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1. Introduction

In this paper, we deal with oscillatory properties of solutions of the half-linear second-order
difference equation

A(r®(Axi)) + cx®(xks1) =0, D(x) = |xP2x, p>1, (1.1)

where r, ¢ are real-valued sequences and r, > 0. This equation can be regarded as a discrete
counterpart of the half-linear differential equation

(r()@(x'))" + c(h)D(x) =0 (1.2)
which attracted considerable attention in the recent years. We refer to the books in [1, 2] and

the references given therein. The basic qualitative theory of (1.1) has been established in the
series of papers in [3-7] and it is summarized in the books [8, Chapter 3] and [2, Chapter 8].
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It is known that oscillatory properties of (1.1) are very similar to those of the second-order
Sturm-Liouville difference equation (which is a special case of p =2 in (1.1)):

A(rkAxk) + CkXj+1 = 0. (1.3)

In particular, the discrete linear Sturmian theory extends verbatim to (1.1), and hence this equa-
tion can be classified as oscillatory or nonoscillatory. We will recall elements of the oscillation
theory of (1.1) in more detail in the next section.

The basic idea of the discrete linearization technique which we establish in this paper is
motivated by the paper of Elbert and Schneider [9], where the second-order half-linear differ-
ential equation

: A ~1\”
(@(x')) +r—§q>(x)+z<p7> %(I)(x) =0, y,:= <p7> , (1.4)

is viewed as a perturbation of the Euler-type half-linear differential equation
@(x)) + o) =0 (1.5)
tp ’ '

and oscillatory properties of (1.4) are studied via the linear equation

(ty) + 2y =0 (1.6

under the assumption that [[* 6(s)/sds > 0 for large t. In particular, the following statements
are presented in [9].
(i) Let p > 2 and let linear equation (1.6) be nonoscillatory. Then (1.4) is also nonoscillatory.
(ii) Let p € (1,2] and let half-linear equation (1.4) be nonoscillatory. Then linear equation (1.6)

is also nonoscillatory.

The linearization technique for (1.2) has been further developed in [10-12]; see also references
given therein.

In our paper, we introduce a similar linearization technique for the investigation of os-
cillatory properties of (1.1). This equation is regarded as a perturbation of the nonoscillatory
equation of the same form:

A(rkCD(Axk)) + Ek(D(xk+1) = 0, (17)

and oscillatory properties of solutions of (1.1) are related to those of the linear second-order
difference equation

A(RkAyk) + Ckyis1 =0, (1.8)
where

2 — ~
Ry = arkhkhk+1|Ahk|p 2, Cr= (k- S LA (1.9)
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with g = p/(p — 1) being the conjugate number of p, and with a certain distinguished solution
h of (1.7). This enables to apply the deeply developed linear oscillation theory when investi-
gating oscillations of half-linear equation (1.1). As we will see in the next sections, compared
to the continuous case, the linearization technique is technically more difficult in the discrete
case since a nonlinear function which appears in the so-called modified Riccati equation is
considerably more complicated in the discrete case.

The paper is organized as follows. In the next section, we recall basic oscillatory proper-
ties of (1.1), including a quadratization formula for a certain nonlinear function which plays an
important role in subsequent sections of the paper. In Section 3, we present a discrete version
of the above-mentioned result of Elbert and Schneider [9]. In Section 4, we show that under
certain additional restriction on properties of solutions of (1.7) we do not need to distinguish
between the cases p > 2 and p € (1,2]. The last section of the paper is devoted to an application
of the results of the previous sections of the paper.

2. Preliminaries

Oscillatory properties of (1.1) are defined using the concept of the generalized zero which is
defined in the same way as for (1.3) (see, e.g., [8, Chapter 3] or [2, Chapter 7]). A solution x of
(1.1) has a generalized zero in an interval (m, m+1] if x,,, # 0 and x,, X417 < 0. Since we suppose
that 7. > 0 (oscillation theory of (1.1) generally requires only 7 # 0), a generalized zero of x in
(m, m+1] is either a “real” zero at k = m + 1 or the sign change between m and m + 1. Equation
(1.1) is said to be disconjugate in a discrete interval [m, n] if the solution x of (1.1) given by the
initial condition x,, = 0, X;,41 #0, has no generalized zero in (m, n + 1]. Equation (1.1) is said to
be nonoscillatory if there exists m € N such that it is disconjugate on [m, n] for every n > m, and
it is said to be oscillatory in the opposite case.

If x is a solution of (1.1) such that xx #0 in some discrete interval [m, o0), then wy =
re®@(Axy /xx) is a solution of the associated Riccati-type equation

Rlwy] = Awi + cx + wi (1 _ o (rk;i o (a)k))> =0. (2.1)

Moreover, if x has no generalized zero in [m, o), then @ (ry) + @1 (wy) > 0, k € [m, o). If
we suppose that (1.1) is nonoscillatory, among all solutions of (2.1) there exists the so-called
distinguished solution @ which has the property that there exists an interval [m, o) such that
any other solution w of (2.1) for which ®(ry) + @' (wy) > 0, k € [m, o), satisfies wy > Wy,
k € [m, o0). Therefore, the distinguished solution of (2.1) is, in a certain sense, minimal solution
of this equation near co. If % is the distinguished solution of (2.1), then the associated solution
of (1.1) given by the formula

X = ﬁ 1+ q>—1<?>] (2.2)

j=m ]

is said to be the recessive solution of (1.1) (see [13]). Note that in the linear case p = 2 a solution
x of (1.3) is recessive if and only if

i; = 0. (2.3)

Tk Xk Xk+1
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Our first statement presents a comparison theorem for distinguished solutions of (2.1)
and (2.4) given below.

Lemma 2.1 (see [13]). Let (1.1) be nonoscillatory and let cx > Ci for large k. Further, let Wy, U be
distinguished solutions of the corresponding generalized Riccati equations (2.1) and

ﬁ[vk] = AUk + Ck + Uk <1 - (I)((D—l (rk;’j_ o (vk)> > =0, (2.4)

respectively. Then there exists m € 7 such that Wy > Ok for k € [m, o0). In particular, if ¢, > 0 and
Zwri_q = oo, then @y > 0 for large k.

The next statement relates nonoscillation of (1.1) to the existence of a certain solution of
the Riccati inequality associated with (2.1).

Lemma 2.2 (see [2, Theorem 8.2.7]). Equation (1.1) is nonoscillatory if and only if there exists a
sequence wy satisfying ri + wy > 0 and

R[wk] <0 (2.5)

for large k.

The next statement is the discrete version of the generalized Leighton-Wintner oscillation
criterion. In this criterion, (1.1) is viewed as a perturbation of (1.7).

Lemma 2.3 (see [13]). Let h be the positive recessive solution of nonoscillatory equation (1.7). If

i(ck - Ek)hZH =%, (2:6)

then (1.1) is oscillatory.

The last auxiliary oscillation results of this section are Hille-Nehari (non-)oscillation cri-
teria for linear difference equation (1.3).

Lemma 2.4 (see [14]). Suppose that ¢, >0, re > 0, Zmrlzl = oo, and >, “cx < oo. If

k-1 1 oo 1
1igglf<za> (ch) > (2.7)

then (1.3) is oscillatory. If

k-1 1 0 1
limsup< —> <ZC]-> <, (2.8)
k—oo T]' j=k 4

then (1.3) is nonoscillatory.
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For the remaining part of this section, we suppose that (1.7) is nonoscillatory and we let
h be its solution such that hy > 0 for large k. Further, put

Gk = Tkhkq)(Ahk) (2.9)

and define the function

Tk (U + Gk) hZ+1

H(k,v) := v + rehica ®(Ahy) - .
( v) O+ TNk ( k) (I)(hZCI)_l(Tk)+CI)_1<U+Gk>>

(2.10)

Lemma 2.5. Put
vk = I} (wi — W), (2.11)
where Wy = r®(Ahy /hy) is a solution of (2.4) and wy is any sequence satisfying ri + wy #0. Then
Avg + (cx - Ek)h,il +H(k,vi) = hZHR[wk]. (2.12)
In particular, if wy is a solution of (2.1), then
Avg + (cx — S)h; , + H(k, o) = 0. (2.13)
Moreover, H(k,v) > 0 for v > —rihi (D(Ahy) + hi_l) with the equality if and only if v = 0.

Proof. By a direct computation and using the fact that 7y is a solution of (2.4), we obtain

p ~
Avy = hk+1 (wk+1 - wk+1) — Uk

= hp <wk+1 + Ek — rkibk > — Ok
(@71 (r) + 1 (@)

(2.14)
- Ah
(om0 ) -
= hZ+1 (wk+1 + Ek) — Tkhk+1q)(Ahk) — Ok.
Next, since vy = hiwk — G, we have
Tk (Uk + Gk) B Tkhiwk

O(h] O (1) + D (v + Gi))  P(hl D1 (rie) + D (K wy)) (2.15)

kWi

" (@7 () + 0 (wi))

and hence

Avg + (Ck - Ek)hz+1 + H(k, ’()k) = hZ+l <wk+1 +ck —

rk(vk + Gk) >
O (h! D1 (1) + O (vk + Gr))

=W

k+lR [wk] .

(2.16)



6 Advances in Difference Equations

If wy is a solution of (2.1), then vy satisfies (2.13). We prove the nonnegativity of the function
H(k,v) for v > —richi (D(Ahy) + hz_l) as follows. By a direct computation, we have
r”l hq hP

Hv(k,v)zl_ - k™ "k""k+1 =
(hk(D_l (Tk> + @1 (Uk + Gk)>

(2.17)
-2
qrihihy. [oe + Gi|”

va(k/ U) = -
(R1®1 (1) + @1 (vk + Gi))”

Hence H,(k,v) = 0if and only if v = 0 and the function H (k, v) is convex with respect to v for
v satisfying 1, '@ (r) + @' (v + Gx) > 0 which is equivalent to v > —rchy (®(Ahy) + hi_l). This
proves the last statement of Lemma 2.5. O]

Lemma 2.6. Let R, G be defined by (1.9) and (2.9), respectively, and suppose that G > 0 for k € N.
Then we have the following inequalities for v > 0and k € N :

(Re +v)H(k,v) > 0%, pe(1,2],
(2.18)
(R +v)H(k,v) <v?, p>2.

Proof. In this proof, we write explicitly an index by a sequence only if this index is different
from k; that is, no index means the index k. In addition to (2.17), we have

q
Hyoo (K, 0) = —2)hye1 — (29 - 1) AH].
(k, 0) IR (AR [(@ = 2)hki1 — (29— 1) Ah] (2.19)

Denote F(k,v) := (Rx + v)H (k,v) — v*. Then we have F,(k,0) = 0 = F,,(k,0) and
Foou(k,0) = RHypp(k,0) + 3Hyy (k, 0)

- W[(q_z)hkﬂ—(zq—l)Ah] +W
- W[Z(q_Z)(h+ Ah) + (2 - q) AH] (2.20)
_ W[FH}HM] = W[h+hk+1].
Consequently,
e () msEn (e (2.21)

in some right neighborhood of v = 0. Further, we have

F‘uv(kz U) = 2Hv(k1 U) + (R + v)H'U'U(kI U) -2
) 2rThIK; . qrinikl (v +G)T (R +v)
(MDY (r) + O (v+G))’  (hd1(r) + D (v +G))’"
rihihl

) (M0 (r) + D (v + G

[-2r1hT - 207 (v + G) + q(v + G)T*(R + v)].

(2.22)



O. Dogly and S. Fisnarova 7

Denote by A(v) the expression in brackets in the last expression. By a direct computation, we
have

A®) = (g-2)0 (v +G) +q(R-G)(v +G)T* - 2r1h1, (2.23)

hence sgn A(v) = sgn Fy,(k,v) = sgn (q—2) for large v, and from the computation of Fy,.,(k,0),
we also have (g —2) A(v) > 0 in some right neighborhood of v = 0. Since

A'(w) =(qg-2)(v+G)"°[(g-1)(v+G) +q(R-G)] (2.24)

has no positive root (observe that (g — 1)(v + G) + g(R - G) = 0 if and only if v =
-(1/(q - 1)rh(AR) 2 (hsr + h) < 0), this means that (g — 2)A(v) and hence also
(9 —2)Fyy(k,v) have a constant sign for v € (0, o0). Therefore, the function F(k, v) is convex for
g > 2 and concave for g < 2, and this together with (2.21) implies the required inequalities. [J

3. (Non-)oscillation criteria: p > 2 versus p € (1,2]

In this section, we suppose that (1.7) is nonoscillatory and possesses a positive increasing so-
lution h. We associate with (1.1) the linear Sturm-Liouville second-order difference equation

A(RkAyk) + Ck]/k+l =0, (3.1)

where R and C are given by (1.9), that is,

2 - ~
Rk = arkhkhkﬂ(Ahk)P 2, Ck = (Ck - Ck)hZ+1‘ (3.2)

The results of this section can be regarded as a discrete version of the results given in [9].

Theorem 3.1. Let p > 2, ¢k > Ck for large k,
o0 1 3
Re
and suppose that linear equation (3.1) with R, C given by (1.9) is nonoscillatory. Then half-linear
equation (1.1) is also nonoscillatory.

o0, (3.3)

Proof. The proof is based on Lemma 2.2. Nonoscillation of (3.1) implies the existence of a solu-
tion v of the associated Riccati equation

Ui (3.4)

A’(Jk+Ck+ Rk+Uk =
such that Ry + vx > 0 for large k. Moreover, since (3.3) holds and Cx > 0 for large k, by
Lemma 2.1 vy > 0 for large k. By Lemma 2.6, we have (R + v)H (k,v) < v%; hence v is also a
solution of the inequality

Avg + Cr + H(k, ’()k) <0. (3.5)

Now, substituting for v = h”(w — w), where @ = r®(Ah/h), we see from Lemma 2.5 that w is
a solution of Riccati inequality (2.5). Moreover, ri + wyi = 1y + h;pvk + Wy > 0since v, > 0and h
is a nonoscillatory solution of (1.7); that is, the corresponding solution of the associated Riccati
equation w satisfies ri + wy > 0. Therefore, (1.1) is nonoscillatory. O
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Theorem 3.2. Let p € (1,2], cx > Ck for large k, and let h be the recessive solution of (1.7). If half-
linear equation (1.1) is nonoscillatory, then linear equation (3.1) is also nonoscillatory.

Proof. We proceed similarly as in the previous proof. Nonoscillation of (1.1) implies the ex-
istence of the distinguished solution w of the associated Riccati equation (2.1) such that
wi + 1 > 0 for large k. Put again v = h”(w — w), where w is the distinguished solution of
(2.4). Then v solves the equation

Avk + Ck + H(k, ’(Jk) =0, (3.6)

and by Lemma 2.1, we have wy > wy for large k, hence vx > 0, and therefore Ry + v > 0 for
large k. By Lemma 2.6,

2

v
Ay +C k_<o. 37
Uk + Crt - < (3.7)
This means that (3.1) is nonoscillatory by Lemma 2.2. O

4. Criteria without restriction on p

Throughout this section, we suppose that Ry, Ci, and G are given by (1.9) and (2.9), respec-
tively, and that (1.7) is nonoscillatory.

Theorem 4.1. Let cx > Ci for large k and let hy > O be the recessive solution of (1.7) such that

Z(Ck - Ek)hzﬂ < oo. (4-1)
Further, suppose that condition (3.3) holds and

I}imrkhk(D(Ahk) = oo. (4_2)

If there exists € > 0 such that the equation
A(RkAyk> + (1 — S)Ckyk+1 =0 (4.3)
is oscillatory, then (1.1) is also oscillatory.

Proof. Let ¢ > 0 be such that (4.3) is oscillatory (i.e., € < 1). Suppose, by contradiction,
that (1.1) is nonoscillatory, and let xj be its recessive solution. Denote by wy = r®(Axy/
xx) and wy = r®(Ahi/ hy) the distinguished solutions of the Riccati equations (2.1) and (2.4),
respectively, and put vy := hz(wk — Wy). Since cx > ¢ for large k, it follows from Lemma 2.1
that wy > Wy, and hence also v > 0 for large k. According to Lemma 2.5, we have

Avk = —Ck - H(k, vk). (4.4)

Hence vy is nonnegative and nonincreasing for large k, and this means that there exists a limit
of vy such that

0 < limwvg < co. (4.5)

k—o0
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Next, let N € N be sufficiently large, k > N. Summing (4.4) from N to k, we obtain

k k
on -k = 3G+ SH( o), (*6)
j=N j=N
and hence
k k
UN 2> ZCj+ZH(j,Uj). (47)
j=N j=N

Letting k — oo and using condition (4.1), we have

ZH(k, vk) < 00. (4-8)
Substituting zx = v/ Gk into H (k, vx), we obtain

ri(zk + 1),

H(6 Gim) = Gt rin®(8h) ~ g o

= H(k, zx). (4.9)

Now, it follows from conditions (4.2) and (4.5) that zx — 0 as k — co. Hence we may approx-
imate the function H(k, z) by the second-degree Taylor polynomial at the center z = 0 (k is
regarded as a parameter). By a direct computation, we have

— — hi (Ahg)?
H(k/ 0) = O/ HZ(k/ 0) = 0/ zz(k ) W (410)
k+1
and hence
hie (Ah)P
H(k,z) = qr"z"th +o(z2) asz—0. (411)
k+1

The term o(z?) is of the form ﬁzzz(k, ¢)z> for some ¢ € (0, z). By a direct computation, we have

~ (Ahy)”
szz(k,O) quhk h [(q 2)hk+1—(2q 1)Ahk] (4.12)
k+1
that is,
(A k)p
| ... (k,0)| < grihy [lg -2+ (29 -1)]. (4.13)

Since H. 2zz(k, z) is continuous with respect to z near z = 0, there exists a constant M > 0 such
that

— Ahy)”
|szz(k/ §)| < Mrihy ( h k> ’ (4-14)
k+1
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and hence (4.11) can be written in the form

—~ Ahy )P
H(k,z) = quhk(zh—k)zz(l +0(l)) asz—0 (4.15)
k+1

and the convergence o(1) — 0 as z — 0 is uniform with respect to k. This means that there
exists Nj such that

(q—g)rkhk(Ahk)p ) (q+6)rkhk(Ahk)p

H 2 > 4.16
e z; < H(k, z) < e z; for k> Ny, (4.16)
and consequently
& 2 g - &rche(Ahg)
o0 > ZH(k, v) = ZH(k, zk) > 3 Z ™ zi .
_q‘gir"hk@hk)pvi _ g€ Y% (17
2 hk+1Gi 2 rkhkhk+1(Ahk)p_2.

Taking into account condition (3.3), it follows that vx — 0 as k — oo. Thus we can apply
Taylor’s formula to the function F(k,v) := (R + v)H(k,v) at the center v = 0. By a direct
computation (see also the proof of Lemma 2.6), we have (k is regarded again as a parameter)

F(k,00=0,  Fo(k,00=0,  Fuo(k,0)=2, (4.18)
and hence
F(k,0) = v* + 0(v?) = v*(1+0(1)) as v — 0. (4.19)

Similarly as in the case of H(k, z), the convergence o(1) — 0 as v — 0 is uniform with respect
to k because of (4.2) and (2.20). Hence

02
Rk + 0

H(k,v) = (1+0(1)) asv—0. (4.20)

Consequently, there exists N, > Nj such that

2 2
£ vk > vk
_Z e > N. 4.21
<1 2>Rk+vk<H(k'vk><<1+2>Rk+vk for k > N, (4.21)
Since
2  hga 2 < hy > 2
Ry, = -G =—-Gi(1+—) > -Gy, 4.22
T g T A g " Ahe) g F (4.22)

from conditions (4.2) and (4.22) we have

Tk 0 ask— oo. (4.23)
Rx
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This means that there exists N3 € N such that

1-¢ < 1-¢/2 for k > N3,
1+ -¢e)(vx/Re) 1+0k/Re
that is,
1-¢ 1 1-¢/2

Rk+ (1—£)Uk - Rk/(l —S) + Uy < Rk+’0k
Consequently, from (4.21) we obtain

2

k
Rk/(l—€)+’0k

<H(k,vc) for k>max{N, N},

and according to Lemma 2.5,
02

k
Rk/(1—€)+’0k

Av + Cr + <0 for k > max {N,, N3}.

The last inequality is the Riccati inequality associated with the equation

R
A <1—k€Ayk> + Ciyr+1 =0,

for k > Nj.

11

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

that is, with (4.3). Since Ri/(1 — €) + vk > 0, it follows from Lemma 2.2 that this equation is

nonoscillatory, which is a contradiction.

O]

Theorem 4.2. Let ci > ci for large k and let hy > 0 be a solution of (1.7) such that conditions (3.3),

(4.1), and
ligglfrkth(Ahk) >0
are satisfied. If there exists € > 0 such that the equation
A(RkAyk) + (1 +¢€)Cryis1 =0

is nonoscillatory, then (1.1) is also nonoscillatory.

Proof. It follows from nonoscillation of (4.30), that is,

R
A <1—+k€Ayk> + Ciyr+1 =0,

that there exists a solution v of the associated Riccati equation

v} .
Rk/(1+£)+vk

A?Jk +Ck +

(4.29)

(4.30)

(4.31)

(4.32)
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such that Ri/(1 + €) + vx > 0. This means that v is nonincreasing since Cx > 0 for large k.
Moreover, since > (1/Rx) = oo, it follows from Lemma 2.1 that vx > 0. Hence condition (4.5)
holds. Summing (4.32) from N to k (let N € N be sufficiently large, k > N), we obtain

2

UN_Uk+1_ZC "‘ZR /(1+s)+v] (4.33)
and hence
k k v]?
oN > C-+ _— 4.34
N JZ}V ZR/(1+g)+v, (4.34)

Letting k — oo and using (4.1), we have

2
Uy

ZRk/(1+€)+’(Jk S

(4.35)

This, together with conditions (3.3) and (4.5), implies that vy — 0 as k — oo. Hence by the
Taylor formula for the function F (k,v) := (Rx + v)H(k,v) at the center v = 0 (see the com-
putations in the proof of Theorem 4.1 and observe that (4.29) is still sufficient for the uniform
convergence o(1) — 0 as v — 0in (4.19)), we have

2

2
£ [ € (%P

_ = 4.36

<1 ) R+ o < H(k,v) < < ) Rt on for large k, (4.36)

and we can show similarly as in the proof of Theorem 4.1 (note that (4.29) implies that (4.23)
holds in view of (4.22)) that

£) % Ui 4.37
<1+§>Rk+vk<Rk/(1+5)+Uk for large k. (4.37)

Consequently, from (4.32),
Avk + Ck + H(k, ’(Jk) < 0, (4.38)

which according to Lemma 2.5 means that

CD((D_l (Tk) + @1 (wk))

Wit + Ck — <0, (4.39)

where wy = h;pvk + Wy and Wy = r@(Ahi/hy) is a solution of the Riccati equation associated
with (1.7), hence r¢ + @i > 0. Since v, > 0 for large k, we have r¢ + wy = ri + h;pvk +wi >0
and nonoscillation of (1.1) follows from Lemma 2.2. Ol
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5. Remarks and applications

We start this section with a discussion of the continuous counterparts of the results presented
in the previous sections. In [15] and the subsequent papers [10, 16, 17], (1.2) is viewed as a
perturbation of another half-linear differential equation of the same form

(r(H®d(x')) +E(t)D(x) =0 .1)

and it is supposed that this equation possesses a positive solution h such that i’ (t) # 0 for large
t. Denote G(t) := r(t)h(t)®@(H'(t)) and consider the differential equation

v+ (c(t) - E(t))hP(t) +(p- Dri-9(tH)h9(t)H (t,v) = 0, (5.2)
where
H(t,v) := |v + G(t) |q - qu)‘l(G(t)) - |G(t) |q. (5.3)

By a direct computation, similar to that given in the proof of Lemma 2.5, one can show that
this equation has a solution defined on some interval [T, o) if and only if the Riccati equation
associated with (1.2)

w +c(t)+(p-Dri@t) w1 =0 (5.4)

has a solution on [T, o). These solutions are related by the formula v = h” (w-wy,), where wy, =
r®(h'/h). The function H in (5.3) is the continuous counterpart of the function H given by
(2.10). We have the following estimates for the function H (¢, v) which are proved, for example,
in [18, 19] (we present here these estimates in a modified form with respect to [18]):

H(t,v) < J|61)|"%0, p>2,
2
(5.5)
q 4-2_2
H(to) > 16w, peq,2)

for every v € R. Moreover (see [19]), for every M > 0, there exist constants K; = K;(M),
K, = K3(M) such that

Ki|G(t)|"%0? < H(t,v) < K| G(t) |7 02 (5.6)

for [v] £ M and any p > 1. These estimates enable to approximate the function (p —
1)r'"h~1H (¢, v) in (5.2) by the function

K 2

Kr'=1h-9|G|7%v? = ———— 12,
rh2|hllp_2

(5.7)

where K is a real constant, and after this approximation, (5.2) becomes the classical Riccati
equation corresponding to a linear Sturm-Liouville differential equation. This linear equation
is then used to study oscillatory properties of (1.2).
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In our paper, we follow a similar idea in the discrete case. The essential difference with
respect to the continuous case is that the function H given by (2.10) is substantially more
complicated than its continuous counterpart (5.3); in particular, we were able to formulate
inequalities for the function H in Lemma 2.6 only under more restrictive assumptions than
in the continuous case. This is also the reason why assumptions of (non-)oscillation criteria
formulated in Section 3 are more restrictive than those of oscillation criteria for (1.2) given in
[10, 16].

Now we comment in more detail on assumptions of Theorems 4.1 and 4.2 of the previous
section. Assumption (4.1) is natural since if the sum of this series is oo, (1.1) is oscillatory by
Lemma 2.3. Assumptions (3.3) and (4.2) are technical and we needed them to show that the
solution v of (3.6) satisfies vy — 0 as k — oo. Assumptions (3.3) and (4.2) can be replaced by a
formally less restrictive assumption that

iH(k, a) = oo (5.8)

for every a > 0, but it may be difficult to verify this assumption in particular cases. Concerning
assumptions of Theorem 4.2, we also needed them to prove that vx — 0+ as k — oo.

We conclude the paper with a statement illustrating application of Theorem 4.2 of the
previous section.

Theorem 5.1. Consider the perturbed Euler-type difference equation

AD(Ax) + [L tde| D) =0, 7, = <P;1>P, (5.9)
(k+1)” ! P
and suppose that
. 1
l}grt}odk(k +1)P" =0 (5.10)
and that
>di(k + 1P < oo (5.11)
Then (5.9) is nonoscillatory provided
. - . 4 1/p- 1\"*
lim sup log kZdj(] +1)P < = <—> . (5.12)
k—oo j=k 2 p

Proof. Consider the sequence hy := k®-D/p and let ¢ := —AD®(Ahg) /D (his1). We have

<k+1 (p-1/p .
k > ’]

-1 p-1
~ k1 Pt O - ] (5.13)

_P‘l —l/p[ _L —2]
= kP (1 2pk+O(k )

Ahy = (k + 1)(P—1)/P — k7P = | p-1)/p
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as k — oo; hence
p-1\""' . [ p-1 )
O(Ahy) = — p-D/p|1 - — 2 5.14
(hk)<P>k 12pk+O(k), (5.14)
and using the fact that k! = (k+1) +O((k + 1)) as k — oo, we have

-1
so(an) = (1) {1y o0 —icwn

-1
P [(k + 1)—2+1/p B k—2+1/p] } + Ao(k—3+l/p)

2p
_ <PT?1>p_l{(k +1)" PP [1 - <k Z 1>(p_1)/p] (5.15)

=— p;l ’ —2+1/p -3+1/p
( ; >(k+1) +O((k+1) ).

Consequently,

AD(AR)
D (heyy)  (k+1)P

Cr = +O((k+1)7™). (5.16)

To prove that (5.9) is nonoscillatory, we apply Theorem 4.2 with

o 5+ di (5.17)

and & given by (5.16). The term O((k + 1)7™") is of the form ay(k + 1) 7!, where ay is a
bounded sequence; so we have

3

Ck—Ck=dk—W>O

(5.18)

because of (5.10). Condition (4.1) is also satisfied since from (5.11) we have that the series

i(ck - Ek)hZH = i [dk(k + 1)10—1 - x ik1)2 (5.19)

is convergent.
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Concerning assumptions (3.3) and (4.29),

. -1\

hihr (AR )P = kKPD/P (K + 1)<P—1>/P<’97> kP27 (1+0(k™)) (5.20)
p-1\"?
= <7> k(1+0(k™)) (5.21)
and similarly
p-1\""

Gk = he®@(Ahy) = <7> (1+0(k™)) (5.22)

as k — oo. This means that both (3.3) and (4.29) are satisfied. Moreover, by a routine computa-
tion, one finds (using the discrete I'Hospital rule; see, e.g., [20, page 29]) that

k=11 /:
(1/
lmM 1. (5.23)
k—w logk
Now, if (5.12) holds, there exists € > 0 such that
_ & 1 /p-1\"" 1 p-1\"?
limsuplogk>'d;(j+1)"" < <—> = < > . 5.24
k%oop g ]=Zk iG+1) 20+e)\ p 2g1+e)\ p (5:24)
This means that
' q p p-2 1
hr’isoljp log kE <ﬁ> j:zk(l +€e)C; < T (5.25)

where C is given by (1.9) with hy = kP~D/P. Then using (5.21) and (5.23) (with R given by
(1.9)), we have

k—oo

k-1 ©
1

. -1
lim sup <ZR]. > <j—Zk(1 + s)C]-> <7 (5.26)
This implies, by Lemma 2.4, that (4.30) is nonoscillatory and the statement follows from
Theorem 4.2. O
Remark 5.2. (i) We conjecture that (5.9) is oscillatory (under (5.10) and (5.11)) provided

.. = . 4 1/p- 1\"*

llggflog k};dj G+1)P " > A\ : (5.27)

The proof of this conjecture could follow essentially the same line as that of the previous theo-
rem, with the only difference that Theorem 4.1 instead of Theorem 4.2 is used (and, of course,
(2.7) is used instead of (2.8)). However, Theorem 4.1 needs h to be the recessive solution of the
equation

ACD(Axk) + EkCD(ka) =0 (528)
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with ¢k given by (5.16), and in contrast to the continuous case (see [18, 21-23]), a suitable
summation characterization of the recessive solution is not known yet (note that the results
of [24] do not apply to our case); so we are not able to prove that by = kP~D/? is really the
recessive solution of (5.28) with ¢ given by (5.16). Moreover, we conjecture that condition (4.2)
in Theorem 4.1 can be replaced by the weaker condition (4.29).

(ii) A typical equation to which the previous theorem applies is the Riemann-Weber-type
difference equation

Yr + A
(k+1)7  (k+1)Plog*(k + 1)

A(@(ax)) + | @ (xp1) =0 5:29)

By Theorem 4.2, this equation is nonoscillatory if A < (1/2)((p —1)/p)? -
(iii) The previous statement can be viewed as a partial extension of the (non-)
oscillation criterion given in [25], where it is proved, among others, that the difference equation

1
A? —
X + 4k2

[1 1 ‘ 1 A

e —— +— ]xk+1=0, 5.30
log’k Hj=11 (log].k)z [Ti= (logjk)z (530

where logk = k, log;k = log(log;_;k),j =1,...,n, is oscillatory if X > 1 and nonoscillatory if
A<l
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