(S)P(S)C(S) -

t— oo

(2.43)

7

r(s) 0 (s)’ >As _

4y MY~17(s)

where §(t) == (ha(6(t), o) /t)Y. Then every solution x of (1.2) oscillates or lim;_, ,x(t) = 0.

Proof. Suppose that (1.2) has a nonoscillatory solution x. We may assume without loss of
generality that x(t) > 0, x(7(t)) > 0, and x(6(t)) > O for all t € [t1, 00), t1 € [ty, 00)r. Then by
Lemma 2.1, z satisfies three cases. Assume that z satisfies case (i). Define the function w by

r(t)z22 ()

w(t) = ﬂ(t)W,

t € [t,00)r. (2.44)

Then w(t) > 0. Using the product rule, we have

A
wh (t) = <r(t)ZAA(t)>G[(ZZ((?))Y] + <r(t)ZAA(t)>A (ZZ((?))Y' (2.45)
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By the quotient rule, we get

oA (O (4 0) =) ()
(z2(1))" (z2o (1))

A
) . (T(t)ZAA(t))A n(t) (2.46)

w0 = (=) O

By the definition of z and (1.2), we obtain (2.35). From (2.35) and (2.44), we have

o A
) 260 OO (o)) 2.47)
w(t) =n(t)p(t) >0) n(t) (22 (1) (5 (1))

n°(t)
n°(t)

wh(t) <

from (2.25) and (2.27), for any 0 < k < 1, we obtain

261) _ 26 (Z61) S (kl/yhz(ﬁ(t),to)>y<@>y _ k<hz(6(t),to))Y

(A1) (Z261) (A1) T 6(t) t t
(2.48)
hence by (2.48), we have
o A
o (rH=z221)" (= m)") i
W) < oy (O = kn®pOLH ~ (o) DN (2:49)
In view of y > 1, from (2.1) and (i) of Lemma 2.1, we have
((zA(t)>Y>A - yf [nz2e(t) + (1 - h)zA(t)]Y_leA(t)dh
0 (2.50)
>y(220) 220 2y ),
where M = z(t;). By (2.49), we have
s o 100 - [(r(t)zM(t))G]z z84(t) (2.51)
w"(t) < (0 w(t) —kn(t)pt)¢Et) —yM ' n(t) (A0 (2o () P (D240 :
from (i), we have z2 (t) < z29(t), by (r(£)z22(t))* < 0, we have
Z88(t) > L(t)zM"(t), (2.52)

r(t)
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so we get
2
A (r(h=z22(1)°]
3y < O oy~ knitypie t—MY‘lt[—, (2.53)
w"(t) < no(t)w (t) = kn(®)p®)(t) —y n( )T(t)((ZAG(t))Y)Z
by (2.44), we have
A
)y < LD oy ke - y M —1D o2,
w(t) < q“(t)w (t) = kn®)p®)st) -y r(t)(q"(t))z(w ) (2.54)
Therefore, we obtain
R r(H) (1° ()
w™(t) < —kn(H)p(E)G(t) + W (2.55)

Integrating inequality (2.55) from #; to t, we obtain

A 2
(kn(s)p(s)é(s) - M) As, (2.56)

t

—w(t) <w(t) -w(t) < ‘f 4yMrn(s)

t

which yields

r(s) (2 (s))’

t
[ <kn<s>p<s)g<s> S Y

>As <w(t) (2.57)

for all large ¢, which contradicts (2.43). If (ii) holds, from Lemma 2.1, then lim;_, ,,x(t) = 0. If
case (iii) holds, by Lemma 2.4, then lim; _, ;. x(¢) = 0. The proof is complete. O

Remark 2.6. From Theorem 2.5, we can obtain different conditions for oscillation of all
solutions of (1.2) with different choices of 7.

For example, let 77(t) = t. Now Theorem 2.5 yields the following result.
Corollary 2.7. Assume that (H), (2.2), (2.26), and (2.38) hold, y > 1. If

. ' ha(6(s), to) \ r(s) _
hrtrlsoljp . <sp(s)< S ) - 4kyMYls>As = (2.58)

holds for some 0 < k < 1 and for all constants M > 0O, then every solution x of (1.2) is either
oscillatory or limy _, . x(t) = 0.

For example, let 77(t) = 1. From Theorem 2.5, we have the following result which can
be considered as the extension of the Leighton-Wintner Theorem.
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Corollary 2.8. Assume that (H), (2.2), (2.26), and (2.38) hold, and y > 1. If

lim sup t p(s)(%)yAs = o0, (2.59)

t— oo to

then every solution x of (1.2) is either oscillatory or lim;_, ,,x(t) = 0.
In the following theorem, we present a new Kamenev-type oscillation criteria for (1.2).

Theorem 2.9. Assume that (H), (2.2), (2.26), and (2.38) hold, y > 1. Let { and n be as defined in
Theorem 2.5. If for some 0 < k < 1 and for all constants M > 0

t

2 o 2
limsuptlm <(t—5)mn(s)p(s)g(s)_ r(s)B%(t,s)(n°(s))

dkyMr-15(s)(t - s)™

t— oo to

>As = oo, (2.60)

where m > 1, and

n°(s)

113(5) —m(t-0o(s))™?, t>0(s) >t (2.61)

B(t,s) = (t-s)™

then every solution x of (1.2) oscillates or lim;_, . x(t) = 0.

Proof. Suppose that (1.2) has a nonoscillatory solution x. We may assume without loss of
generality that x(t) > 0, x(7(t)) > 0, and x(6(t)) > O for all t € [t1,00)7, t1 € [ty, o0)p. Then by
Lemma 2.1, z satisfies three cases. Assume that z satisfies case (i). We proceed as in the proof
of Theorem 2.5 to get (2.54) for all t > #; sufficiently large. Multiplying (2.54) by (t - s)™ and
integrating from t; to t, we have

t t t TlA(S)
(t—8)"kn(s)p(s)¢(s)As < —| (t—8)"w (s)As+ | (t-s)"——w’(s)As
h h b n°(s)
e (2.62)
[ M) o
no r(s)(n°(s))
Integration by parts, we obtain
—It (t—5)"w"(s)As = —(t — 5)"w(s) [}, + t ((t- s)m)Aﬁw"(s)As. (2.63)
ty 3]

Next, we show that if t > o(s) and m > 1, then

((t =)™ < —m(t - o(s))™". (2.64)
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If u(s) = 0, it is easy to see that (2.64) is an equality. If y(s) > 0, then we get

((t-5)™)™ _(L[( —0(s))" = (t—5)"] = - [t=9)" = (t-0()"].  (265)

O'(S)
Using the inequality
x™ -y Zmym‘l(x—y), x>y>0, m>1, (2.66)
we obtain for t > o(s)
[(t=35)" = (t=0(s))"] > m(t—0(5))" ' (0(s) - 5), (267)

and from this we see that (2.64) holds. From (2.62)—(2.64), we get

t

(t—5)"kn(s)p(s)§(s)As

51

<-nain)+ | [(t— oL - m(t—o(s))"’l]wo(sms .69
1
L (t-s)"yM 'y ()( o())2As.
nor(s)(1°(s))?
Thus
' m r(s)B2(t, 5) (11°(s)) 1
L<(t‘s) NEOPELE) - T oo )2 < % w(t) (t—t)™, (2.69)

which implies that

1t r(s)B2(t,s) (n°(s))” 1 = t\"
o <<t—s> NP = ot ss<om) (). @

This easily leads to a contradiction of (2.60). If (ii) holds, from Lemma 2.1, then lim;_, ,,x(t) =
0. If (iii) holds, by Lemma 2.4, then lim;_, ,,x(t) = 0. The proof is complete. O

In the following theorem, we present a new Philos-type oscillation criteria for (1.2).

Theorem 2.10. Assume that (H), (2.2), (2.26), and (2.38) hold, y > 1. Let { and 1 be as defined in
Theorem 2.5. Furthermore, assume that there exist functions H, h € C,q(D,R), where D = {(t,s) :
t > s > to} such that

H(tt)=0, t>ty, H(ts)>0, t>s>t, (2.71)

and H has a nonpositive continuous A-partial derivation H?:(t, s) with respect to the second variable
and satisfies
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n(s) _ h(t,s)

H"%(t,s) + H(t,s) E - T H(t,s). (2.72)
If for some 0 < k < 1 and for all constants M > 0
t
hrtxls::pm tOK(t, S)As = oo, (2.73)
where
2
K(t,5) = H(t, s)()p(s)3(s) - SN lo) (274

4kyMr-15(s)”

where h_(t, s) = max{0,—h(t, s)}, then every solution x of (1.2) oscillates or lim;_, ,,x(t) = 0

Proof. Suppose that (1.2) has a nonoscillatory solution x. We may assume without loss of
generality that x(t) > 0, x(7(t)) > 0, and x(6(t)) > 0 for all t € [t;,00)1, t; € [ty, o0). Then by
Lemma 2.1, z satisfies three cases. Assume that z satisfies case (i). We proceed as in the proof
of Theorem 2.5 to get (2.54) for all t > t; sufficiently large. Multiplying both sides of (2.54),
with t replaced by s, by H(t, s), integrating with respect to s from t; to ¢, we have

t

kH(t, s)n(s)p(s)é(s)As

t

- tH(t,s)wA(s)As+ H{(t, 5)71 “(s) w(s)As — tH(t )i(w"(s))zAs.

t h 1°(s) h r(s)(n° (s))
(2.75)
Integrating by parts and using (2.71) and (2.72), we obtain
t
[ kP
H(t, t)w(t) + tHAS(t,s)w"(s)As+ H(t s) 1 8 w?(s)As
t
' yM7(s) 2
- | H(t,s)———=(w(s))"As
f t1 r(s)(17°(s))
“[_htt,s) yMY 7 (s) 270
H(t, t)w(t S TH(E s)w (s) - H (t, s) F—227_ (09 (s))2 | A
(t, t1)ew( 1)+It1[ ) (t,s)w’(s)—H(t S)r(s)(flo(s))Z(w (S))] s

h(t,s) o YM™ln(s) 2]
Hi{t, -H(t,s)—— A
H, t1>w(t1>+f [ e VHO 9079~ HO9) - )

" r(s)(h-(t,5))? As

H(t, t1)w(t) +ft 4y Mr15(s)
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Therefore, we get

r(s)(h_(t,5))

1
4kYMY_1rl(S) >AS < EH(t, tl)w(tl). (277)

t
f <H<t, )N(S)p(s)¢(s) -

t

This easily leads to a contradiction of (2.73). If case (ii) holds, from Lemma 2.1, then
lim;, x(t) = 0. If case (iii) holds, by Lemma 2.4, then lim;_,,x(t) = 0. The proof is
complete. m

The following result can be considered as the extension of the Atkinson’s theorem [39].

Theorem 2.11. Assume that (H), (2.2), (2.26), and (2.38) hold, y > 1. If

lim sup p) (s)<h2(6(s)'t0)>YAs = oo, (2.78)

b ) (s a(s)

then every solution x of (1.2) is either oscillatory or lim;_, ,,x(t) = 0.

Proof. Suppose that (1.2) has a nonoscillatory solution x. We may assume without loss of
generality that x(t) > 0, x(7(t)) > 0 and x(6(t)) > 0 for all t € [t1, 00)r, £, € [ty, o0). Then by
Lemma 2.1, z satisfies three cases. Assume that z satisfies case (i). Define the function w

r(t)z(t)

w(t) =t (zA(t))Y ,

t € [t1, ). (2.79)

Using the product rule, (2.25) and (2.27), for any 0 < k < 1, we have that

Z'(6(t) _ _=Z'(6(1)) (z86(1))" ><k1/yh2(6(t)/t0)>r<@>y:k<h2(6(t)/t0)>y
(zAo (1)) (22(8(1))" (zhe(t)” o(t) o(t) o(t) '
(2.80)

By (1.2), we have that (2.35) holds, then from (2.80), we calculate

WA (t) = {r(t)zM )+ o) (rn="2 1) } (z4) "+ 222 ) (<ZA (t))“’) ’

<r=22 (=) ~owpe (Z2D) L ((20)7) sy

ZAo(t)
A
(™) Ba(6(1), t0) !
<rp—— L RleOLY,

~kattpo (00
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where the last inequality is true because ((z* (#))™)2 < 0 due to (2.1) and because

((zA(t)>1Y>A =(1- y)f: [hz“(t) +(1- h)zA(t)]isz(t)dh
<(1- y)jl [nz2e(t) + (1= W)z (1)] " 222 () dn (2:82)
0

= (1-7)(z%(m) "z,

Upon integration we arrive at

A
L pls) (ha(6(s), k) ) r(EE)'T) " WA (s)
ftlko(s) ( 2 0 > Assf —As—f As

r(s) o(s) T e b 7(s)

_E@Eo)T @e)T f W (5) 5

1y -y y 7(s)

)7 wh) w® (. 1\
S +r(t1)‘r<t>+fh“’ “’(@) hs

P (zA(h))l_Y . w(t)
y-1 r(t1)

(2.83)

from 72 (t) > 0. This contradicts (2.78). If case (ii) holds, from Lemma 2.1, then lim;_, ., x(t) =
0. If case (iii) holds, by Lemma 2.4, then lim;_, ,,x(t) = 0. The proof is complete. O

Theorem 2.12. Assume that (H), (2.2), (2.26), and (2.38) hold, y < 1. Furthermore, assume that
there exists a positive function 1 € C! ,([to, o), R) such that for some 0 < k < 1 and for all constants
L>0

t

. r(s)(n°(s))’ >
1 — = 284
iy to<"(s)” ()66) aky(Lo(s))"'(s) Ao e .

where ¢ is as defined as in Theorem 2.5. Then every solution x of (1.2) is either oscillatory or
lim, o x(t) = 0.

Proof. Suppose that (1.2) has a nonoscillatory solution x. We may assume without loss of
generality that x(t) > 0, x(7(t)) > 0 and x(6(t)) > O for all t;t € [t;, 00), € [to, 0)7. Then by
Lemma 2.1, z satisfies three cases. Assume z satisfies case (i). Define the function w as (2.44).
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We proceed as in the proof of Theorem 2.5 and we get (2.49). In view of y < 1, from (2.1) and
(i) of Lemma 2.1, we have

A ! - r-1
((zA(t)>> :yfo[th )+ (1-mzA®)| 222 (t)dh

(2.85)
>y (=20) " 240,
from (2.27), there exists a constant L > 0 such that z(¢) < Lt, so
((=20))" 2 rtowyz20), 259
By (2.49), we have
A ) oo N -1 @) 02
w(t) < O (t) = kn(B)p(t)5(t) - y(Lo(t)) O D) o 0) (w(£))" (2.87)
Therefore, we obtain
A r(H) (1 (1))
w= () < =kn(t)p(t)¢(t) + —4y(Lo(t))Y_111(t)' (2.88)
Integrating inequality (2.88) from t; to t, we obtain
) . o ) () > 89
w(t) < w(t) - w(t) < f <kn(s)P(S)§(s) i L
which yields
t () (1)’ > 500
J‘n <kn(5)p(8)§(S) o) 16 As < w(t) (2.90)

for all large t, which contradicts (2.84). If case (ii) holds, from Lemma 2.1, then lim;_, ,,x(t) =
0. If case (iii) holds, by Lemma 2.4, then lim;_, ,,x(t) = 0. The proof is complete. O

Remark 2.13. From Theorem 2.12, we can obtain different conditions for oscillation of all
solutions of (1.2) with different choices of 7.

For example, let 77(t) = t. Now Theorem 2.12 yields the following results.
Corollary 2.14. Assume that (H), (2.2), (2.26), and (2.38) hold, y < 1. If

. ' ha(6(s),t) \" r(s) _
ln;nﬂs:;p . <sp(s)< S > 4ky(Lo*(s))Y_1s> As = (2.91)
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holds for some 0 < k < 1 and for all constants L > 0, then every solution x of (1.2) is either oscillatory
or lim; _, ,,x(t) = 0.

For example, let 77(t) = 1. From Theorem 2.12, we have the following result which can
be considered as the extension of the Leighton-Wintner theorem.

Corollary 2.15. Assume that (H), (2.2), (2.26), and (2.38) hold, y < 1. If (2.59) holds, then every
solution x of (1.2) is either oscillatory or lim; _, ,x(t) = 0.

In the following theorem, we present a new Kamenev-type oscillation criteria for (1.2).

Theorem 2.16. Assume that (H), (2.2), (2.26), and (2.38) hold, y < 1. Let { and 1 be as defined in
Theorem 2.12. If for some 0 < k < 1 and for all constants L > 0

t

limsup ™

o 2
r(s)B(t,5) (1°(s)) > As=oo,  (292)

<(t—S) n(s)p(s)g(s) - aky(Lo(s) (s) (t - s)"

t— o to

where m > 1, and

w1 (8)

) m(t—o(s))™", t>o(s)>to, (2.93)

B(t,s) = (t - s)

then every solution x of (1.2) oscillates or lim;_, ,x(t) = 0.

The proof is similar to that of Theorem 2.9 using inequality (2.88), so we omit the
details.
In the following theorem, we present a new Philos-type oscillation criteria for (1.2).

Theorem 2.17. Assume that (H), (2.2), (2.26), and (2.38) hold, y < 1. Let { and 1 be as defined in
Theorem 2.12. Furthermore, assume that there exist functions H, h € C,4(D,R), where D = {(t,s) :
t > s> to} such that (2.71) holds, and H has a nonpositive continuous A-partial derivation H*(t, s)
with respect to the second variable and satisfies (2.72). If

_ 1
lim sup

t
K(t,s)As = oo 2.94
t— o0 H(tltO)J‘to ( ) ( )

holds for some 0 < k < 1 and for all constants L > 0, where

r(s)(h_(t,5))’
4ky(Lo(s)" 'n(s)’

K{(t,s) = H(t, s)n(s)p(s)G(s) - (2.95)

where h_(t,s) = max{0, —h(t,s)}. Then every solution x of (1.2) oscillates or lim;_, ,x(t) = 0.

The proof is similar to that of the proof of Theorem 2.10 using inequality (2.88), so we
omit the details.

The following result can be considered as the extension of the Belohorec’s theorem
[40].



Advances in Difference Equations 19

Theorem 2.18. Assume that (H), (2.2), (2.26), and (2.38) hold y < 1. If

(h2(6(s),t0))" As = oo, (2.96)

t
. p(s)
lim su
b ), ()

then every solution x of (1.2) is either oscillatory or satisfies lim;_, . x(t) = 0.

Proof. Suppose that (1.2) has a nonoscillatory solution x. We may assume without loss of
generality that x(t) > 0, x(7(t)) > 0, and x(6(t)) > O for all t1¢ € [t1,00)g, € [to, o0). Then by
Lemma 2.1, z satisfies three cases. Assume that z satisfies case (i). From (i) and (2.1) we have

((r(t)z“(t))”)A =(1-y) f : [n(r(hz22 )7 + A= myrz24 )] (rnz4 ) di
<(1-y) f 1 [hr(t)zM(t) +(1- h)r(t)z“(t)]_y (r(t)zM(t))Adh
0

= - (rw=22m) " (rotm),
(2.97)

SO

((riyz2 (’«‘))H>A . (2.98)

(ro=2®) " (r=24 )" 2 =

\

By (1.2), we have that (2.35) holds. Using (2.25) and (2.27), for any 0 < k < 1, we obtain after
dividing (2.35) by (r(t)z*2(#))" for all large ¢

, (r0=z*21)* + p() = (5())
) (r(hze4()"

<r(t)ZAA(t)>_Y <r(t)zAA(t)>A +p(t) <%>Y

0

> (2.99)

A\ A
(CO=20)7)" oy [ =60) =0\
-y m(6(0) \ 22(6() 25 (6(1)

A
((r(t)zM(t))H> p(t) o (6(t), t) v
- =y ETGI0) (k 0 5‘”)

A
(Gm=z2m)") p(t)
= = +kYrY(6(t))(h2(5(t),f0))y-
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So,

1-y A
p(t) (Cm=220)") 2.100
Ky RO )T < . (2.100)

Upon integration we arrive at

1-r\ 2 -
C((rnz2()") po< FOZ2O) T G0
t1 y-1 1-y

" _PGs)
J st mee s |

This contradicts (2.96). If case (ii) holds, from Lemma 2.1, then lim;_, ,,x(t) = 0. If case (iii)
holds, by Lemma 2.4, then lim;_, ,,x(t) = 0. The proof is complete. O

Remark 2.19. One can easily see that the results obtained in [14-16, 21, 23, 24, 35] cannot be
applied in (1.2), so our results are new.

3. Examples
In this section we give the following examples to illustrate our main results.
Example 3.1. Consider the third-order neutral delay dynamic equations on time-scales

1 AAA ﬂ ¢ ¥
(x(t) - zx(r(t))> + ;<m> xV(6(t) =0, t€ [ty, )y, (3.1)

where > 0,1 < y < 2 is a quotient of odd positive integers, hy (6(t), ty) < 2.
Letr(t) =1, a(t) =1/2, p(t) = (B/t) (t/h2(6(t), 1)) It is easy to see that (2.2), (2.26),
and (2.38) hold. Also

t Y t
lim sup p(s)(@) As = flimsup % = co. (3.2)

t— oo to t— oo to

Hence by Corollary 2.8, every solution x of (3.1) is either oscillatory or lim;_, ,x(t) = 0.

Example 3.2. Consider the third-order neutral delay differential equation

eZ

<x(t) - %x(t —2)>W + <1 - E>.f32fx3(t) =0, tE€ /[ty o). (3.3)

Lety =3, r(t) =1, a(t) = 1/10, p(t) = (1 — €*/10)e*. It is easy to see that all the conditions
of Corollary 2.8 hold. Then by Corollary 2.8, every solution x of (3.3) is either oscillatory or
satisfies lim; _, ,,x(¢) = 0. In fact, x(t) = ™" is a solution of (3.3).
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Example 3.3. Consider the third-order delay dynamic equation

AAN A 1
<t<x(t)—%x(7(t))> ) +gir(t)xY(6(t)):O, te[l,00)g, (3.4)

where T = g™, > 0, y > 1is a quotient of odd positive integers.
For T = g™, we have hy(6(t), to) = ha(6(t),1) = (6(t) = 1)(6(t) —q)/(1 + q),0(t) = gt.
Letr(t) =t, p(t) = pt7~1/6%(t). It is easy to see that (2.2) and (2.38) hold, and

* © =1/ (5(t) = 1)(6(F) - ¥
f p(t)(h2(6(t),t0))YAt:ﬂf tr (( (H -1)(6(t) q)> A
to 1

62(t) 1+
1 (3.5)
> lﬁf 1At = 0, for some 0<1I<1.
1
Hence (2.26) holds. Also
t
. p(s) <h2(5(5),f0)>Y
limsu o(s As
mop), v 7N T o)
(3.6)

s 1 /6 -DG6) -\,
= ﬂql Yllirlsgpj‘l 562(S) ( T p ) As = oo,

so (2.78) holds. By Theorem 2.11, every solution x of (3.4) is either oscillatory or satisfies
lim;, o x(t) = 0.

Example 3.4. Consider the third-order delay dynamic equation

1 AAA p 1 ¥
(x(t) - 5x(7‘(t))> + n <m> xV(6(t)) =0, te[ty,0)r, (3.7)

where hy (6(t),to) < t?,4 >0, y < 1 is a quotient of odd positive integers.
Letr(t) =1, p(t) = (B/t)(1/ha(8(t), t))". It is easy to see that (2.2), (2.26), and (2.38)
hold. Also we have

t t
. p(s) . As

lim su ——— __(hy(6(s),ty)) As = flimsu — = oo. (3.8)
msup tOTY(5(S))( 2(6(s), to)) p m sup WS

Hence (2.96) holds. By Theorem 2.18, every solution x of (3.7) is either oscillatory or satisfies
lim; o, x(t) = 0.
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