Hindawi Publishing Corporation
Advances in Difference Equations
Volume 2009, Article ID 521058, 16 pages
doi:10.1155/2009/521058

Research Article

Summation Characterization of the Recessive
Solution for Half-Linear Difference Equations

Ondfej Dosly’ and Simona Fi$narova?®

I Department of Mathematics and Statistics, Masaryk University, Kotldiskd 2, 611 37 Brno, Czech Republic
2 Department of Mathematics, Mendel University of Agriculture and Forestry in Brno, Zemédelskd 1,
613 00 Brno, Czech Republic

Correspondence should be addressed to Ondfej Dosly, dosly@math.muni.cz

Received 24 June 2009; Accepted 24 August 2009

Recommended by Martin J. Bohner

We show that the recessive solution of the second-order half-linear difference equation
A(re®@(Axy)) + ck@(xks1) = 0, D(x) := |x|p72x,p > 1, where r, ¢ are real-valued sequences, is

5.1
closely related to the divergence of the infinite series > % (rxxixks1|Axk|” 2)

Copyright © 2009 O. Dosly and S. Fisnarovd. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

We consider the second-order half-linear difference equation
A(re®(Axy)) + kD (xki1) =0, D(x) = [x[/x, p>1, (1.1)

where 7, ¢ are real-valued sequences and r, > 0, and we investigate properties of its recessive
solution.

Qualitative theory of (1.1) was established in the series of the papers of Rehak [1-5]
and it is summarized in [6, Chapter 3]. It was shown there that the oscillation theory of (1.1)
is very similar to that of the linear equation

A(ricAxg) + ckxina =0, (1.2)

which is the special case p = 2 in (1.1). We will recall basic facts of the oscillation theory of
(1.1) in the following section.
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The concept of the recessive solution of (1.1) has been introduced in [7]. There are
several attempts in literature to find a summation characterization of this solution, see [8]
and also related references [9, 10], which are based on the asymptotic analysis of solutions of
(1.1). However, this approach requires the sign restriction of the sequence cx and additional
assumptions on the convergence (divergence) of certain infinite series involving sequences r
and c, see Proposition 2.1 in the following section. Here we use a different approach which is
based on estimates for a certain nonlinear function which appears in the Picone-type identity
for (1.1).

The recessive solution of (1.1) is a discrete counterpart of the concept of the principal
solution of the half-linear differential equation

(rty®(x')) +c(t)D(x) =0, (1.3)

which attracted considerable attention in recent years, we refer to the work in [11-15] and
the references given therein.

Let us recall the main result of [11] whose discrete version we are going to prove in
this paper.

Proposition 1.1. Let X be a solution of (1.3) such that X'(t) #0 for large t.

(i) Letp € (1,2]. If

[ dt _
@ = | e o

then X is the principal solution of (1.3).
(ii) If p > 2 and 1(X) < oo, then X is not the principal solution of (1.3).

The paper is organized as follows. In Section 2 we recall elements of the oscillation
theory of (1.1). Section 3 is devoted to technical statements which we use in the proofs of
our main results which are presented in Section 4. Section 5 contains formulation of open
problems in our research.

2. Preliminaries

Oscillatory properties of (1.1) are defined using the concept of the generalized zero which is
defined in the same way as for (1.2), see, for example, [6, Chapter 3],or [16, Chapter 7]. A
solution x of (1.1) has a generalized zero in an interval (m, m + 1] if x,, #0 and x,, X417 < 0.
Since we suppose that r, > 0 (oscillation theory of (1.1) generally requires only r #0), a
generalized zero of x in (m,m + 1] is either a “real” zero at k = m + 1 or the sign change
between m and m + 1. However, (1.1) is said to be disconjugate in a discrete interval [m, n] if
the solution x of (1.1) given by the initial condition x,, = 0, x,,,41 #0 has no generalized zero
in (m,n + 1]. However, (1.1) is said to be nonoscillatory if there exists m € N such that it is
disconjugate on [m, n] for every n > m and is said to be oscillatory in the opposite case.
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If x is a solution of (1.1) such that xx #0 in some discrete interval [m, o), then wy =
re®@(Axy /xi) is a solution of the associated Riccati type equation

Tk _
Awk+ck+wk<1— (D((D-l(rk) +¢)_1(wk))> —0, (2.1)

where @1 (x) = |x|92x is the inverse function of ® and q =p/(p—1) is the conjugate number
to p. Moreover, if x has no generalized zero in [m, o), then @~} (r¢) + @ (wy) > 0, k € [m, o).
If we suppose that (1.1) is nonoscillatory, among all solutions of (2.1) there exists the so-
called distinguished solution 7w which has the property that there exists an interval [m, oo)
such that any other solution w of (2.1) for which ®~!(r¢) + @ (wy) > 0, k € [m, o0), satisfies
wi > Wi, k € [m, ). Therefore, the distinguished solution of (2.1) is, in a certain sense,
minimal solution of this equation near oo, and sometimes it is called the minimal solution of
(2.1). If w is the distinguished solution of (2.1), then the associated solution of (1.1) given by

the formula
k-1 s
% = H[1 +@7! <T]>] (2.2)
j=m ]

is said to be the recessive solution of (1.1), see [7]. Note that in the linear case p = 2 a solution
X of (1.2) is recessive if and only if

i _ = 0. (2.3)

Vi Xk Xk+1

At the end of this section, for the sake of comparison, we recall the main results of
[8, 17], where summation characterizations of recessive solutions of (1.1) are investigated
using the asymptotic analysis of the solution space of (1.1).

Proposition 2.1. Let x be a solution of (1.1).

(i) Suppose that ci <0, then x is the recessive solution of (1.1) if and only if

x 1
S (2.4)
T XkXk+1

(ii) Suppose that ¢ >0, >,* rifq < oo, and

ick¢)< i rjl_q> < 0. (2.5)

j=k+1
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If x is the recessive solution of (1.1), then

— 1

TRkt | Axk P2

= c0. (2.6)

(iii) Suppose that ¢, > 0, >, cx < oo, and X, r;_q < oo. Then x is the recessive solution if
and only if (2.4) holds.

In cases (i) and (iii), the previous proposition gives necessary and sufficient condition
for a solution x to be recessive. The reason why under assumptions in (i) or (iii) it is
possible to formulate such a condition is that there is a substantial difference in asymptotic
behavior of recessive and dominant solutions (i.e., solutions which are linearly independent
of the recessive solution). This difference enables to “separate” the recessive solution from
dominant ones and to formulate for it a necessary and sufficient condition (2.4). We refer to
[8,17] and also to [9, 10] for more details.

3. Technical Results

Throughout the rest of the paper we suppose that (1.1) is nonoscillatory and h is its solution.
Denote

2 _
v = riche (O(he) + @(Ahk)), Ry := erkhkhk+1|Ahk|p 2,

(3.1)
G = richk®(Ahy),
and define the function
H(k,0) = 0+ rhi ®(Ahy) - ®(|hk|qr<;(—?(;kc);i)gﬁ£+ & (32)
Lemma 3.1. Put
Ok = i (wi — Wx), (3.3)

where Wy = r®(Ahy/ hy) is a solution of (2.1) and wy. is any sequence satisfying ri + wi # 0. Then
the following statements hold:

(1) wy is a solution of (2.1) if and only if vy is a solution of

Avi + H(k,vr) =0; (3.4)

(i) H(k,v) > 0 for v > —v; with the equality if and only if v = 0;

(iii) r¢ + wk > 0 if and only if vy + vy > 0;

(iv) let v be a solution of (3.4) and suppose that v,, < 0 for some m € N, that is, Wy, < W,
then vy41 > 0 if and only if v, + v}, < 0.
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Proof. The statements (i), (ii) are consequences of [18, Lemma 2.5].
(iii) We have

Tk + Wi =Tk + |hk|7p’0k + Wy
=Tr+ |hk|_pvk + T‘k(D<A—hk)
hy
= || P [v + richy (D(hy) + D(Ahy))]
= |hi|? (Uk + UZ)
(iv) We have

Uil = Uy — H(m, vy,)

D(hypi1) (Om + Gy
D (|| 1D (1) + DV + Gi))

= rmhm+1[ - (D(Ahm)]

D(hypi1) Wi,
(D((D_l () + D71 (wm))

= T @ (him) [CD< h;;;l ) q,(qyl(rm?]fqu (wn)) CD< Ahim >]

_ rmhm+1q)(hm)
T D(D (1) + D L(wy))

[o () o Yo (o0 - o)

= Tmhm+1 [ - (D(Ahm)]

m

Denote by A the expression in brackets, then

sgn A = sgn I:hm+1‘1;l;(wm) B <h}rzn,,:1 _ 1) ((I)’l(rm) + (I)l(wm)>:l
= sgn I:d)‘l(rm) + O (w,) - (o + A;Z”)q)_l (rm)]
= sgn [qu(wm) - @*1(15m)] = sgn vy = -1.
Consequently,

Vi1 > 0 &= O Y(r,,) + D Y (w,y,) <0,

that is, the statement holds according to the statement (iii) of this lemma.

(3.5)

(3.6)

(3.7)

(3.8)
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Lemma 3.2. Let v¥, R, G, H be defined by (3.1), (3.2) and suppose that hy Ahy < 0 for large k. Then
one has the following inequalities for large k.
Ifp € (1,2], then vy < Ry and

Rkv

< p— . .
7 - R ks . .

Proof. We have (with using the Lagrange mean value theorem)

v = rchi (O (hy) + O(Ahy))
= reh® (hysr) |®<hh" ) - @(—Ahk>] (3.11)

k+1 hk+1

= rkhkq)(thrl)(I),(é)’

where —~Ah /gyt < & < hy/hgyq and hence ¢ > |Ahg / Byl
Thus, if p € (1,2],

. g Ahy |P2
0t = (p = D@ (i) P2 < (p = 1) rehi® (B e ’;
’ (3.12)
- richichica | AP < Ry,
qg-1
and in the case p > 2, we obtain
0% > Ry. (3.13)

Next we proceed similarly as in [18, Lemma 2.6]. Inequalities (3.9), (3.10) can be written in
the equivalent forms:

(R +v)H(k,v) >v*, v e (-v},0] forpe (1,2], (3.14)

Ri +v)H (k,v) <v?, v € (-Ry,0] for p > 2. (3.15)
p
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Denote F(k,v) := (Rx +v)H (k,v) — v? and let v > -v;. Then

1| A |”

Hollw)=1- (Il 7@ (1) + @1 (0 + Gy))”

e e P lo + Gi|772
va(k,’U) = 9 kl k| | £ 1| | k| 17
(|hk|‘7(pfl (rk) + @1 (U + Gk))P

9
rehi s, (Ahy)

(3.16)

Hywo (k,0) = 75 (4= 2 e = (29 - 1) Ahg].

Consequently, F(k,0) = F,(k,0) = Fyy(k,0) =0 and

Fvv'u(kr 0) = RxHypo (k/ 0) + 3va(k/ O)

2
richichi ®(Ahy)

1

= —rkhkhk+1q)(Ahk) [Z(q = 2)(hk + Ahk) + (2 - q)Ahk] (3.17)

3q
(q—Z)hk 1— (Zq—l)Ahk + —
[ : | rehichia | AR’

q—2
=—— [h+he+ Ah
Pl (A Lt e+ Ahie]

_ q-2
 rehihga ©(Ahy) Ui+ B

Hence, in view of the assumption hrAhg <0, sgn Fpu(k,0) = —sgn(g — 2). It follows that
sgn F(k,v) = sgn Fuy(k,v) = sgn(q-2) (3.18)

in some left neighborhood of v = 0, and the function F is positive, decreasing, and convex for
p € (1,2], and is negative, increasing, and concave for p > 2 (with respect to v). Hence, both
the inequalities (3.14) and (3.15) are satisfied in some left neighborhood of v = 0. The proof
will be completed by showing that F,,(k,v) has constant sign on the given intervals. By a
direct computation,

Foo(k,v) =2H,(k,v) + (Rx + v)Hyy (k,v) =2

2TZ|hk|q|hk+1|p qulhk|q|hk+1|p|U + Gk|q_2(Rk + U)

B (Ihe "D~ (i) + D1 (v + Gy) )’ " (|hx D1 (1) + D1 (v + Gy) ) (3.19)

_ 7| By P Alko)
("D (r) + DL + G
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where
A(k,v) = 2| 1D (1) — 207 (v + Gy) + glv + Gi [T (Ry + v)
(3.20)
= (q-2)07' (v + Gi) + q(Ri — Gi)|v + G| = 2| | 1D (1y).
Hence
sgn A(k,v) = sgn Fy,(k,v) forv>-vy, (3.21)
and from (3.18)
sgn A(k,v) = sgn(q-2) (3.22)
in some left neighborhood of v = 0.
Moreover, for v < 0
Ay(k,v) = (q-2) sgn (v +Gp)lv+ Gkl [(g-1) (v + Gi) + q(Rk — G)] 62
3.23
==(q-2)l+Ge">[(g-1)v - Gk +qRi],
and A, (k,v) = 0 (for v < 0) if and only if
~ 1 1 p-2
U =70k = qu(Gk - qu) = _FrkhklAhH (hk + hk+1). (3.24)
Next we distinguish between the cases p € (1,2] and p > 2.
If p € (1,2], then using (3.12),
Uk < - rehichis | AP~ < —o}, (3.25)

qg-1

hence A(k,v) is decreasing on (-v;,0) and in view of (3.22) it means that A(k,v) and
consequently from (3.21) also Fy,(k, v) is positive for v € (-v},0). Hence, (3.14) holds.
Similarly, if p > 2, then

O < - rihihia| Al < Ry, (3.26)

g-1

hence A(k,v) is increasing for v € (—Rk,0) and from (3.22) we have that A(k,v) and hence
also Fyy(k,v) is negative for v € (=R, 0). This means that (3.15) is satisfied. O
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4, Main Results

Theorem 4.1. Suppose p € (1,2] and let h be a solution of (1.1) such that hix Ahy < 0 for large k. If

& 1
rihihi | AhgP™

= oo, (4.1)

then h is the recessive solution.

Proof. Denote by Wy = ri®(Ahy/hi) the associated solution of (2.1) and let wy be a solution
of (2.1) generated by another solution (linearly independent of h) of (1.1). Then, it follows
from Lemma 3.1 that vy = |hg|F (wk — W) is a solution of (3.4), that is,

Ok+1 = Ok — H(k/ Uk)/ (42)

and suppose that this solution satisfies the condition vx < 0. This means that wy < wx and
to prove that h is the recessive solution of (1.1), we need to show that there exists m > N such
that r,, + w,, <0, that is, according to Lemma 3.1, v, + v}, < 0. Suppose by contradiction that
vk +vp > 0 for k > N. According to Lemma 3.1 (iv), it means that vy < 0 for k > N, that is,
vk € (=95, 0). Then we have from Lemma 3.2 that vy + Rx > 0 and

Rkvk
< f > N. 43
Uk+1_Rk+vk or k > (4.3)
Next, consider the equation
Ryuy
= 4.4
Ukl Rk + Uk 7 ( )

and let u be its solution satisfying uny = vn. However, (4.4) is equivalent to

2

—Aup = 4.5
Mk Rk + Uy ! ( )
that is,
Auk U 1
_ = =, 4.6
UkUksr Ukl (Re +ug) Ry (46)
where we have substituted for 1y, from (4.4) in the denominator. Hence
1 1 1
— (4.7)

_+_,
U1 Uk Ry
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and we obtain

1
U = .
T un + Sin(1/Ry)

(4.8)

Condition (4.1) implies that there exists m > N such that u,, < 0 and either u,,,1 > 0 Or U1
is not defined. This means that R,, + 1, < 0 (from (4.4)). On the other hand, (4.3) together
with (4.4) and the fact that Rix/(Ry + x) is increasing with respect to x on (-v},0) imply
that v < uy for k > N. Since v + Ry > 0 for k > N, we have uy + R > 0 for k > N,
a contradiction. O

Theorem 4.2. Suppose p > 2 and let h be a solution of (1.1) such that hy Ahy < 0 for large k. If

& 1
richichie| Ahg [P

o, (4.9)

then h is not the recessive solution.

Proof. Similarly, as in the proof of Theorem 4.1, denote wy = ri®(Ahi/hi) and let wy be a
solution of (2.1) generated by another solution (linearly independent of h) of (1.1). Then
v = |hi|P (wx — W) is a solution of (3.4), that is,

vk = vk — H(k, vx), (4.10)

and suppose that this solution satisfies the condition vn < 0, |[un| being sufficiently small
(will be specified later). Hence wy < “wpn and we have to show that r + wy > 0 for k > N,
that is, vy + v} >0 for k > N.

Let u be a solution of (4.4) and suppose that uy = vn. Hence, similarly as in the proof
of Theorem 4.1, we obtain

1
U = .
C T Vuy + SEL(UR)

(4.11)

If |un| is sufficiently small, then condition (4.9) implies that ux < 0 for k > N and from (4.4),
we have Ry + ux > 0 for k > N. Consequently, from Lemma 3.2 we obtain that v} > Ry and

Ryuy
Rk + U

ux — H(k,uy) > = U, for k> N. (4.12)

Moreover, since x — H (k, x) is increasing with respect to x on (-=Rk,0), we obtain from (4.12)
that vx > uy for k > N. Hence Ry +vx > 0 for k > N and hence also v} + vy >0fork > N. O

5. Applications and Open Problems

(i)Theorems 4.1 and 4.2, as formulated in the previous section, apply only to positive
decreasing (or negative increasing) solutions of (1.1). The reason is that we have been able to
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prove inequalities (3.9), (3.10) only when G = rh®(Ah) < 0. We conjecture that Theorems 4.1

and 4.2 remain to hold for every solution of (1.1) for which Ahy #0 for large k. To justify this
conjecture, consider the function

Fr(v) = H(k,v)/v(v - H(k,v)). (5.1)

By an easy computation one can find that inequalities (3.9), (3.10) are equivalent to the
inequalities

¢k<v>zRik, pe 2], %(v)sRik, pe2 o). (52)

However, if G, > 0, that is, -G, < 0, we have

1 2
Fi(-Gr) = = =, 53
MO ealaR AR o

so inequalities (3.9), (3.10) are no longer valid in this case. Numerical computations together
with a closer examination of the graph of the function ¥ lead to the following conjecture.

Conjecture 5.1. Let hi, hiy > 0, Ahg#0, and R} = (q - 1)rkhkhk+1|Ahk|’”_2. Then for v €
(-vy, o0) one has

Fw) > o forpe (L2, Fu@) <o forpel2o) (5.4)
k k

To explain this conjecture in more details, consider the case p € (1,2], the case p > 2
can be treated analogically. We have (we skip the index k, only indices different from k are
written explicitly)

. B 1
Sl(oo) = vlgl}osz(v) - rhk+1 [(D(hk+1) - (D(Ah)]
1
= D) o [®(hia /1) —~ B(AR /)] 59
_(g-DRP7
T(I)(h)hk+1 ’
where Ah/h < ¢ < iy /h. If Ah > 0, the direct substitution yields
-1
Foo)> 17D ! - L (5.6)

~ thhia|ARP2 T (g - 1) rhhga|ARP? - R
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If Ah <0, then |Ah| < h and we proceed as follows. For p € (1, 2], the function @ is concave
for nonnegative arguments, so for x, y > 0, we have the inequality

®<x2y> > %[(I)(x) +o(y)]. (5.7)

We substitute x = hiy1/h, y = ~Ah/h, then x + y = 1, that is, 2277 > ®(x) + ®(y). Hence we
have

1
(o) = rhi1®@(h) [®(hys1/h) — D(AR/h)]
(5.8)
R S
- 22_Prhk+1(p(h) B 22_prhk+1h‘
Hence
2-p 2-p
|h| 5 _|AH| (5.9)

(%) 2 ik 2 2Pl

Next we prove that (g — 1) > 227 for p € (1,2]. Denote t = g-1=1/(p — 1), then we
need to prove the inequality g(t) :=t—2-271/t > 0 for t € [1,00). A standard investigation of
the graph of the function t — 2 -271/* shows that the required inequality really holds, so we
have

F(o0) 2 . - 5.10
" @ Drhahlahp? R 510
By a similar computation we find that
1 * *
F(0) = hm?(v) E R—, v <R,
Fo') = lim F@)= -2, Flo') <0
R A T v g (5.11)

F(-G)<0 ifG<0, F(-G)>0 ifG>0,
F0)<0 ifG<0, F(0)>0 ifG>0.

These computations lead to the conjecture that ¥ attains its global minimum at a point in
(-v*,-G) if G > 0 and at a point in (-G, ) if G < 0. Numerical computations suggest that
this minimum is 1/(crhhk+1|Ah|’”_2), wherel <c<g-1.

Having proved inequalities (5.4), Theorems 4.1 and 4.2 could be proved for any
positive h with Ah#0 in the same way as in the previous section, it is only sufficient to
replace R = (2/q)rhhy1|ARP2 by R* = (g — 1)rhhy|ARP2.
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(ii) A typical example of (1.1) to which Theorems 4.1 and 4.2 apply is (1.1) with

Zrifq <o, x>0, ch = o0, (5.12)

since under these assumption all positive solutions of (1.1) are decreasing, see [19]. However,
one can apply indirectly Theorems 4.1 and 4.2 also to (1.1) with

Sril=c, >0 (5.13)

(and X, cx < oo, otherwise (1.1) would be oscillatory, see [16, Theorem 8.2.14] ), even if all
positive solutions of (1.1) are increasing in this case. The method which enables to overcome
this difficulty is the so-called reciprocity principle, which can be explained as follows.

Suppose that ¢ #0 in (1.1) and let uy := r®(Axk). Then by a direct computation one
can verify that u solves the so-called reciprocal equation:

L o .
A(qa—l(cmq’ A ) + 0 () =0, (5.14)

Moreover, if cx does not change its sign for large k, (1.1) is nonoscillatory if and only if (5.14) is
nonoscillatory, see [9]. The following statement relates recessive solutions of (1.1) and (5.14).
A similar statement can be found in [9], but our proof differs from that given in [9].

Theorem 5.2. Suppose that (1.1) is nonoscillatory and (5.12) or (5.13) holds. If a solution h of (1.1)
is recessive, then 1 := r@(Ah) is the recessive solution of (5.14).

Proof. First suppose that (5.13) holds and let @0 = r®(Ah/h) be the distinguished solution of
(2.1). Assumption (5.13) implies that 7o, > O for large k, see [7]. The solution v of the Riccati
equation

1-q
Ck Dk

= 5.15
O (' + D(vy)) 0 519

1-q
Ukl T Tpyq —

associated with (5.14) is given by v = (c!"9®7!(Au))/® ' (u) and we have the following
relationship between solutions of (5.15) and (2.1) (no index means again the index k):

_ 0T (Aw) IO (oD (xk) - Xk x+Ax
S D l(w) 0 Ol(rd(Ax) D l(r)Ax  Dl(r)Ax
(5.16)
1+Ax/x 1+ 0 (w) /D7 (r) _ O (r) + D (w)

T (r)(Ax/x) O (w) O (r)dL(w)
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Since the function

O (r) + D '(x)
YT T o (o (v) 617

is increasing for x € R\ {0}, the inequality 0 < 20 < wy for large k and for any solution w # @
of (2.1) implies the inequality 0 > vy > Tk, where

M (Al) | @) + 0 (@)
o) e neT@) 19

and v is any other solution of (5.15). Consequently, © is the distinguished solution of (5.15)
and hence  is the recessive solution of (5.14).

Now suppose that (5.12) holds. Then all solutions w of (2.1) satisfying r¢ + wj > 0 for
large k are negative (see [19]), that is, 0 > wy > wk. Then using the same argument as in the
first part of the proof we have 0 < 7y < v for large k for any solution v of (5.15), that is, i is
the recessive solution of (5.14). O

(iii) In [18], we posed the question whether the sequence hy := kP~D/P is the recessive
solution of the difference equation

__A@(8h)

A(@(Axk)) + ckD@(xk41) =0, D(hji1)

(5.19)
Now we can give the affirmative answer to this question for p > 2. It is shown in [18] that

. _/p-1 p-1 (p-1)/p p-1 1 ]
Up = (D(Ahk)_<—p ) k 1+—2pk +o<k ) )

(5.20)
= G I”l)p 1+0(k™M)], 1= (’%)p,
both as k — co. The sequence u is a solution of the equation
A (cll(_qd)_l(Auk)> + @ (tgs1) = 0, (5.21)

which is reciprocal to (5.19) and yx = hx.1 = (k + 1)(”_1)/ P is a solution of the equation
A(P(Ayk)) + k1D (yr1) =0, (5.22)

which is reciprocal to (5.21) and differs from (5.19) only by the shift k — k+1 in the sequence
¢. Since

i(c};q)l_’” = ick < oo, (5.23)
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assumption (5.12) is satisfied (with g, c!™7, and 1 instead of p, r, and c, resp.), hence positive
solutions of (5.21) are decreasing, that is, Theorems 4.1 and 4.2 apply to this case. By a direct
computation, we have

Cllc_qukuk+1|Auk|q_2 ~ kPU=) }=20p-D) /P (-2p+1)(4-D /P _ |, (5.24)

This means, by Theorem 4.1, that if g € (1,2], then u is the recessive solution of (5.21)
and hence yx = h4 is the recessive solution of (5.22). Consequently, hy = k®-D/p is the
recessive solution of (5.19) if p > 2.
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