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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C, are, respectively, the
ring of p-adic rational integers, the field of p-adic rational numbers, and the p-adic completion
of the algebraic closure of Q,. The p-adic absolute value in C, is normalized so that |p|, = 1/p.
When one talks about g-extension, g is variously considered as an indeterminate, a complex
number, g € C or a p-adic number g € C,,. If g € C, one normally assumes that |q| < 1. If g € C,,
one normally assumes that |1 - g|, < p~'/ "~ so that g* = exp(xlog g) for each x € Z,. We use
the notations
1-4* _1-(=9)"

[x], = xlg =~ (1.1)

(cf. [1-14]), for all x € Z,. For a fixed odd positive integer d with (p,d) = 1, set

X =Xy =limZ/dp"Z, X1 =Ly,
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X*= |J (a+dpZy),
O<a<dp

(ap)=1

a+dp"Z, = {x € X | x=a(moddp")},
(12)

where a € Z liesin 0 < a < dp™. Forany n € N,

a

pq(a+dp"Z,) = wqw (1.3)
q

is known to be a distribution on X (cf. [1-28]).
We say that f is uniformly differentiable function at a point a € Z, and denote this
property by f € UD(Z,) if the difference quotients

fx) = fy) (1.4)

Fy(x,y) = Ty

have a limit ! = f'(a) as (x,y) — (a, a) (cf. [25]).
The p-adic g-integral of a function f € UD(Z,) was defined as

1 g .
I(f) = prf(X)d#q(x) - i 2 e (15)
1 P
Lo(P) = [ f@dey0) = lim o 3 F(-a), (16)
Zp e [p ]q x=0
(cf. [4, 24, 25, 28]), from (1.6), we derive
ql-4(f1) + L4(f) = [2],£(0), (1.7)

where f1(x) = f(x +1). If we take f(x) = €', then we have f(x) = e/**) = ¢'*¢!. From (1.7),
we obtain that

(1.8)

In Section 2, we define the multiple twisted g-Euler numbers and polynomials on Z,
and find Witt’s type formula for multiple twisted g-Euler numbers. We also have sums of
consecutive multiple twisted g-Euler numbers. In Section 3, we consider multiple twisted g-
Euler Zeta functions which interpolate new multiple twisted g-Euler polynomials at negative
integers and investigate some characterizations of them. In Section 4, we construct the multiple
twisted Barnes’ type g-Euler polynomials and multiple twisted Barnes’ type g-Euler Zeta
functions which interpolate new multiple twisted Barnes’ type g-Euler polynomials at negative
integers. In Section 5, we define multiple twisted Dirichlet’s type g-Euler numbers and
polynomials and give Witt’s type formula for them.
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2. Multiple twisted g-Euler numbers and polynomials

In this section, we assume that g € C, with |1 - g|, < 1. For n € N, by the definition of p-adic
g-integral on Z,, we have

n-1
" Lq(fa) + (D" Lg(f) = [21, 3 (1" g f (), 2.1)
x=0

where f,(x) = f(x + n). If nis odd positive integer, we have

n-1
G Iq(fa) + Lq(f) = [2], D) (1" ¢ f(x), (2.2)
x=0

Let Ty = Up»1Cpr = limy, .,Cpn = Cp be the locally constant space, where C,n = {w |
w" =1} is the cyclic group of order p". For w € T,, we denote the locally constant function by

w1 Zy — Cp, x — w*, (2.3)

(cf. [5,7-14, 16, 18]). If we take f(x) = ¢y (x)e™, then we have

[ o g = .4
z, P (X) g (x) = quet +1° '
Now we define the twisted g-Euler numbers E;l ,, as follows:

Fyu(t) = qoet+1 nz:;) En,wa' (2.5)

We note that by substituting w = 1, lim,_; EZ,l = E, are the familiar Euler numbers. Over five
decades ago, Carlitz defined g-extension of Euler numbers (cf. [15]). From (2.4) and (2.5), we
note that Witt’s type formula for a twisted g-Euler number is given by

f x"wrdp_g4(x) = EZ,w. (2.6)
z

P

for eachw € T, and n € N.
Twisted g-Euler polynomials E;l ,,(x) are defined by means of the generating function

2]
FL(t x) = qw[et e Z Enw(x (2.7)

where Ej) ,,(0) = E} ,,. By using the hth iterative fermionic p-adic g-integral on Z,, we define
multiple twisted g-Euler number as follows:

2, \" & %
L X+t Xy (14X xp )t . — gl — (ha) b
fz,, .[pr ¢ =g () - dpog (1) (qwet +1 2, Eni n!"  (238)

n=0

h-times

Thus we give Witt’s type formula for multiple twisted g-Euler numbers as follows.
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Theorem 2.1. For eachw € T, and h,n € N,

n h,
J’ f W (x4 xp) " dpg(x1) - dpg (xp) = Eiug), (2.9)
Zy Z,
h-times
where
(xp+- )" = D) ! bl (2.10)
1 h - l B 11! . lh! 1 h . .
1+ +lp=n
.. 1>0

From (2.8) and (2.9), we obtain the following theorem.
Theorem 2.2. Forw € T, and h,k € N,

(hq) _ k! q q

Ew = 20 TrpiBie B (211)
Ii+-+lp=k : :
I, dy>0

From these formulas, we consider multivariate fermionic p-adic g-integral on Z, as
follows:

2] 2]
L. X1+e+Xp (14 +Xp+2)t - — L B IO S B xt
Jz jz “ ¢ g (1) - dpt-q(xn) (qwet +1 qwet +1 €
p p
——

h-times (2 12)

— ﬂhxt
~ \ qwet +1 e

Then we can define the multiple twisted g-Euler polynomials Eg@ﬁ ) (x) as follows:

2] h 0 n
(h,q) 21, xt (ha), t
F t,x) = ——— = E —. 2.1
09 t,) (qwet+1> o= 3 B 0 213)
From (2.12) and (2.13), we note that

[ee} tn 0 tn

Z f f W (g et xp + x) A (1) - dpeg (xh)ﬁ = Z E,(j,lzf,]) (x)ﬁ. (2.14)

0 /7, Zy © =0 :

h-times
Then by the kth differentiation on both sides of (2.14), we obtain the following.
Theorem 2.3. For eachw € T, and k,h € N,

.[ j W (xy e+ X + x)kdﬂ_q(xl) cedpog(xp) = E&’Z) (x). (2.15)
Zp ZP

h-times
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Note that
n! 1 1 1
(x1+...+xh+x)n= Z l'---l'xll'xzz '(Xh+X)h- (216)
[ :
11:,".;:20"

Then we see that

.[ f R O x)kdﬂ*q(xl) +e-dpg(xn)
Zp ZF’

h-times
1
) lh f g (1) m.[z w5 dpg (- 1)_[ (x + x) " dp_g (1)
I+ +l
1ll lhh>0 p
k!
= —Eq e Eq Eq (x)
l1+~§h:k L!--- 1! hw I, = nw
Ii,...,1n>0

(2.17)

From (2.15) and (2.17), we obtain the sums of powers of consecutive g-Euler numbers as
follows.

Theorem 2.4. For each w € T, and k,h € N,

h q) k! q q
( ) Z ll' e lh' Ell,w Elh 1,W lh w(x) (218)

Ii+-+lp=k
.. >0

3. Multiple twisted g-Euler Zeta functions

For g € C with |g| <1 and w € T}, the multiple twisted g-Euler numbers can be considered as
follows:

2 "o n
Fh(t) = <£> -3 E;f‘g’%, |t + log(qw)| < . (3.1)

t
qwe' +1 por]

From (3.1), we notethat

2, \" [2] [2]
(h, q _ [k q q
nZOE qn =Ful) = <qwef+1> _[2]‘7<qwef+1>m<qwef+1>

= 2]2 i (_1)n1qn1w 1pmt . i (_1)nhqnhw”he"ht (3.2)
n1:0 n;,:O
— [2]11 Z (_1)n1+--~+nhqn1+---+nhwn1+~~~+nhe(n1+~~~+nh)t
q .
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By the kth differentiation on both sides of (3.2) at t = 0, we obtain that

ESI= 21 ST (e g g m e (g ) € (3.3)

ny+-+n, #0
ni,...np>0

From (3.3), we derive multiple twisted g-Euler Zeta function as follows:

ny+e+np _py+-+n Ny+-4n
(1) g g

(h, q)(
s)=[21, >
n1+"'+7’lh#0 (nl + ..+ nh)s
ni,...np>0

(3.4)

for all s € C. We also obtain the following theorem in which multiple twisted g-Euler Zeta
functions interpolate multiple twisted g-Euler polynomials.

Theorem 3.1. Forw € T, and k,h € N,
h,
G (k) = B (35)

4. Multiple twisted Barnes’ type g-Euler polynomials

In this section, we consider the generating function of multiple twisted g-Euler polynomials:

[z]q " Xt (h
sz(t,X):(m)e ZE q()

n=0 (41)
|t +log(qw)| < o, Re(x) > 0.
We note that
Z EU hq) _ Fh (t x) [ ] Z (_1)n1+~~~+nh qn1+~~~+nh o™ e(n1+~~~+nh+x)t. (4'2)
n=0 ni,...,np=0

By the kth differentiation on both sides of (4.2) at t = 0, we obtain that

EI((Z;‘Z) (x): [Z]Z Z (_1)n1+---+nh qn1+---+nh o™t (nl + ety + x)k. (43)

Thus we can consider multiple twisted Hurwitz’s type g-Euler Zeta function as follows:

(_1)”1+"'+nh qn1+~~+nh oMt

) h
Lo (s,x) = [2 I > s
ny+-+n, #0 (1’11 T +Tlh+.X')
n1,...,np>0

(4.4)

for all s € C and Re(x) > 0. We note that le g (s, x) is analytic function in the whole complex
s-plane and Q,(f,l’q) (s,0) = g,(j"")(s). We also remark that if w = 1 and h = 1, then gf"” (s,x) =
¢9(s, x) is Hurwitz’s type g-Euler Zeta function (see [7, 27]). The following theorem means
that multiple twisted g-Euler Zeta functions interpolate multiple twisted g-Euler polynomials
at negative integers.
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Theorem 4.1. Forw € T,, k,h € N, s € C, and Re(x) > 0,
h, h,
Lo (—k,x) = Eg (). (4.5)

Let us consider

[2] (2]
Fh L = 1 ). -9 xt
w(CIl/ 7 ah | t/ x) (qwealt + 1 qweaht + 1 e

= [2]2 i (_1)n1+---+nhqn1+~~+nhwﬂ1+~-+nhe(a1n1+-~~+ahnh+x)t (4.6)
n1,...,1p=0
= n
h, t
= Z En,uil)(al,...,ah | x)—',
n=0 n.

where ajy, ..., ap € C and maxi<i<k{|log(q + a;t)|} < or. Then E,(f,lﬂ)(m, ..., ap | x) will be called
multiple twisted Barnes’” type g-Euler polynomials. We note that

h, h,
EMP1,1,...,1 ] x) = Ev9 (x). (4.7)

By the kth differentiation of both sides of (4.6), we obtain the following theorem.

Theorem 4.2. Foreachw €Ty, a1,...,an € C, k, h € N, and Re(x) >0,

E,((I,ﬁ)(al,---,ah | x)= [Z]Z Z (_1)n1+ +nhqn1+ g+ +"”(a1n1 bt apny +x)k’
ny+-+np 0

11,120
(4.8)
where
k _ k! I Il In In 4
(ami + - +apnp +x)° = Z ' ca) e apn -ony ) (apny +x)™. 4.9)
~ Ll
L++l=k
L. 1n>0

From (4.8), we consider multiple twisted Barnes’ type g-Euler Zeta function defined as
follows: for each w € Ty, a1, ..., a, € C, k, h € N, and Re(x) > 0,

h, (_1)n1+---+nh Myt g
g](cl-(j)(all---/ah | S,x): [2]Z Z q _ )
ny+-+ny #0 (alTll +---+apnp + x)

71,1520

(4.10)

We note that §,(<h£)(a1,...,ah | s,x) is analytic function in the whole complex s-plane. We
also see that multiple twisted Barnes’ type g-Euler Zeta functions interpolate multiple twisted
Barnes’ type g-Euler polynomials at negative integers as follows.

Theorem 4.3. For eachw € Ty, a1, ...,a, € C, k,h € N, and Re (x) > 0,

(h’q)(al,...,ah | -k, x) = E,(:g)(al,...,ah | x). (4.11)

k,w
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5. Multiple twisted Dirichlet’s type g-Euler numbers and polynomials

Let y be a Dirichlet’s character with conductor d(= odd) € N and w € T),. If we take f(x) =
x(X)¢w(x)et*, then we have fy(x) = f(x +d) = y(x)we“w*e'. From (2.2), we derive

[2], =& (DT g x(i)w'e"

x tx _
[ xrwredpy o - e G.)
In view of (5.1), we can define twisted Dirichlet’s type g-Euler numbers as follows:
2], X5 (DT gx(wie &
Fl, () = — = Z 1 L <z (5.2)

glwdetd +1

(cf. [17,19, 21, 22]). From (5.1) and (5.2), we can give Witt’s type formula for twisted Dirichlet’s
type g-Euler numbers as follows.

Theorem 5.1. Let x be a Dirichlet’s character with conductor d(= odd) € N. For each w € T,
n € NU {0}, we have

j X(x)wxetxdy_q(x) = EZ,x,w. (5.3)
X

We note that if w = 1, then Eq nyl = Eq is the generalized g-Euler numbers attached to y
(see [18, 26]). From (5.2), we also see that

a-1 o)
FZ;,x(t): [2]q ( )d 1-i 1 (z)w’ ti Z qldwldeldt(_l)l
i=0 1=0 (54)
= [2], Z (-1)"q"w" x(n)e™.
By (5.2) and (5.4), we obtain that
dr
E v = g Fox(® o= 21, Z (-1)"q"w"y (n)n*. (5.5)

From (5.5), we can define the IZ,, (~function as follows:

(o) = 2], 3, LT 56)

s
n=0 n

for all s € C. We note that l;,w(s) is analytic function in the whole complex s-plane. From (5.5)
and (5.6), we can derive the following result.

Theorem 5.2. Let x be a Dirichlet’s character with conductor d(= odd) € N. For each w € T,
n € NU {0}, we have

lgu,x (-n) = Ez,x,w- (5.7)



Lee-Chae Jang 9

Now, in view of (5.1), we can define multiple twisted Dirichlet’s type g-Euler numbers
by means of the generating function as follows:

. . h
[2] Z;iz—ol (_1)d—1—lq1x(i)wletl h 0 T
FU () = ( q - ([ xerwrerap ) = 3 B

dypd ptd
qwe!® +1 pr

(5.8)

where |t + log(qw)| < or/d. We note that if w = 1, then EZ/)O1 is a multiple generalized g-Euler
number (see [22]).
By using the same method used in (2.8) and (2.9),

S & "
2 I f (x4 )W e k) g (1) - dpg () — = D Ened
n=0 X X n. n:

h-times

(5.9)

From (5.9), we can give Witt’s type formula for multiple twisted Dirichlet’s type g-Euler
numbers.

Theorem 5.3. Let x be a Dirichlet’s character with conductor d(= odd) € N. For eachw € T, h € N,
and n € NU {0}, we have

f J‘ x (e + o+ xp)w T (g e xp) " dpg (x1) - dpg () = E,&hxq;,, (5.10)
x Jx

h-times

where y(x1 + -+ xp) = y(x1) -+ x(xp) and

n nt l
(14 +xp)" = E l'ml'xll---x;. (5.11)
L+otlp=n ‘1° h:
I, >0

From (5.10), we also obtain the sums of powers of consecutive multiple twisted
Dirichlet’s type g-Euler numbers as follows.

Theorem 5.4. Let x be a Dirichlet’s character with conductor d(= odd) € N. For each w € T, h € N,
and n € NU {0}, we have

ha) KL pa L po
Ejrw = 2 LT e Bl (5.12)
Ii+-+lp=k
14,013, 20

Finally, we consider multiple twisted Dirichlet’s type g-Euler polynomials defined by
means of the generating functions as follows:

21, 35 (DT gy ()w'e" z t
d e = Enfo(0)—, (5.13)
n=0 :

FZ,,X(t, x) = <

glwdetd +1
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where |t + log(qw)| < 7r/d and Re(x) > 0. From (5.13), we note that

(e} tn [e'e] tn
Z j j (a2 )W (g e+ x4 20) dpg (x7) ---d‘u_q(xh)m = Z Egl)'g;,(x)a.
n=0 JX X n=0

h-times

(5.14)

Clearly, we obtain the following two theorems.

Theorem 5.5. Let x be a Dirichlet’s character with conductor d(= odd) € N. For eachw € T, h € N,
n € NU {0}, and Re(x) > 0, we have

[ [t et g (o) g () = ESL ), (519
X X

h-times
where
n! 1 I
(x1+ - +xp+x) = Z lel---(xh+x)h. (5.16)
!
Li++l=n
L,..,1,>0

Theorem 5.6. Let y be a Dirichlet’s character with conductor d(= odd) € N. For eachw € T,,, h € N,
n € NU {0}, and Re(x) > 0, we have

(h,q) _ k! q q q
Ek,x,w(x) - Z L' lhlEll,x,w By Elh,x,w(x)' (517)
Li+-+lp=k "+° :
i, dn>0
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