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Abstract

In this paper, the definitions of g-symmetric exponential function and g-symmetric
gamma function are presented. By a g-symmetric exponential function, we shall
illustrate the Laplace transform method and define and solve several families of linear
fractional g-symmetric difference equations with constant coefficients. We also
introduce a g-symmetric analogue Mittag-Leffler function and study g-symmetric
Caputo fractional initial value problems. It is hoped that our work will provide
foundation and motivation for further studying of fractional g-symmetric difference
systems.
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1 Introduction

The g-calculus is not of recent appearance. It was initiated in the twenties of the last cen-
tury. However, it has gained considerable popularity and importance during the last three
decades or so. This is due to its distinguished applications in numerous diverse fields of
physics such as cosmic strings and black holes [1], conformal quantum mechanics [2], nu-
clear and high energy physics [3], just to name a few. Early developments for g-fractional
calculus can be found in the work of Al-Salam and co-authors [4, 5] or Agarwal [6]. A g-
Laplace transform method has been developed by Abdi [7] and applied to g-difference
equations [8, 9]. Moreover, there is currently much activity to reexamine and further de-
velop the g-special functions. Notable early work includes the work of Jackson [10-14],
Hahn [15, 16] and Agarwal [17]. We also refer the reader to more recent articles [18-26]
and [27, 28].

The g-symmetric quantum calculus has proven to be useful in several fields, in partic-
ular in quantum mechanics [29]. As noticed in [30], consistently with the g-deformed
theory, the standard g-symmetric integral must be generalized to the basic integral de-
fined. Recently, we introduced basic concepts of fractional g-symmetric integral and
derivative operators in [31]. The basic theory of g-symmetric quantum calculus opera-
tors need be explored. The object of this paper is to further develop the theory of frac-
tional g-symmetric calculus. First, the definitions of g-symmetric exponential function
and g-symmetric gamma function are presented. Second, we give a fractional g-symmetric
transform method. We then define some g-symmetric difference equations and apply
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the g-symmetric transform method to obtain solutions. Finally, we study a Caputo g-

fractional initial value problem and give a g-analogue Mittag-Leffler function.

2 The g-symmetric gamma and the g-symmetric exponential functions
Let ty € R and define

’IFtO:{t:t:toq",neNo}U{t:t:toq_”,neNo}U{O}, 0<g<l.

If there is no confusion concerning £y, we shall denote T;, by T.

The basic g-symmetric integrals of f : T —> R are defined through the relations

Tyaf)(8) = /0 f@ydgt =x(1- %) Y (wg™ ). 1)
k=0
ForaeT,

Tyaf)(®) = / f)dgt = / f)d,t - / f()dgt
a 0 0
For a function f : T — R, the g-symmetric derivative is defined by

_flax) - flq'x)

o BNO=r0) (22)

(Dyf ) ()
and the g-symmetric derivatives of higher order are defined by
(DY) @) =f@),  (Dif)@) = (DD'f)(x), meN".
As for g-symmetric derivatives, we can define an operator 7:; by
L@ =f@), () %) = (a5 f) ), neN*. (2.3)
For operators defined in this manner, the following is valid:
(Dylyo)f (%) = @), (IyoDgf)(x) = f(x) - £(0). (2.4)

The formula for g-symmetric integration by parts is

b - b _ -
/ u(qx)(ﬁqv)(x) dgx= [u(x)v(x)]|z - / v(q_lx) (Dgu)(x) dyx. (2.5)

a a

Definition 2.1 The g-symmetric factorial is defined in the following way. If # is a non-

negative integer, then

k-1
(a— b)(o) =1, (a-b) b l_[ a-— bq2”1 (ke N,a,b eR).
i=0
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Their natural expansions to reals are

1—[;?:0(1 _ §q2i+1)

—~ (@)
(a-b) "=a" ,
H?:O(l _ ng(zﬂx)ﬂ)

(@ eR,a #0). (2.6)

Next, for a real parameter g € R* \ {1}, we introduce a g-real number [a], by

[al, = — (a eR).
q

We shall state several properties of the g-symmetric factorial function, each property is
verified using the definition and a straightforward calculation.

Theorem 2.1 For a q-symmetric factorial function, we have

(i) m(ﬁﬂﬂ _ m(ﬂ)m(y),
(ii) (at - as)\ﬁ) i _s)\m,
(iii) (D z—5) = [ﬁﬁ]qm(ﬁ—n’

(iv) D, = q‘ls)(ﬂ) = —mq(t - s)(ﬁ_l).

Definition 2.2 The g-symmetric exponential function is defined as

et =]J1-4""), 20 =1

n=0

Note that ¢,(g™") = 0 and
~ 1
quq(q t) = —ﬁeq(t). (27)

We are now in a position to give the integral representation of the g-symmetric gamma
function. Let ¢ € R\ {...,-2,-1,0}. Define the g-symmetric gamma function by

" 1 1 -1 a-1 -
Py = = /0 (lq_;) &, (0 d,t. (2.8)

For an integer #, we denote

_ (1_ Zn) (1_ 2n—2) (1_ 2)
0l,=1,  [n!=Mnl,n-1, -1,= (l—qqz) (lqu) ...(1_22),

Lemma 2.1 Fora € R,
Ty a+1) =[]l @, T,0=1
For any positive integer k,

Tk +1) = [k1, T, (k) = Tk,
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Proof By (2.5), (2.7), (2.8), we can get

- 1 1 _lt 0‘_ ~
Fern=1= | (1"_ q2> 2,0 d,t
1 1 q_lt @ _ ~
o [ (55) B -aela )
1 _ ., t*
B l—qzeq(q 2 1-g*1],

o-1

1 L, t ~
+ 12 7 /0 la] e4(t)q 7(1 e dgt

m 1 q’lt oz—l_ N
:1_;2/0 <(1—q2)> eq(t)dyt

= mq’ﬁq(a);

Remark 2.1 In [31], authors introduced the g-symmetric gamma function as

1_[?:0(1 - q2i+2) 1 2\ -
15, (1 — g2ra-D+2) (1-4)
i=

T 1= (xeR\{0,-1,-2,...}).

T, (@) =

To see that Fq(a) = f‘;‘q(a), we use the following formula given by Atici and Eloe in [9]:

l+1

1 o0
/ s""leq(qs) dgs=(1-¢q) 1_[
0 i=0

where e,(t) = [172,(1 - ¢"¢).
In fact

-1 2k+1)0t—1—

qzk (q q 2 (q2k+1)

1 o0
[ @t esds - )y
0 k=0
o0 oo
qZka k+n+1
kZ [10-
i ok ﬁ 2yenety
o +n+

~ 1 (1 q2(1+1
_/o 0 (4°5) 4 1_[(1 2+)’
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hence

- 1 o (1-g2D)
Ly(a) = e [0[ (1= g2

_ (1 _ qz)l—am(a—l)

3 Fractional g-symmetric integral and derivative
We now introduce the fractional g-symmetric integral operator (see [31])

()= e [ Tl ) dr (o em), (1)

where

Rl T(a +1)
<k> TTk+ DT (e-k+1) (k eN).

Lemma 3.1 ([31]) Let «, B € R*. The fractional q-symmetric integration has the following

semigroup property:

(T5oT50) ) = (T3"F) @)
Lemma 3.2 ([31]) For a € R*, the following identity is valid:

SO () 0

o _ (ra+l
[Gaf o) = 05D + gy

We define the fractional q-symmetric derivative of Riemann-Liouville type of a function

f(x) by
I3 ), <0,
(D5of) ) = { f@), =0, (3.2)

( a]"'[a] Otf) ), a>0,
where [«] denotes the smallest integer greater or equal to «.
Lemma 3.3 ([31]) For a € R\ Ny, the following is valid:
(DyDyf ) @) = (D3 ) -
Lemma 3.4 ([31]) For o € R\ Ny, the following is valid:

SO ()
Fy(-a)

(DgDiyof ) ) = (Do Dyf ) () +
Lemma 3.5 ([31]) For o € R\ Ny, the following is valid:

(53,07;,07( ) () =f ().
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Lemma 3.6 ([31]) Let « € (N —1,N]. Then, for some constants ¢; € R, i =1,2,...,N, the
following equality holds:

T2, D% of ) ) = f(0) + x4 x4 oy

If we change the order of operators, we can introduce another type of fractional g-
derivative.

The fractional g-symmetric derivative of Caputo type is

~

(L50/) (), <0,
(Dyof) ) = 1 f (), a=0, (3.3)
I Dlf) (), >0,

where [«] denotes the smallest integer greater or equal to .

Lemma 3.7 ([31]) For @ € R\ Ny, and x > 0, the following is valid:

(‘D)) — (‘Do Dyf ) )

—(a+1)

f( ( ) —a-1 _

”—rq(-a)q 2 X7, a<—l, (3.4)
0, oa>-1.

Lemma 3.8 ([31]) For a € R\ Ng and x > 0, the following is valid:
(D Dof ) ) - (‘Di'f) )

(3.5)

Lemma 3.9 ([31]) Let« € (N —1,N]. Then, for some constantsc; € R,i=0,1,...,N -1, the
following equality holds:

(I5°D%of ) (%) = f () + Co + crx + Cox” + -+ + ey

Lemma 3.10 Letf:T x T — R, then the following identity holds:

D, /0 t F(t,5)dys = /0 qﬁ ttl~)qf(t, s)dgs +f(qt,t).

Proof
th ftf(t,s) Eqs = tf)q (t(1 - q2) Z qZkf(t, qZk*lt)>
° k=0

= qt(l _ q2) q2kf(qt, q2k+2t)
(g-q 1)t< kXO:
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t(1-4 ZqZqu tq t)

__ Zq2k+2f(qt, q2k+2t) n ZqZkf(q‘lt, q2kt)
k=0

k=0

==Y _flat. g t) + Y f(q7't.4°t) + f(qt. 1)

k=0 k=0

_ o gt g% t) - f(q7't, g% )]
wa—f)%;fk PRy +flqt,0)

= /q_ ttbqf(t,s) Eqs +f(qt, t).
0

Theorem 3.1 Iff(t) is defined and finite, then for v >0 with N -1 <v <N,

(3) e
_ q f(fvf) —
()_Fq(—v)/o(t s)  flgVs)dys

Proof Using Lemma 3.10 and Theorem 2.1, we have

(Dyf)® = DT (@)

~ (N—u) , N ~

- (i [ )
. q(N;v) t—(vafl) o~

:D{q\[ Dq(Fq(N—v)/(; (t—3s) f(qN s) dqs>

(N v) 1,

v (4 [N-v-1], — (N-v-2) b1 )
N ( N /o @i—s) (@) dys
< —N+v+1 (N—v— 2) >
‘W<qun/“s R

N—v 1
_ PN-1 q (N-v-2) -2\
_D;V ( F(Nv- 1)/ = s) f(qN s) dqs)

N V- 2
= N v=3) V=3
= Df]‘[ < FN—v_2) / (t-ys) f(gd¥ ") dqs)

Page 7 of 18



Sun and Hou Advances in Difference Equations (2017) 2017:166 Page 8 of 18

4 The g-symmetric Laplace transform
For convenience, we need some preliminaries.
Let g% = g, then we have

- 1—[;): (1 _ q2i+2) 1ex
Lyx) = 1—[?:0(10_ g2x1)+2) (1 - qz)
=(1-9)"V1-9)"F =Ty (xeR\{0,-1,-2,...}). (4.1)

The basic g-integrals are defined by

(gdxm=[;ﬂﬂ¢p=a1—m§:¢f@fy

k=0 (4.2)

Gah0= [ SOt~ [ fode- [ s0dy

Definition 4.1 ([9] g-beta function) For any x,y > 0, B,(x,y) = fol 71— qt)0Vd,t.
Recall that
T T,0)

Bq(x,J/) = —Fq(x ) .
Therefore,

By - Fz(0)z(y)  Tyx)le(») 43)

z(x+y) - f‘q(x +y)
Similar to g-beta function, we shall define the g-symmetric beta function.

Definition 4.2 (g-symmetric beta function) For any %,y > 0, Eq(x, y) = fol (g't)* ! x
a-0""d,t

Lemma 4.1 For any x,y > 0, the following equality is valid:

~ o Ty@0)
By(x,y) = 7?,1(96 +y) .

Proof By (2.1), (4.2), (4.3) and Definition 4.2, we have

5 L el ~
B,(x,y) = / (g7't)" (1-0)" dgt
0

0-1)

= (1-7) iq” (42 (1 - g%)

2k+2n+2

00 00
-1 1- q
= (1 - q2) Z q2k (qZk)" l—[ 1-— 2k+2n+2y

n=0 q

T
o

! ; F,0F,0)
= | 1=V dat=Ba(xy) = L
o ( q ) q2 qz(x y) Fq(x"’y) D
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Lemma 4.2 ([31]) For o € R*\ Ny, A € (-1, 00), the following is valid:

N Faooh Fq()\H) (a)+)~ot Ao
(i) I7ox" = el 2 X,
PPN Fq(k+l) (a)—ka A—a
(if) DGox" = a2 ¥

We shall define a g-symmetric Laplace transform as follows:

Lif0}0 = = [ flaated,e.

Lemma 4.3 Foranya e R\ {...,-2,-1,0},

~ [ ! T, ()
L e | 0=

Proof

N o1 1 1 q—lt a—l_ -
L’f{a—qzw-l}(”:l—f/o (1—q2> calst)dgt

1 1 q_lt a—l_ -
- (1—6]2)5“/0 (1—q2) “alt)dot

Page 9 of 18

O

We now turn our attention to a shift theorem for the g-symmetric Laplace transform.

First note the following identity.

1

Die't)=Dy——
q9%q qn:io(l—qzmlt)

B 1 ( 1 B 1 )
C(g-aE\TTe (=2t [Tl —g>0)

! 1 L
C(g-q Mt H‘Zio(l—qz”“t)( - E)

=g @)

Lemma 4.4 Let a be any real number. Then

1

Ly{e, (at)}(9) = - “an

Let n denote a positive integer. Then
n

~ 1 1-4q%
n—=—1 _
Liregan)o = - E[ e

_ -y
m(;ﬂl)
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Proof Note that

D, (E;l (at)e,(sq7't)) = 2, (st)BqE;1 (at) + E;l (aq't) D, (sq7't)
s

= Eq(st)%égl (ag™'t) —e,(st) v E;l (ag”'t)
= _%Eq(st)égl (aq_lt),

and

; 1
/5 Dy (e, (at)ey(sq™'t)) dyt = _i—ZZ / e, (aq ' t)e,(st) dgt
° - 0

1
§=-L

= E;l(at)éq (sq‘lt)

so forn =0,

Ly{e, (at)}(s) = Pyt

The proof proceeds by induction. Let # > 1 be an integer. Note that
INDq(t”E{;l(ﬂt)Eq (sq_lt)) = Eq(st)lsq(t"é;(at)) + ((q’lt)nE;1 (aq‘lt))f)qéq(sq’lt)
=8,(st)[(q1)" Dy (e, (at)) + ;" (aq ' £) Dy (¢")]

- #Eq(st) (q_lt)nE;1 (aq‘lt)

:Eq(st)|: i (qt)nz;(aqlt)+mq(qlt)”-lz;(aqlt)]

1-42

7 e,(st) (q_lt)nézll (aq‘lt)

aqn+1tn _ q—ntns (1 _ an)(q—lt)n—l]

= Eq(st)E;1 (aq‘lt) [ - + -

we have
1 1
1-f /0 (aq2n+1 _ s) (q—lt)nE; (aqflt)éq(st) eq
1-— q2r1 % . N
+ ﬁ ‘/(; E;l (dq_lt) (q_lt) Eq(st) dqt =0,
ie.,
s — aq2n+1 % e e 5
1-¢2 /0 (a7't)"e, (aq't)e,(st) dyt

1-g> %—-1 -1 -1\ 1> 3
= /0 e, (aq't)(q7't)" e (st)dyt,

Page 10 of 18
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SO

1-— q2n ~ —1
pelem
p——T—° T Lq{t e, (at)}(s)

1-— q2n 1-— q2n—2 »

L{t"e; a)}(s)

s— aq2n+l s— aq2n—l q

e o)

= S _aq2j+1 - m(ml)

Jj=0

—(v-1

Next, let Fi(¢) = t*, F,(t) = t'~!. Define F,[t] = (t — rt)

t

(Fy = F)(t) = —F

R "
/ (t-rt) F (rq' t) d,r,
0

where v e R\ {...,-2,-1,0}, u € (-1, +00).

By the power rule, we have

I:lq(‘))rq(ﬂ +1) s
Q- (u+v+1)

(Fr+ F)(t) =

In fact, by (3.1), Lemma 4.2, we have

t
1-¢42
1 — | NN
-7 / (t-s) F (q 13) dgs
- 0
1  m), g u~
= 1_q2/0 (t-s) (q ls)”dqs

t
—(U—l) _ _ ~
“1TF /0 t-s) (¢""s)'qg" dys

(Fy % F>)(¢) =

b ~
/ (t-rt) FH (rq’lt) dgr
0

a"T,0) (")~
- ﬁq (Z)I%OSM

T +1) e
- a- qZ)Fq(/L +v+1) ’

L {t"‘zé;(at) } (s)

) and the convolution

Page 11 of 18

Now we simply apply Lemma 4.3 to each of Fy, F,, F; * F, and obtain a convolution

theorem.

Theorem 4.1

Lo{(Fy# B) (@) }s) = Ly {(F)@) }(5) Lo { (Fa) ()} (s).

(4.4)
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Proof
7 _ FL](V)Fq(/'L"'l) ; 1\ M=
L« EJ0}0 = e [ ) a0 2
Ty ()T (u + D)1 - g*) i( gt )ﬂ ~
(L- 2Ty +v +1) /o 1-¢* €alst) dgt
1A_:q(v)f:q(/-'b +1)(1 - qZ);Hv Fq(/'L +v+1)
A-g)T (+v+1) suv+l
_ Fq(ﬂ + I)Fq(v)(l - q2)u+v71
- ghHv+l ’
~ (1_ 2);/, % _lt M_ -
LiEo)e - T [(15) awd,
T (e +1)
S )
Similarly,
r2 2 v—lf:q( )
L{E)O)O = (1-¢) =5
Thus (4.4) holds. O

The convolution theorem will be valid for functions F; representing linear sums of func-
tions of the form ¢*. Clearly, it is not necessary an integer.

Corollary 4.1 Let F, be an analytic function, and let F5 = t'™' on T\ {0}. Then Theorem 4.1
holds.

We now obtain some of the standard properties for the Zq—transform.

Lemma 4.5 Assume f = F; is of the type such that (4.4) is valid. Then

0 T (a0} = 20T, )
(i) Zy{Dyf (4" D)} (s) q(z)“ 2LV (F(0)(s).
Proof (i) Note that

v

G;f) (77t) = = 1 q(z) /qutm(vnf(qvls) qu

Fq(”)

v

= N;q(z)‘“2 /0 (t- s)(v_l)f(q_ls) dys

[q(v)
t

o pl
= = q( )) fo (t- ts)(v_l)f(q’lts) dys

Fq(”)

REVONE
e AR

Page 12 of 18
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we have

L{Tf (a0} 9= T 7 L0} 0L, [E0)6)

— g2\ (v
- Mq(Z)Lq{f(t)}(s).

SV

Similarly, by Theorem 3.1, we may easily see that (ii) holds. O

For the next set of properties, first note that

Dy (e, (sq’lt) f (t)) = Eq(st)f)qf & +f (q_lt)éq (sq’lt)
=2,(st)Dyf () +f(q7t) <- - _qu Eq(st))

and

1
s

Dq(éq(sq_lt)f(t))z =e,(sqg')f (¢ )

=—£(0).

J

Thus
L, {Df( qt)}(s)—— Lo{f®)}s) - £(0)

It follows by induction that if m denotes a positive integer, then

s S

~ = S i m—i—
LB @ 0)0 = = lalfO)0 =3 = D@ )] 45)
i=0
By Lemma 4.5 and (4.5), we may easily obtain the following Theorem 4.2.
Theorem 4.2 Iff is an analytic function on T \ {0}, v € (N — 1,N], then we have

Zq {5;"5;f(q’”+”t) }(s)

Sm+vq(v) m-1 gm—i-1

= ( 2)m+v q{f(t }(S) Z (1 2)m i q qf( e 1 )|t:0'

Theorem 4.3 IfL,{f(t)}(s) = F(s), then L,{f (at)}(s) = LF(2).

Proof
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Example 4.1 Consider the following fractional g-symmetric difference equations:

(a) 53/2 y(@?"%t) = 0 for T \ {0}.

(b) D Dl/zy(q3/2t) 0 for T\ {0}. Assume that 51/2 9(0) is defined and finite.

(c) Dzl”zy(q3/2t) =0 for T\ {0}. Assume that~”2y(0) D,I ~1/2y(0) is defined and finite.

Note that each equation given in each of (a), (b) and (c) is not equivalent since our
method requires knowledge of the fractional derivatives or integrals of the solution de-
fined at zero as well.

We search for analytic solutions on T \ {0} for each equation by using a g-symmetric
Laplace transform.

For part (a), if we take the Laplace transform of each side of the equation, then by The-
orem 4.2 we have y(£) = 0.

For part (b), if we take the Laplace transform of each side of the equation and use the
properties of the g-symmetric Laplace transform, we obtain

(1_ 2)1/2 _(1£2) 1
Lby0)6) = 55 ——D;3(a"1) .o

By using Theorem 4.2, we have

(12

For part (c), if we take the Laplace transform of each side of the equation and use the

properties of the g-symmetric Laplace transform, we obtain

~ 1- q2)—1/2q_(_;/2) 1 1- q2)1/2q_(_;/2) ~ ~L
Ly{y®)}(s) = ot I ¥(@t) im0 + —— 55Dyl y(O)l1co.

By using Lemma 4.3, we can get

(1

w0 =%

- T y(0)l-ot*
t t2.
T,(1/2) =0

~L 1 ~
17y(@t)|imot 2 + = Dyl

Example 4.2 Consider the following fractional g-symmetric difference equation:
N 72/3 1/3,\ _ 41
D, I *y(¢'°t) =" for T\ {0}.

Applying the Laplace transform to each side of the equation, we can get

. (_2/3)_ 1 Ty(p +1)
S(IiWL DO} - =B = (- )

(%)

r,(1/3)

’

- (2P)
Pylp+l)g ~ 27 1
Ig(p +4/3)

% 2 2
y(t) = qu(q 3t)|t:0t 3 4

Example 4.3 Consider the problem

52};/331@5/3 ) +aD Nmy(qmt) -2 ((q2 _ l)at).
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Applying the Laplace transform to each side of the equation, we can get

s (718
$39° 2 ¥ S s, -3
(1_q2)§ Lopy@} o) - (1_q2)2lq y(a "),
1 )
= 13, (23 s3q° 2~
g Dl o+ o T L O}
L =3 0 s (1—q2)2mq!
—a——T L
Oll_qz q y(q t)‘t:O m(g)
L (1)
s3g \ 2 o
L t = I3 3
q{y()}(s) (1—q2)%(s+(1—q2)a)q (q )}t:O

s3(s+ (1-q?)a)*

-1/3
) (1_42)([( 2 )__1

2 -3
y(2) RETE) e, (4> —1)at) x¢
D
T,(2/3)

- 2)

3——1(( 2 -1
f:q(Z/B) (t e, ((q —l)at)) *173.

5 A g-symmetric fractional initial problem and g-symmetric Mittag-Leffler
function

The following identity, which is useful for transforming g-symmetric fractional difference

equations into g-symmetric fractional integrals, will be our key in this section.

Example 5.1 Let 0 <« <1 and consider the g-symmetric fractional difference equation
Dey(q°t) =ry(®) +£(8),  y(0)=ao, teT.
If we apply 7;0 to the equation, then by Lemma 3.9 we see that

y(t) =ag + )j;‘oy(q_"‘t) +7,‘;0g(t),

)

where g(¢) = f(g7t).
To obtain an explicit clear solution, we apply the method of successive approximation.
Set yo(£) = ap and

V() = ag + )J;Oym_l (q’“t) +7;0g(t), m=12,....
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For m = 1, we have by the power formula Theorem 2.1

)
yl(t) ag <1+)\7~
Fyla +1)

) +1%,g(0),

(3)
y2(t) = ao +Ma ( 0(1+)~~q - (q_at)a) "'Iaog( )) +17,08(t)

ylo +1)
(5) (3 . .
=ap+ ao)“vqit"‘ + ao)ﬁNqu“ (77¢)" + M 1308) (q7°) + 1,08(2)

Fyla +1) g2 +1) 70
G 2(5)
q ) « 4242 2a) ~ ~
=da A — _ t + M T +T
0( Lylo +1) T,Q2a +1) 9,0 q,og)( ) og( )
Since
—(a-1)

( og)

‘“t s g(q"‘_ls) aqs = q’“zz‘;og(q_“t),

q(a)

we have

q(;) o 2 q2(2) 20 —-a ~20£ —a Fo
yz(t) ﬂo(l"’)\.mt + A mt >+)\q qu( t) +Iq,0g(t).

If we proceed inductively and let m1 —> o0, we obtain the solution.

(ka+a-1)

MG Ty
y(t)—ao(1+zl_,(ka+l) ) /Z -

q(koc+oz)
X kg K(3) .,
_“O(HZF (ka+1)tk>

/(t S(al xkk()(t 7*@Ds)
Iy lka + a)

(ka)

f(q™"s) gqs.

Ifweseta =1, A =1, a9 =0, f(t) = 0 and note Remark 2.1, we come to the g-symmetric

exponential formula

where (g), = (1-¢*)1 - g% --- (1 - g*) is the g-symmetric Pochhammer symbol.
If compared with the classical case, the above example suggests the following g-

symmetric analogue of the Mittag-Leffler function.
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Definition 5.1 For z,zy € C and fR(«) > 0, the g-symmetric Mittag-Leffler function is

defined by
— (k)
E = @) (z—zo)
R ST L)
e ' /go: Lylak + B)

When g =1, we simply use ;E, (), z - 20) :=4 E41(A, 2 — 20).

According to Definition 5.1 above, the solution of the g-symmetric difference equation
in Example 5.1 is expressed by

t
— (a-1) o N~
() = aggEa(X, 1) + / (t-5) 4Eaa (A, t— g 1)s)f(q ls) dys.
0

Acknowledgements
The authors would like to thank the referee for invaluable comments and insightful suggestions. This work was supported
by NSFC project (No. 11161049).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
CH and MS worked together in the derivation of the mathematical results. All authors read and approved the final
manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 6 December 2016 Accepted: 25 May 2017 Published online: 13 June 2017

References
1. Strominger, A: Information in black hole radiation. Phys. Rev. Lett. 71, 3743-3746 (1993)
2. Youm, D: g-deformed conformal quantum mechanics. Phys. Rev. D 62, 276 (2000)
3. Lavagno, A, Swamy, PN: g-deformed structures and nonextensive statistics: a comparative study. Physica A 305(1-2),
310-315 (2002)
4. Al-Salam, WA: Some fractional g-integrals and g-derivatives. Proc. Edinb. Math. Soc. 15, 135-140 (1966)
5. Al-Salam, WA, Verma, A: A fractional Leibniz g-formula. Pac. J. Math. 60, 1-9 (1975)
6. Agarwal, RP: Certain fractional g-integrals and g-derivatives. Proc. Camb. Philol. Soc. 66, 365-370 (1969)
7. Abdi, WH: On certain g-difference equations and g-Laplace transform. Proc. Natl. Inst. Sci. India, Part A 28, 1-15 (1962)
8. Abdi, WH: On g-Laplace transform. Proc. Natl. Acad. Sci., India 29, 389-408 (1961)
9. Atici, FM, Eloe, PW: Fractional g-calculus on a time scale. J. Nonlinear Math. Phys. 14, 341-352 (2007)
10. Jackson, FH: A generalization of the functions I'(n) and x". Proc. R. Soc. Lond. 74, 64-72 (1904)
11. Jackson, FH: On g-functions and a certain difference operator. Trans. R. Soc. Edinb. 46, 253-281 (1908)
12. Jackson, FH: A g-form of Taylors theorem. Messenger Math. 38, 62-64 (1909)
13. Jackson, FH: On g-definite integrals. Quart. J. Pure Appl. Math. 41, 193-203 (1910)
14. Jackson, FH: Transformations of g-series. Messenger Math. 39, 193-203 (1910)
15. Hahn, W: Uber Orthogonalpolynome, die g-differeenzengleichungen genugen. Math. Nachr. 2, 4-34 (1949)
16. Hahn, W: Beitrdge zur Theorie der Heineschen Reihen. Die 24 Integrale der Hypergeometrischen
g-Differenzengleichung. Das g-Analogon der Laplace-Transformation. Math. Nachr. 2, 340-379 (1949)
17. Agarwal, RP: Certain fractional g-integrals and g-derivatives. Proc. Camb. Philos. Soc. 66, 365-370 (1969)
18. De Sole, A, Kac, V: On integral representations of g-gamma and g-beta functions. Atti Accad. Naz. Lincei, Cl. Sci. Fis.
Mat. Nat,, Rend. Lincei, Suppl. 9, 11-29 (2005), arXiv:math/0302032 [math.QA]
19. McAnally, DS: g-exponential and g-gamma functions. I. g-exponential functions. J. Math. Phys. 36, 546-573 (1995)
20. McAnally, DS: g-exponential and g-gamma functions. Il. g-gamma functions. J. Math. Phys. 36, 574-595 (1995)
21. Nagai, A: On a certain fractional g-difference and its eigen function. J. Nonlinear Math. Phys. 10, 133-142 (2003)
22. Abdeljawad, T, Baleanu, D: Caputo g-fractional initial value problems and a g-analogue Mittag-Leffler function.
Commun. Nonlinear Sci. Numer. Simul. 16, 4682-4688 (2011)
23. Ernst, T: The different tongues of g-calculus. Proc. Est. Acad. Sci. 57, 81-99 (2008)
24. Kac, V, Cheung, P: Quantum Calculus. Springer, New York (2002) Universitext
25. Koekoek, R, Lesky, PA, Swarttouw, RF: Hypergeometric Orthogonal Polynomials and Their g-Analogues. Springer
Monographs in Mathematics. Springer, Berlin (2010)
26. Rajkovi¢, PM, Marinkovi¢, SD, Stankovi¢, MS: Fractional integrals and derivatives in g-calculus. Appl. Anal. Discrete
Math. 1,311-323 (2007)


http://arxiv.org/abs/arXiv:math/0302032

Sun and Hou Advances in Difference Equations (2017) 2017:166 Page 18 of 18

27. Li, NN, Tan, W: Two generalized g-exponential operators and their applications. Advances in Difference Equations. 53
(2016). doi:10.1186/513662-016-0741-6

28. Li, X, Han, Z, Sun, S, Sun, L: Eigenvalue problems of fractional g-difference equations with generalized p-Laplacian.
Appl. Math. Lett. 57, 46-53 (2016)

29. Lavagno, A: Basic-deformed quantum mechanics. Rep. Math. Phys. 64, 79-88 (2009)

30. Brito da cruz, AMC, Martins, N: The g-symmetric variational calculus. Comput. Math. Appl. 64, 2241-2250 (2012)

31. Sun, M, Jin, Y, Hou, C: Certain fractional g-symmetric integrals and g-symmetric derivatives and their application.
Advances in Difference Equations. 222 (2016). doi:10.1186/513662-016-0947-7

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://dx.doi.org/10.1186/s13662-016-0741-6
http://dx.doi.org/10.1186/s13662-016-0947-7

	Fractional q-symmetric calculus on a time scale
	Abstract
	MSC
	Keywords

	Introduction
	The q-symmetric gamma and the q-symmetric exponential functions
	Fractional q-symmetric integral and derivative
	The q-symmetric Laplace transform
	A q-symmetric fractional initial problem and q-symmetric Mittag-Lefﬂer function
	Acknowledgements
	Competing interests
	Authors' contributions
	Publisher's Note
	References


