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1. Introduction

It is well known that solving Schrédinger’s equation is a prominent £*-boundary value
problem. In this article, we want to become familiar with some of the dynamic equations
that arise in context of solving the Schrodinger equation on a suitable time scale where the
expression time scale is in the context of this article related to the spatial variables.

The Schrodinger equation is the partial differential equation (t € R)

» @ P 0 o
—@——2—£+V(x,y,z) ¢(x,y,z,t) —zgq,r(x,y,z,t), (1.1)

where the function V : Q C R®> — R yields information on the corresponding physically
relevant potential. The solutions of the Schrodinger equation play a probabilistic role, being
modeled by suitable £2-functions. For the convenience of the reader, let us first cite some
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of the fundamental facts on Schrodinger’s equation. To do so, let us denote by C?(Q) all
complex-valued functions which are defined on Q and which are twice differentiable in each
of their variables.

Definition 1.1. Let ¢ : Q — C be twice partially differentiable in its three variables. Let
moreover V : Q — R be a piecewise continuous function, P(Q) denoting the space of
piecewise continuous functions with values in C. The linear map H : C*(Q) — P(Q), given

by
2 62
(40)(59,2) = (= s~ sV (59.9) Jo.2) 12

is called Schridinger Operator in C?(Q).

The following lemma makes a statement on the separation ansatz of the conventional
Schrodinger partial differential equation where we throughout the sequel assume Q = R3.

Lemma 1.2 (Separation Ansatz). Let the Schrodinger equation (1.1) be given, fulfilling the
assertions of Definition 1.1 where Q = R3. In addition, the function V will have the property

V:R SR, (x,y,z) — V(x,y,z) = f(x) + g(y) + h(z), (1.3)

where f, g, h are continuous. Let now Ai, Ay, A3 € R be such that there exist eigenfunctions
@1, 92,93 € L2(R) N C*(R) with

¢ (x) + f(x) g1 (x) = g (x), x€R,
() +8(v) p2(v) = g2 (y), yER, (1.4)
~gp(2) + h(z) @3(2) = Aag3(z), z€ER.

Then the function ¢ € (L2(R3) x C2(R)) N C*(R*), given by
(x,y,2,t) — @(x,y,2,t) = g1 ()2 (y) g3 (z) e et ikt (1.5)

is a solution to Schrodinger’s equation (1.1), revealing a completely separated structure of the
variables.

A fascinating topic which has led to the results to be presented in this article is
discretizing the Schrodinger equation on particular suitable time scales. This might be of
importance for applications and numerical investigations of the underlying eigenvalue and
spectral problems. Let us therefore restrict to the purely discrete case, that is, we are going to
focus on a so-called basic discrete quadratic grid resp. on its closure which is a special time scale
T with fascinating symmetry properties.
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Definition 1.3. Let 0 < g < 1aswell as ¢y, ¢, c3 € R. The set

Rffl“'“) ={aq"+cq " +c|nel} (1.6)

denotes the basic discrete quadratic grid where c2 + ¢3 #0. For n € Z, we abbreviate y, = c14" +
2" + ¢z and —Rffl’cz’“) ={teR |-te R,(fl’cz’q’)} . Define the set

T = Rz(]cl,sz) U _Rthl/CZ/CS) (1.7)
as well as the set T* by
T* =T\ {0}. (1.8)

The boundary conditions on the functions we need for the discretized version of
Schrodinger’s equation are then given by the requirement

LXT) = {f: T* — C|(f, f) <o}, (1.9)

where the scalar product (f, g) for two suitable functions f, g : T* — R will be specified by
(£,8) = 2 [vuet =1l (f ()2 Crn) + F (-10)8 (1)) (1.10)

In this context, we assume that |y,.1 — ¥,/ #0 for all n € Z. By construction, it is clear that
£%(T*) is a Hilbert space over C as it is a weighted sequence space, one of its orthogonal bases
being given by all functions &4 : T \ {0} — {0,1} which are specified by €% (7g™) := 6un Oor
withm,n € Z and o, € {1,-1}.

Already now, we can say that the separation ansatz for the discretized Schrodinger
equation will lead us to looking for eigensolutions of a given Schrodinger operator in the
threefold product space £2(T*) x £%(T*) x £%(T*).

Hence we come to the conclusion that in case of the separation ansatz for the
Schrodinger equation, the following rationale applies:

The solutions of a Schrodinger equation on a basic discrete quadratic grid are directly
related to the spectral behavior of the Jacobi operators acting in the underlying weighted
sequence spaces.

Before presenting discrete versions of the Schréodinger equation on basic quadratic
grids, let us first come back to the situation of Lemma 1.2 where we now assume that the
potential is given by the requirement

fx)y=x* g(y)=v> h(z)=2*> (xy,z)€eR’. (1.11)
Hence, it is sufficient to look at the one-dimensional Schrodinger equation

—¢p" (x) + 2% (x) = A (). (1.12)
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For the convenience of the reader, let us refer to the following fact. let the sequence of

functions (¢n),cy, be recursively given by the requirement

Pn+1 (x) = _q};z(x) + X(Pn(x)/ X € R/ ne NO/ (113)

where ¢ : R — R,x — gio(x) = e"1/2%", We then have ¢, € £L2(R) N C2(R) for n € Ny and
moreover

—¢"(x) + X2 (x) = Cn+1) ¢, (x), x€R, neN. (1.14)
n 4 4

This result reflects the celebrated so-called Ladder Operator Formalism. We first review
a main result in discrete Schrodinger theory that is a basic analog of the just described
continuous situation. Let us therefore state in a next step some more useful tools for the
discrete description.

Definition 1.4. Let 0 < g <1 and let T be a nonempty closed set with the properties

VxeT: qxeT,q‘lxeT,—xeT. (1.15)
Let for any f : T — R the right-shift resp. left-shift operation be fixed through
(Rf)@) = f(qx), (Lf)(x):=f(q7'x), xeT, (1.16)

respectively, the right-hand resp. left-hand basic difference operation will for any function
f:T* — Rbe given by

—1
(Dgf)(x) := M, (Dg f)(x) := M, xeT\{0}. (1.17)

qx—x g lx -

Let moreover a > 0 and let

g T\ {0} =R, x+ g(x): _ Vo) Vet yiral- g - (1.18)

T Ve® (@-Dx | ar-x

where the positive even function ¢ : T — R* is chosen as a solution to the basic difference
equation

¢(gx) = <1 +a(l- q)x2><p(x), xeT. (1.19)

The creation operation A*resp. annihilation operation A are then introduced by their actions on
any ¢ : T* — R as follows:

A*¢ = (-Dyg+ g(X)R)¢, Ay =q ' (LD,+Lg(X))y. (1.20)
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We refer to the discrete Schrodinger equation with an oscillator potential on T* by
g (-Dy + g(X)R) (LD, + Lg(X))¢ = Ags. (1.21)

The following result reveals that the discrete Schrodinger equation with an oscillator
potential on T* shows similar properties than its classical analog does.

Lemma 1.5. Let the function ¢ be specified like in Definition 1.4, satisfying the basic difference

equation (1.19) on R,(fl’o’o) with c1 #0. Let moreover ¢ : Rffl’o’o) — R,x — go(x) = 1/p(x).

((;:1,0,0) — R, given by ¢n(x) = ((A*)" o) (x) (while x € R;Cl’o’o))

are well defined in ﬁz(Rgcl'o’O)) and solve the basic Schrodinger equation (1.21) in the following sense:

For n € Ny, the functions ¢, : R

"1
97 (=Dy + g(X)R) (LDg + Lg(X))¢rn = 2_ T Y
"1
A*(Pn = Pn+1, A‘Pn = lz]j $n-1, (Pn(x) = HZ(X) ‘PO(x)r (1.22)

n_1
T7"H (x)=0, Hl(x)=1 H(x)=ax.

HZ+1 (x) - aq"xHZ(x) +a P

These relations apply for x € Rff“o’o) and n € Ny where one set ¢_y = 0,H’, := 0. Moreover,
the corresponding moments of the orthogonality measure for the polynomials (H,) )nen,, Arising from
(1.19), are given by

—2n-1 _ 1
Hons2 = ————Hon, Hons1 = 0,1 € Ny, (1.23)
a(l-q)

The proof for the lemma is straightforward and obeys the techniques in [1].
The following central question concerning the functions spaces behind the
Schrodinger equation (1.21) is open and shall be partially attacked in the sequel.

1.1. Central Problem

What are the relations between the linear span of all functions ¢,,n € Ny arising from
Lemma 1.5 and the function space .£? (Rﬁf1 ’0’0))?

In contrast to the fact that the corresponding question in the Schrédinger differential
equation scenario is very well understood, the basic discrete scenario reveals much more
structure which is going to be presented throughout the sequel of this article.

All the stated questions are closely connected to solutions of the equation

p(gx) = <1 +a(l- q)x2>(p(x), xeT (1.24)
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which originated in context of basic discrete ladder operator formalisms. We are going to
investigate the rich analytic structure of its solutions in Section 2 and are going to exploit
new facts on the corresponding moment problem in Section 3 of this article.

Let us remark finally that we will—throughout the presentation of our results in this
article—repeatedly make use of the suffix basic. The meaning of it will always be related to
the basic discrete grids that we have introduced so far.

The following results will shed some new light on function spaces which are behind
basic difference equations. They are not only of interest to applications in mathematical
physics but their functional analytic impact will speak for itself. The results altogether show
that solving the boundary value problems of Schrodinger equations on time scales (that have
the structure of adaptive grids) is a wide new research area. A lot of work still has to be
invested into this direction.

For more physically related references on the topic, we invite the interested reader to
consider also the work in [2-5].

For the more mathematical context, see, for instance, [1, 6-12].

2. Completeness and Lack of Completeness

In the sequel, we will make use of the basic discrete grid:
Ry :={xq" |neZ}, (2.1)

and we will consider the Hilbert space
£(R,) = {f By —C1 3 " (F@)F @) + f-a") ) < oo}. 2)
n=-oo
Theorem 2.1. Let 0 < g <1and a >0 as well as ¢ an even positive solution of

p(qx) = (1+a(1-9)x")p(x) (2.3)

be given by shifted versions of

on the basic discrete grid R,. Let the sequences of functions (¢m),,cz,

the @-function as follows:

om € LX(Ry) ¢@m Ry — R, xr— pu(x) = p(q"x) = p(-q"x), meLZ, 04
om € L2(Ry) ¢m Ry — R, x+— gu(x):=x ¢(q"x), meZL .

The finite linear complex span of precisely all the functions (Qm),,cz N4 ($m) ey, 15 then dense in
L2(Ry).
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Proof. Let ¢ € £L%(R,) be a positive and even solution to
p(gx) = (1 +a(l- q)x2>tp(x), x € R,. (2.5)

One can easily show that an .£?(R,)-solution with these properties uniquely exists, up to a
positive factor, moreover all the functions defined by (2.4) are well defined in ﬁz(Rq). Let us
refer by the sequence (P,),cy, to all the orthonormal polynomials P, : R; — R which arise
from the Gram-Schmidt procedure with respect to the function ¢?. They satisfy a three-term
recurrence relation

Ppi1(x) — apxPy(x) + ppPya(x) =0, Pa(x)=0,x € Ry,n €Ny, (2.6)

where for n € Ny the coefficients a,,, f, may be determined by standard methods through the
moments resulting from (2.5). From the basic difference equation (2.5) we may also conclude
that the polynomials (P,),cy, are subject to an indeterminate moment problem, we come back
to this in Section 3.

Forn € Ny and x € R;, the functions given by P, (x)¢(x) may now be normalized, let
us denote their norms by p,, where n is running in Ny. Let us for n € Ny moreover denote the
normalized versions of the functions P, by u,.

The following observation is essential. the C-linear finite span of all functions given by

(Rm()o) (x), x(Rm(P) (x), xE€ Rq/ meZ (2.7)
is the same than the C-linear finite span of all functions specified by

(R"un)(x), x(R"u,)(x), x€Ry meZ, neNy. (2.8)

As a consequence of (2.6), we conclude that the functions (uy),cy, fulfill the recurrence
relation:

Pri1tns1(X) = AnpPuXtin (X) + Pupp-1tn-1(x) =0, u1(x) =0,x €Ry, n €Ny (2.9)

How ever (2.9) can be brought into the standard form which is of relevance for considering
the corresponding Jacobi operator,

XUy, = ApUpy + Ay, N E Ny, (2.10)

where the coefficients are given by ag = 0, ay+1 = \/Pns1/ A1, 1 € No.
The representation (2.10) results from the fact that the functions (uy),ey, constitute

a system of orthonormal functions and due to the fact that X, acting as a multiplication



8 Advances in Difference Equations

operator, requires to be a formally symmetric linear operator on the finite linear span of the
orthonormal system (1), - Let us now consider the Hilbert space:

H = {chun | Zlcn|2 <o,c, €C, ne No}. (2.11)
n=0 n=0

As for the definition range of X in &, let us choose X as a densely defined linear operator in
H# where we assume that

k
D(X) := {chun |lcn€C ke NO}. (2.12)

n=0

Let the expansion for a possible eigenvector of the adjoint X* be written as 3.7, c;¢;j, the
eigenvalue equation being X* 3% ¢jp; = A 372 c;j¢p;. Note that the type of moment problem
behind is related to the situation that X : D(X) € # — # has deficiency indices (1,1). This
also implies that any A € C constitutes an eigenvalue of X*, hence the point spectrum of X* is
C. According to the deficiency index structure (1, 1) of the operator X, let us now choose the
particular self-adjoint extension Y of X which allows a prescribed real-eigenvalue A = 1#0.
The corresponding situation for the eigensolution may be written as

n n
Ych-uj = chuj +w,, neEN, (2.13)
=0 =0

where the sequence (wy) oy, converges to 0 in the sense of the canonical .£2(R,)-norm.

The element Z;l:o cjuj is in the finite linear space of all functions u;, j € Ny. Applying
the powers R¥, k € Z of the shift operator R (being given by (Rv)(x) := v(gx) for any function
v E ,EZ(Rq), x € Ry) to (2.13) now leads to the fact that we can construct all eigenfunctions of
the operator Y belonging to g, k € Z, as a consequence of

n n
RFY Y cjuj = \g*R* Y cjuj + Rfw,, neN,. (2.14)
j=1 i=1

Note that we have used in (2.14) the commutation behavior RFX = g*XR* which is satisfied
for any fixed k € Z and in addition the fact that the sequence (R*w,),,cy, again converges to
0 in the sense of the canonical ,ﬁz(Rq)—norm for any k € Z. An analogous result is obtained in
the case when we start with the eigenvalue A = -1 #£0.

Summing up the stated facts, we see that the self-adjoint operator Y, interpreted now
as the multiplication operator, acting on a dense domain in £%(R,), has precisely the point
spectrum {g",—q" | n € Z} in the sense of

Ye, =oq'e,, neZ, oe{+1,-1}, (2.15)

n
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the functions e, n € Z with norm 1 being fixed by

1

en(rq") = ———
q"*V1-4q

06:6mn, m,mez, ore{+l,-1}. (2.16)

Let us recall what we had stated at the beginning: the C-linear finite span of all functions
(R"p)(x), x(R™p)(x), xe€Ry mel (2.17)
is the same than the C-linear finite span of all functions:
(R™uy,)(x), x(R™u,)(x), x€R, meZ, neN. (2.18)
Taking the observations together, we conclude that the C-linear span of all functions
Pm(x) = (R"9)(x),  gm(x) = x(R"9)(x), x€Ry meZ (2.19)

is dense in the original Hilbert space .£%(R,).

We finally want to show that the C-linear span of precisely all the functions in (2.19)
is dense in £*(R,). This can be seen as follows. taking away one of the functions R"¢
or XR" (n € Nj) would already remove the completeness of the smaller Hilbert space
H C L2(R,). According to the property that the functions from (2.19) are dense in £2(R,), it
follows, for instance, that for any k € Z, there exists a double sequence (c;.‘)k e such that in

the sense of the canonically induced £%(R,)-norm:

, ke, (2.20)
£2(Rg)=0

I
+1 -1 k, .
€r1 T €ry1 ~ ZC]' Pj

lim
l—oo “
j=-1

Suppose that there exists a specific i € Z such that c* = 0 for all k € Z.
Let us consider the following expression wherel € Nand ~I <i < I:

!
Re,t}r1 + Re,i1 - Zc;‘Rtpj = e,tl + e,;l - Zc’f(p]ﬂ, keZ. (2.21)
j= =
The last expression now may be rewritten as
1+1

el + e;l _ Z c;.‘_l(p]-, keZ. (2.22)
j=-1+2

Successive application of R™ to (2.21) resp. (2.22) with m € Ny resp. —m € Ny shows that the
existence of such a specific c* = 0 for all k € Z would finally imply that For all j, k € Z : c;.‘ =0.
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This however would lead to a contradiction. Therefore, it becomes apparent that the complex
finite linear span of precisely all the functions R™¢ resp. XR™¢p (where m is running in Z)
is dense in the Hilbert space .£2(R,). Summing up all facts, the basis property stated in the
theorem finally follows according to (2.15).

Let us now focus on the following situation to move on towards the second main result
of this article.

let P be a positive symmetric polynomial, that is,

N
P:R—R', x+—P(x)=P(-x)>0, P(x)=>yx7, y>0, (2.23)
j=0

where N € Nj. O
Definition 2.2. Let f € £(R) N C}(R) with finite moments. Then

N

j=0

is called the real polynomial hull of f.

Theorem 2.3. Let 0 < g < 1 and moreover f(gx) = P(x)f(x), x € R, f € CL(R). Then P\ﬁ is not
dense in £?(R).

Proof. For n € Ny, the nth moment p, of f can be calculated from the prerequisites of
Theorem 2.3, namely;

o o N
f x"f(gx)dx = I x"ZY,-xsz(x)dx, (2.25)
o ~ =
where N € Ny—written in short:
N
G = D it (2.26)
=0

Discretization and integration on the basic grid R, := {+¢* | k € Z} gives

S () f(@) 3 ¢ (q")"%w () £(¢")- (227)

F@) X X a4 (d) 5 (). (2.28)
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Define for n € Ny:
= > a"(4) £(4)- (2.29)

Then, we have
. N
G n = D YiHnea- (2.30)
j=0

If two densities generate the same moments then the induced orthogonal polynomials are the
same. this is an isometry situation. According to the constructions of the two different types
of moments, namely, on the one, hand side, the moments of type p, and on the other hand
the moments of type ji,, and by comparing (2.26) and (2.30), we see that here, the mentioned
isometry situation is matched—provided the initial conditions for the respective moments
are chosen in the same way.

We use this observation now to proceed with the conclusions.

Let us make use again of the lattice

Ry = {xq" | n € Z}. (2.31)
We define the restriction f of f on R, by
f: R, — R, f(:l:q") = f(xq"), nekL, (2.32)

and we will use again the Hilbert space
L (Ry) = {f Ry —C1 Y, 4" (f(@F @)+ F(-aMF(-a) < oo}. (233)

Then the discrete analog of Py is

N
P; = {chXff lcjeR,N € No}. (2.34)

j=0

In order to show that P 7 is not dense in ,Bz(Rq), we will construct a linear operator being
bounded in the space P T but unbounded when restricted to P JF
Let us start from a function ¢ € P VP given by

N
p:R—R,  xr—px):=Dcxl\/f(x), (2.35)
j=0
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and define generally for ¢ € £2(R):
(Lg) (x) := (p(q‘lx>. (2.36)

We denote from now on the respective multiplication operator again by X and use LX =
g ' XL to see that for a suitable operator-valued function f, the following holds:

N N
(LQX)) D X/ f(X) = Diejg TXTLQ(X)4/ f(X). (2.37)
j=0 j=0

Using f(gx) = P(x) f(x), choose Q such that LQ(X)+/f (X) obeys:

LQEOVf(X) = Q(g7'X)y/ f (47 X)

[ f(X
Q(q X) p{q—1x (2.38)

Neam —1X VS
that is, we choose Q(X) := v/P(X).

Note that for the definition of Q, we need to consider the characterization of the
corresponding measure.
Now, rewrite this as

N N
L\P) XX F(X) = Yeigxi /£ (X). (2.39)
=0 7=0

Therefore, there exist a](.N) €R (j =0---N) such that

N N
L\/P(X) > a™ X1 £ (X) = N Y e X0 [£(X), (2.40)
j=0 =0

where
N
oN(X) = Da X F(X). (2.41)
j=0

represent the eigenfunctions of L1/P(X) (not necessarily orthogonal since L/P(X) was not
required to be symmetric) and gV are the eigenvalues. However since the eigenvalues are
unbounded, this implies that L\/P(X) is an unbounded operator. Let us choose its domain
as the algebraic span U of the occurring eigenfunctions.
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Now consider

P(X)pn =g Non.

Define the operators T, by

N YCL0 B

j=0

For m € Ny, the operator T,, has the same eigenvectors as Ly/P(x) and we receive

—N)]

T = Z( q

Therefore, it follows with Tey := limy, - o Tin¢n:
Ton =e N

T is a bounded operator on U since e — 0as N — oo. Let us state that

o (—L\/P(X)>j
T:P;—P s T=ZT,

=0

13

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

that is, the domain of T may be chosen as the entire span of P JF Therefore, T is a bounded

operator in the space of P
For topological reasons, it follows that

is also a bounded operator.
Now consider

en(q") = Empn.
Then

(Len)(qm> =én (qm%) = 6n,m—1 = 6m,n+1 = €n+1 (qm>

(2.47)

(2.48)

(2.49)
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In particular,
Le, = en1

holds. Further, we have

L\/P(X)en = \/P(q" ).

Defining a,, := 1/P(q"!) for n € Z to rewrite this as

L V P(X)en = aneni1,
and defining u,, := L\/P(X)e, for n € Z, we obtain

—-L\/P(X)L\/P(X)e, = —anup1

= —a,L\/P(X)eni1 = api1€ni2

= —AnAn41€n42-

Applying T to the e, results in
- &, M (=1)"
Ten= 3 [ [——ewn
m=0j=0 ™

Therefore

7=
leal® (g"/2)?

2 2
(Sirea T (1)t 72 /)

— %O

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

asn — oo. Thus T is defined on any e, and generates infinitely many “rods” on the left-hand
side of e, going toward 0. Therefore, T is well defined on any e, and, therefore, it is well

defined on any finite linear combination of the e,,.

By hypothesis, P V7 is dense in .£2(R,). Then for, n € Z there exists a sequence in P V7

which approximates e, to any degree of accuracy in the sense of the .£?(R,)-norm.

2
Now the question arises: looking at all n € Z, is there a lower bound for ||Te,|| ?

The ;. are pairwise orthogonal, that is, from

~ x M (—1)mzxn+]~
Ten = ZHTen+m/
m=0 j=0 :

(2.56)
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it follows that

2
”Te,,

2 2 n+1
— 2an||||enﬁ;|| 2T —g.2, a,=\[P(g), (2.57)
ey e,

qn

and therefore we have

(2.58)

asn — —oo. It follows that T is an unbounded operator, a contradiction. Therefore, P \/? is not
dense in £*(R,), implying that P /7 is not dense in £%(R). O
However note that the result on the lack of completeness stated in the previous

theorem should not be confusing with the fact that pointwise convergence may occur as the
following theorem reveals.

Theorem 2.4. Let @ : R — R be a differentiable positive even solution to

®(gx) = <1 +a(l-q) x2>(1)(x), x €R. (2.59)

Let moreover H,l : R — R, n € Ny be the continuous solutions to the recurrence relation

n_1
HZH(x) - aq”ng(x) + (xlz =3 HZfl(x) =0, neNp, (2.60)

with initial conditions Hl (x) = 1, H](x) = ax for all x € R. The closure of the finite linear span
of all these continuous functions H}®,n € Ny is a Hilbert space § C £L*(R). For any element v
in the finite linear span of the conventional (continuous) Hermite functions, there exists a sequence
(U k) g men, C F which converges pointwise to v.

Proof. According to the assertions of the theorem, the inverse ®! of the function ® : R — R,
given by

VxeR: &1 (D(x)) =x (2.61)
is differentiable and fulfills the basic difference equation

o! (q’lx> = (1 +a(l- q)q’2x2>CD’1 (x), xeR. (2.62)
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The function ®~!, being extended to the whole complex plane, can be interpreted as a
holomorphic function due to its growth behavior, in particular, it allows a product expansion
in the whole complex plane,

VzeC: @(z) = aﬁ(z - ag), (2.63)
k=0

the sequence (ax)icz of complex numbers being uniquely fixed, a denoting a multiplicative
constant. Hence, the function h : C — C given by

h(z) =e V27071 (z), zeC, (2.64)

is also holomorphic. Inserting the corresponding power series:

h(z) = > buz", z€C, (2.65)
n=0
we end up with the statement
e 122 = p(2)D(z) = <anz">(1)(z), z eC. (2.66)
n=0

Any monomial z"*,n € Ny may be written as

z" = <Zn:c;’H;q(z)>, zeC (2.67)
j=0

with a double sequence of uniquely fixed real numbers (c;?)j o The polynomial functions
MEN

H;q, j € Ny of degree j will be chosen such that
I H:q(x)H;q(x)(I)(x)dx =0 (2.68)

for i,j € Ny but i # j. Polynomials which fulfill these properties are, for instance, those fixed
by (2.60), see also [1]. We may rewrite (2.66) as follows:

e (/22 _ <§:§:C?H;q(z)> ®(z), ze€C. (2.69)

n=0j=0
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Generalizing this result, we see that there exists a threefold sequence (c;f”m), . of real
Jm,n 0
numbers such that the classical continuous Hermite functions, given by
H,(x)e V2% x e R,meN,, (2.70)
have the following representation
1/2 2 0 n
H,,(z)e” /2% = 2(]) Z(;cyme;q(z) d(z), zeC. (2.71)
n=u j=

We recall that the closure of the finite linear complex span of all functions H,’®,n € N
is a Hilbert space, call it %, which is a proper subspace of £*(R), hence being not dense in
£?(R)—see Theorem 2.3.

For m € Ny, let us now consider the sequences of functions (um,k)keNO, given by

k n
Upp iR — R, x+— upyi(x):= <ZZC;?""H]’.‘" (x)>(1)(x), k € Ny, (2.72)

1n=0j=0

According to what we have shown it follows that each of the functions u,,r € ¥ converges
pointwise to the functions h,, : R — R, given by

By R—R, x+— hy(x) = Hyu(x)e ¥, meN, (2.73)

ask — oo. O

3. Basic Difference Equations and Moment Problems

Let us make first some more general remarks on the special type of polynomials (2.60) we are
considering. In literature, see, for instance, the internet reference to the Koekoek-Swarttouw
online report on orthogonal polynomials http://fa.its.tudelft.nl/~koekoek /askey/ there are
listed two types of deformed discrete generalizations of the classical conventional Hermite
polynomials, namely, the discrete basic Hermite polynomials of type I and the discrete basic
Hermite polynomials of type II. These polynomials appear in the mentioned internet report
under citations 3.28 and 3.29 . Both types of polynomials, specified under the two respective
citations by the symbol h, while n is a nonnegative integer, can be succesively transformed
(scaling the argument and renormalizing the coefficients) into the one and same form which
is given by

"oq
T="H7 (x)=0, neN, (3.1)

HZ+1(x) - zxq”xHZ(x) +a P

with initial conditions Hg (x) =1, Hf (x) = ax for all x € R. Note that a is chosen as a fixed
positive real number. Here, the number g may range in the set of all positive real numbers,
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without the number 1—the case g = 1 being reserved for the classical conventional Hermite
polynomials. Depending on the choice of g, the two different types of discrete basic Hermite
polynomials can be found. The case 0 < g < 1 corresponds to the discrete basic Hermite
polynomials of type II, the case g > 1 corresponds to the discrete basic Hermite polynomials
of type I. Up to the late 1990 years, the perception was that both type of discrete basic Hermite
polynomials have only discrete orthogonality measures. This is certainly true in the case of
q > 1 since the existence of such an orthogonality measure was shown explicitly and since
the moment problem behind the discrete basic Hermite polynomials of type I is uniquely
determined.

However, it could be shown that beside the known discrete orthogonality measure,
specified in the aforementioned internet report, the discrete basic Hermite polynomials of
type II, hence being connected to (3.1) with 0 < g < 1 allow also orthogonality measures with
continuous support.

Let us look at this phenomenon in some more detail.

It is known as a conventional result that a symmetric orthogonality measure with
discrete support for the polynomials (3.1) with 0 < g < 1, yields moments being given by

q—Zm—l -1
Vomsd = —————Vom, Voms1 = 0,m € N. (3.2)
a(l-q)

In [1], it was shown that there exist continuous and piecewise continuous solutions to the
difference equation

¢(gx) = (1 +a(l- q)x2>qf(x), xeR (3.3)

leading to the same moments (3.2). Such a behavior of the discrete basic Hermite polynomials
of type II, hence being related to the scenario (3.1) with 0 < g < 1, was quite unexpected. Vice
versa, once moments v, with nonnegative integer m of a given weight function are given
through (3.2), it can immediately be said that the weight function provides an orthogonality
measure for the discrete basic Hermite polynomials of type II, related to (3.1) with0 < g < 1.

The question however remains whether all weight functions for the discrete basic
Hermite polynomials of type II, being related to (3.1) with 0 < g < 1 must fulfill a basic
difference equation of type (3.3). We develop now an answer to this question which goes
beyond the results known so far.

Let throughout the sequel 0 < g < 1 and a > 0. We first put forward the following
definition.

Definition 3.1. By the moments of a given orthogonality measure, we understand—like in the
previous sections—the numbers

Hm = f x"g(x)dx, meN. (3.4)

—o0

Let us now proceed to the main result of this section.
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Theorem 3.2. There exists a positive symmetric C(IR)-solution ¢ to the basic difference equation
(p(q2x> = <1 +a(l- q)x2> <1 +a(l- q)q2x2>(p(x), x€R, (3.5)
not being a solution to
¢(gx) = <1 +a(l- q)x2>qf(x), x €R, (3.6)

but generating the same moments and therefore yielding an orthogonality measure to the polynomials
(HZ)neNO from (2.60) in the following sense:

f H (x)H (x) g (x)dx = 036, m,n € Ny. (3.7)

The proof to establish will be a step beyond the already known orthogonality results
for the polynomials under consideration.

Proof. Let us consider first the special basic difference equations:

g(g2) = (1+a(1-q)x*)p(x), xeR, (3:8)

(p<q2x> = (1 +a(l-gq) x2> (1 +a(l-q) q2x2>(p(x), x €R. (3.9)

Obviously, any positive C(R)-solution ¢ of (3.8) satisfies (3.9). Moreover, one can show that
these C(R)-solutions of (3.8) are in £!(R). Therefore, the set of positive symmetric solutions
to (3.9) which are in £!(R) N C(R) is nonempty. Let now ¢ € £ (R) N C(R) be such that

j X% q;<q2x>dx = ’[ x2m<1 +(1- q)ax2> <1 +(1- q)aq2x2>q;(x)dx, m € No.
(3.10)
In the sequel, we are going to use the moments
Hm = f x"g(x)dx, meN. (3.11)

Remember that po,,+1 = 0 for m € Ny as ¢ was assumed to act symmetrically on the real axis.
Equation (3.10) may therefore now be rewritten—in terms of the numbers y,,,—as

T2 o = o + zx<1 + q2> (1= @) pomen + 22 (1 - q)2#2m+4/ m € Ny. (3.12)
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Let now ¢ € L1(R) NC(R) be a positive symmetric solution to (3.8). Then, similar integration
like in (3.10) shows that the corresponding moments

YV = f x™p(x)dx, meN, (3.13)

—o0o

indeed satisfy (3.12), in particular they obey

—2m-1 _ 1
Vom+2 = mvhm Voms1 = 0,m € Ny, (3.14)

Hence, ¢ provides an orthogonality measure to the discrete basic Hermite polynomials under
consideration—see [1]. The main issue to address now is the following. we want to show that
there are positive symmetric functions ¢ € £'(R) N C(R) such that ¢ satisfies (3.9) but not
(3.8) and such that the moments, given by (3.11) and (3.12), satisfy

-2m-1 _ 1
m+2 =~~~ MHoms m+1 = 0,m € Np. 3.15
Hom+2 zx(l _q) H2 Hom+1 m 0 ( )

In other words, we have to prove that there exist orthogonality measures to the discrete basic
Hermite polynomials (H,1),,cy , Which stem from a solution to (3.9) but not from a solution to
(3.8).

We proceed in a constructive way.

Let us denote first by V the C-linear subspace of £!(R) N C(R) such that all ¢ € V are
in the kernel of the map S: V. — C(R), given by

¢ — (Sg)(x) = ¢(gx) - <1 +(1-9) ax2>q;(x), x eR. (3.16)

Let moreover W be the C-linear subspace of £!(R) N C(R) containing all the functions which
are in the kernel of the linear map T : W — C(R), given by

¢ — (Ty)(x) := qr<q2x> - <1 +(1- q)cxx2> <1 +(1- q)qzax2>q;(x), x €R. (3.17)

We will also make use of the C-linear subspace U C W which we choose as the maximal
common domain on which the following two linear functionals are well defined:

s:U—C, ¢gr—s(p):= '[ x*g(x)dx,

- (3.18)
t:U—C, ¢gr—t(p):= f_ ¢ (x)dx.
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It is easy to see that s is continuous. to verify this, we consider the expression [s(¢)|/||¢||; in
the sense of the £!-norm for any ¢ € U. We directly obtain

s(@)| _ IEy@dx| [, (1 +a(l-9)x*)(1+a(l-q)qx*)|¢(x)|dx
loll, ZleGldx ~ a(l-q)[%, |¢(0ldx '

(3.19)

But as ¢ is assumed to be an element of U and hence of W, we may rewrite the expression in
the denominator and give the following estimate (with a positive constant y):

sl _ IoXedx] [T le(@x)ldx [T le@)ldx
llly Joelw(0]dx

(3.20)

= le@ldx T " Je@)ldx

Hence s : U — C is a bounded linear map and therefore continuous. In the same way, we
show thatt: U — C is continuous.

We now continue as follows.

Using the terminology of characteristic functions, we first look at

m:R—R, xr—u(x):= X.a2] (x) (x _ q2> <q3/2 _ x)/
(3.21)
Uy R—R, xr—u(x) = y[g,q(X) <x - q3/2> (g-x).

It is possible to choose continuous even L' (R)-functions v1,v, : R — R being in U and
fulfilling

TUl = T’Uz = O,
(3.22)
U190 X[g?977] = U1, V2.0 X[g22,] = U2-
Let now A1, 1> € R with A3 + 13 > 0. The function v : R — R, given by
0= /\1’(]1 + .)Lz’()z, (323)

obeys by construction always Tv = 0 but never Sv = 0 as we have chosen 1;, .\, such that
A2+ 2 > 0 and as uy, up vanish by construction on R \ ([¢% ¢*/*] U [¢°/2, q]).

We now choose an intermediate value argumentation. According to the continuity of
s resp. t, we can choose parameters A1, A, € R with A2 + A2 > 0 such that v fulfills the moment

property
s(v) =2, t(v) = po. (3.24)

Let now ¢ € C(R) be a positive and even function such that S¢ = 0. Note that we have in
particular ¢ € L' (R) as well as s(¢) = pp and t(¢) = po. The function (3.23) is by construction



22 Advances in Difference Equations

also in £!(R). According to the construction of the function v, we now may choose n € N
sufficiently large such that the positive continuous even function

¢:=np+ov (3.25)
finally fulfills the required properties, namely,
S¢g =S(np+v)=Sv#0, Ty=T(np+v)=nTe+Tvo=0 (3.26)
as well as the moment conditions
s(¢) = (n+ Dy, t(g) = (n+ 1) po. (3.27)

From (3.27) and by integrating
me(P,<q2x> = x2m<1 + (1 - Q)(Xx?') <]_ + (1 - Q)aq2x2>q;(x), x€eR,meNy (3.28)

now it follows for m € Ny that the moments p,,, := fioxm(p(x)dx satisfy (3.15) and therefore
also (3.12). In particular, the function ¢ yields therefore an orthogonality measure to the
discrete basic Hermite polynomials, given by (2.60). Note that by construction, the function
¢ now fulfills all the assertions of Theorem 3.2. Hence, Theorem 3.2 holds in total. O
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