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1 Introduction
This work is concerned with oscillation and asymptotic behavior of solutions to a third-
order nonlinear neutral dynamic equation

(r(8) (x(2) + p(B)x(g(8)) ) ) > + £ (£, x(h(@®))) = O, (L1)

on an arbitrary time scale T, where « is a quotient of odd positive integers. Since we are
interested in the oscillation and asymptotic behavior of solutions for large ¢, we assume
that sup T = co and define the time scale interval [ty, 00)T by [£9,00) := [£o,00) N T with
to € T. The usual notation and concepts from the time scale calculus as can be found in
Bohner and Peterson [1, 2] will be used throughout the paper without further mention.
In the rest of the paper we assume that:
(C1) r:[ty,00)r — R is a positive rd-continuous function and ftzc r e (s) As = oo;
(C2) p:[tg,00)T — R isan rd-continuous function with p(¢) > 1, and p(¢) #1 for
large ¢;
(C3) g,h:[ty,00)T — T are rd-continuous functions such that g(¢) < ¢, g is strictly
increasing, and limy_, o g(£) = lim;_, o A(t) = 00;
(C4) f(t,u): [to,00)r x R — R is a continuous function such that uf (¢, ) > 0 for all
u # 0, and there exists a positive rd-continuous function ¢ : [£y, c0)T — R such
that f(¢, u)/u* > q(2).
The cases

g(o(0) = h) (12)
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and

g(o(0) <h() 1.3)

are both considered.
Defining the function

2(t) = x(t) + p(£)x(g()), (1.4)

equation (1.1) can be written as

(r® (2 0)")" +f(6,x(h(2))) = 0. (1.5)

Wherever we write ‘t > £,,” we mean ‘t € [£,, 00)T"

By a solution of (1.1) we mean a function x € Cy([ty, 00)1,R) such that
z € C3\([tx,00)1, R) and r(z2%)* € CL ([t 00)r, R), and which satisfies equation (1.1) on
[tx, 00)1. Without further mention, we will assume throughout that every solution x(¢) of
(1.1) under consideration here is continuable to the right and nontrivial, i.e., x(¢) is defined
on some ray [, 00)t, for some t, > to, and sup{|x(¢)| : £ > T1} > O for every T; > ¢,. More-
over, we tacitly assume that (1.1) possesses such solutions. Such a solution is said to be
oscillatory if it is neither eventually positive nor eventually negative, and it is nonoscilla-
tory otherwise.

In recent years, there has been much research activity concerning the oscillation of so-
lutions of various functional differential equations and functional dynamic equations on
time scales, and we refer the reader to the papers [3—31] and the references therein as
examples of recent results on this topic. In reviewing the literature, it becomes apparent
that results on the oscillatory and asymptotic behavior of third-order neutral dynamic
equations on time scales are relatively scarce and most such results are concerned with
the cases where 0 < p(£) < pg <1, -1 < p(¢t) < 0, and/or 0 < fabp(t,u)Au < po < 1; see, for
example, [8, 10, 11, 15, 17, 18, 29] and the references cited therein as examples of recent
results on this topic.

However, to the best of our knowledge, there does not appear to be any results for the
third-order neutral dynamic equations on time scales in the case p(t) > 1. The main aim
of this paper is to establish some new criteria for the oscillation and asymptotic behavior
of solutions of (1.1) in the case p(£) > 1. It should be noted that the results in this paper
are new even for o =1, r(t) = 1, f(t, x(h(t))) = q(t)x* (h(¢)), and for the constant delays such
as g(t) =t — b and h(t) =t — ¢ with b > 0 and ¢ > 0. Furthermore, the results in this pa-
per can easily be extended to more general third-order neutral dynamic equations of the
type (1.1). It is therefore hoped that the present paper will contribute significantly to the
study of oscillatory and asymptotic properties of solutions of third-order neutral dynamic

equations on time scales.

2 Main results
The next four lemmas will be used to prove our main results. For convenience, we will use
the following notations:

B2 (1) := max{0, B2 (1)),
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t A t
Ryt 1) :=/ 25 fort>, Rz(t,tz)::/ Ri(s,t)As fort>ty >,
1

. rl/a(s) t
_Je®), O<ac<l . R(h)
Vo= {9"‘(t), a>1, 6(6):= Ri(o(t),t1)

Throughout this paper, we assume that

&(t) := 1 (1— 1 )>0 (2.1)
A A D)) '
and
_ 1 1 REE) t2)>
50 o (U reew rew ) 22

for all sufficiently large ¢, where g~ is the inverse function of g.

Ry (g7 (h(2)), tz)>“

o) = Bl ) (o) (2 T

and

Ws(2) = B(0 (1)) q(8) (&2 (h(2)))* (M) '

Ri(o(t), )

Lemma 2.1 ([32]) IfU and V are nonnegative and )\ > 1, then
AWV U < (L -1V,

where equality holds if and only if U = V.

Lemma 2.2 Assume that conditions (C1)-(C4) hold, and let x(t) be a positive solution of
(1.1) with z(t) defined as in (1.4). Then, for sufficiently large t, either

(D) z(£) >0, 22(t) > 0, 222(t) > 0, and (r(£)(Z>2(£))*) < 0, or

(D) z(£) >0, z2(t) < 0, z22(t) > 0, and (r(t)(z*2(t))*)? < 0.

Proof The proof is standard and so the details will be omitted. O

Lemma 2.3 Assume that conditions (C1)-(C4) and (2.1) hold, and let x(t) be an eventually
positive solution of (1.1) with z(t) satisfying Case (1) of Lemma 2.2. If

t poo 1 %) N 1/a
/ / rl/“—(u)(/ q(s)(“g‘l(h(s))) As) AuAv = 0o, (2.3)

then lim;_, o, x(t) = 0.

Proof Let x(t) be an eventually positive solution of (1.1). Then there exists # € [£,00)T
such that x(¢) > 0, x(g(¢)) > 0, and x(/(t)) > O for t > t;. Now, in view of (C4), equation (1.1)
or (1.5) takes the form

(rO (2 0)")" + g2 (h(2)) <0 fort> 1. (2.4)
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From (1.4) (see also (8.6) in [3]), we have

1 — -
0= @) (z(g”'(0) -x(g”'®))
() 1 o L
e ey )+ )
-1
Q) 1 ).

= p@ ) ple )P e @)

Since z(¢) is decreasing and g(¢) < ¢, we get

2(g'0) 2 2(¢7 (e @),

and so from (2.5) we obtain

x(t) > &(0)z(g7'(®)) fort>n.
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(2.5)

(2.6)

Since lim;_, o, 41(t) = 00, we can choose £, > #; such that s(t) > #; for all £ > t,. Thus, from

(2.6), we have
x(h(®)) = & (h(®)z(g" (A1) fort > t,.
In view of (2.7), equation (2.4) can be written as
(r (2 0)")" + q@) (& (h®)) 2 (¢ () <0 fort>t,.
Since z(¢) > 0 and z*(¢) < 0, there exists a constant M such that
tl_i)rgoz(t) =M < oo,
where M > 0. If M > 0, then there exists 3 > £, such that g7 (k(¢)) > ¢, and

z(t)> M fort>ts.

Integrating (2.8) two times from ¢ to co, we have

o] 1 0 N 1/a
—zA(t)zM/t rl/“—(u)(/; q(s)(él(h(s))) As) Au.

An integration of the last inequality from 3 to ¢ yields

t poo 1 00 N 1/
Z(ts) ZM/ / rl/"‘—(u)(/ q(S)(El(h(S))) AS) AMAV,

2.7)

(2.8)

(2.9)

which contradicts (2.3), and so we have M = 0. Hence, lim,_, o, z(£) = 0. Since 0 < x(¢) < z(¢)

on [t,00)T, we get lim,_, oo x(£) = 0. This completes the proof of Lemma 2.3.

O
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Lemma 2.4 Assume that conditions (C1)-(C4) and (2.2) hold, and x(t) is an eventually
positive solution of (1.1) with z(t) satisfying Case (1) of Lemma 2.2. Then z(t) satisfies the

inequality
(rOE2®))" + a@(&(h©)) 2 (1)) <0 (210)
forlarge t.

Proof Let x(£) be an eventually positive solution of (1.1) such that x(¢) > 0, x(g(¢)) > 0, and
x(h(t)) > 0, and z(¢) satisfies Case (I) for ¢ > t; for some #; > £;. Proceeding exactly as in
Lemma 2.3, we see that (2.4) and (2.5) hold. Since r()(z**(¢))* is decreasing, we have

E(r(s)(Z22 () )M
ZA(t) = ZA(tl) +/;1 T(S)AS
> (r(®)(2*2(0)") Rt 1) fort>1. (2.11)
Thus
ZA(t) A
(mth =0 (212)

Hence there exists , € [t,00)T such that

t A
20) = 2(ty) + / ;T(i)l)Rl(s,tl)As

- Ry(t, 1)

A
Z Rn) z2(¢), (2.13)

which implies that

A
(Rzz((z)tz)) <0 fort>ty. (2.14)

Noting that g71(¢) < g7}(g"}(¢)), we have by (2.14) that

Ry(g (¢ (1)), ta)x(g™ (1) _

K@), 1) >z(g7' (g7 ®))- (2.15)
Using (2.15) in (2.5), we obtain
x(t) = £()z(g7' (1)) fort > 1. (2.16)

Since lim;_, , /(t) = 00, we can choose 3 > t, such that 4(t) > t, for all £ > 3. Hence, from
(2.16), we have

x(h(®)) = & (h(0)z(g 7" (h())) fort>ts. (2.17)

Substituting (2.17) into (2.4), we arrive at (2.10) and this completes the proof of
Lemma 2.4. O
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We now give oscillation results for the case where (1.2) holds.

Theorem 2.1 Assume that conditions (C1)-(C4), (1.2), (2.1)-(2.3) hold and there exists a
positive function € C%d([to, o)1, R) such that

t A
. B, (s)
lim su / [\Il () - ———|As=00 (2.18)
Hoop T ! (Ry(s, 11))™

for all sufficiently large t; € [ty,00)T and for T > t; > t;. Then a solution x of equation (1.1)
either oscillates or satisfies lim;_, o, x(£) = 0.

Proof Letx be a nonoscillatory solution of (1.1). Without loss of generality, we may assume
that there exists t; € [£p,00)T such that x(¢) > 0, x(g(¢)) > 0, and x(h(£)) > 0, (2.1)-(2.2) hold,
and z(t) satisfies either Case (I) or Case (II) for ¢ > £;. We only consider this case, since the
proof when x is eventually negative is similar.

If Case (II) holds, then by Lemma 2.3 we have lim;_, o, x(£) = 0.

Next, assume that Case (I) holds, and proceeding as in the proof of Lemma 2.4, we again
arrive at (2.10), (2.11), (2.12), (2.13), and (2.14). Now define the Riccati-type substitution

AA o
w(t) = ﬂ(t)% fort > . (2.19)

Clearly, w(t) > 0, and from (2.19) and (2.10), we see that

N TOEA Q) 2@ D) (o (0)
WA = B0 a gy~ Ple@a0&A0) T o e @)
O (1) (2 (1))
- B(o(t)) PO D) for t > ts. (2.20)

From g }(h(t)) < o(t), we obtain from (2.14) that

2(g ' (h(2))) _ Ry(g7'(h(t)), 1)
@) - Rt (2.2
By virtue of (2.13) and the fact that ¢ < o (¢), we have

Ao ®) _ Relo),t)
o) = Rilo@,6)’

(2.22)

Using (2.21) and (2.22) in (2.20), we get

r(8)(Z22(8)” «
w0 2 520 0= OE — (o)1) (

r(6)2 () (22 ()")*
@) (@)

Ry(g 7! (h(t)), tz)>“
Ri(o(t),t1)

-B(o®)

(2.23)

From [1], Theorem 1.90, we have

(o) = | 0240, fo<as,

| a(z®)* ()22 (1), ifa>1. @29
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If 0 < @ <1, then we obtain by (2.23) and (2.24) that

O @) .
N e~ Pl (ho)

rt)(Z*2 (@) 22 ()
(ZA(@)* Z2(o (1)’

WA = B0 R 0 )¢

Ri(o(t), 1)

—aff (a(t))

If @ > 1, then we obtain from (2.23) and (2.24) that

HOEES ()" )
O e~ Pl (o)’

rB)E2@)* (22 ()
@) (o)

WA < B2 Rl 001

Rl (U (t), tl)

—aB(o(t)

By the fact that £ < o (¢), it follows from (2.12) that

z2(t) - Ri(t, 1)
220 @) ~ Rilo(8),t1)

Next, in view of (2.27), combining (2.25) and (2.26), we obtain, for « > 0,

A A TOEAA () o [ Ro(g L (h(0), 82) \*
WA < B0 s P - Bl 0)a(0) (@ (1) (W)
AA a+l
—apo )0 T D forez

From (2.11), we have

rOEAD)” 1
) T (Ritn)

Thus, from (2.29), z2(£) > 0 and z22(£) > 0, inequality (2.28) yields

A
wh 0 = 22O g m)a0 (& (h(t)))“(

~ Ry(g 71 (h(2)), t2) )“
R (t, 1) ’

Ri(o(t), 1)

An integration of (2.30) from ¢;3 to ¢ yields

t o R -1 h , o A
/ﬁ [ﬂ(o(S))Q(S)(Sz(h(s))) ( Zg(;(s()f’;fv _ Rfézsfi)l)]Asfw(tg),
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(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

which contradicts (2.18), therefore any solution x(¢) of equation (1.1) is either oscillatory

or tends to zero as ¢ — 00. This completes the proof of Theorem 2.1.

O

Theorem 2.2 Suppose that conditions (C1)-(C4), (1.2), and (2.1)-(2.3) are satisfied. If there

exists a positive function B € Cﬂd([to, oo)1, R) such that

. ‘ 1 @B ],
fim sup /T [%(s) T @+ 1)1 [Blo (s))vf(s)]a}m -

(2.31)
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for all sufficiently large t; € [ty,00)T and for T > t, > 41, then any solution of (1.1) is either
oscillatory or tends to zero as t — oo.

Proof Let x be anonoscillatory solution of (1.1). Without loss of generality, we may assume
that there exists #; € [£y,00)T such that x(¢) > 0, x(g(¢)) > 0, and x(k(£)) > 0, (2.1)-(2.2) hold,
and z(¢) satisfies either Case (I) or Case (II) for £ > ¢;. We only consider this case since the
proof when x is eventually negative is similar.

If Case (II) holds, then by Lemma 2.3 we have lim;_, », 2(¢) = 0.

Assume that Case (I) holds. Proceeding exactly as in Theorem 2.1, we again arrive at
(2.28). In view of (2.19), inequality (2.28) takes the form

B(t)
B(t)

—aB(o(®)¥ ()

wh(t) <

-1 a
w(t) - B(o(6)q(t) (2 (h(®))° (M)

Rl (U (t), tl)

1 asl
WW o (t) fort>t3. (2.32)

If we apply Lemma 2.1 with

_[aBlo @)y @) el
U="ppmagpr O ==

and

V—[ a  [Bror’ e ﬁf(t)T
La+1[aBle@)y @) @) |

we see that

B (t)

1 w1 1 rt)(B2(8)*+
50 w(t) — B (o (1) ¥ ()

we () <

Bl (£)rlle ) T @+ D (B @)y @)

substituting this into (2.32) gives

1 @Bt Ry (g7 (h(2)), tz))‘y'

A o
0 < e Gty OO0 (MR

Integrating the last inequality from ¢ to ¢ yields

: 1 r(s)(BA )
L[%®_w+mﬂwwwwww}“fﬂm’

which contradicts (2.31), therefore any solution x(£) of equation (1.1) is either oscillatory
or tends to zero as ¢ — oo. This proves the theorem. O

Theorem 2.3 Suppose that o > 1, and conditions (C1)-(C4), (1.2) and (2.1)-(2.3) hold. If
there is a positive function B € Cﬁd([to, o0)T, R) such that

o P(9)(B25) )
R AR Terrearad 2:39)

for all sufficiently large t; € [ty,00)r and for T > ty > t1, then any solution of (1.1) either
oscillates or converges to zero as t — 00.
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Proof Letxbe anonoscillatory solution of (1.1). Without loss of generality, we may assume
that there exists £; € [£y,00)T such that x(¢) > 0, x(g(¢)) > 0, and x(k(£)) > 0, (2.1)-(2.2) hold,
and z(¢) satisfies either Case (I) or Case (II) for ¢ > £;. We only consider this case, since the
proof when x is eventually negative is similar.

If Case (II) holds, then from Lemma 2.3 we have lim;_, o, x(¢) = 0.

Assume that Case (I) holds and proceeding as in the proof of Theorem 2.2, we again
arrive at (2.32), which can be rewritten as

B

A
=30

2 w(e) - B(o () (ﬂ(éz(h(t)))“(M)

Ri(o(2),t1)

wi(2)

sz(t) for t > t3. (2.34)

—ap(a () (t)
By (2.11) and (2.19), we see that

(222 (1)) ) !

wie) = (BOr®)* ((A(t))a

> (BOr®) [ OR 6 1)]"
= Bl @) [Rile, )] (2.35)

Using (2.35) in (2.34), we conclude that

o BA(t) Ry(g7'(h(2), t2)
0= 2 200 - (o 0)a0 (e (o) (7& . )
aflc@)Y ORE 1),
- B0 (0) w(t) fort>ts. (2.36)

Completing square with respect to w, it follows from (2.36) that

-1 l/Dt 2
WA(f)S—ﬁ(a(t))Q(t)(Ez(h(t)))a(RQ(g (h(”)’)tz)) (B2 ®)

Ri(o(8), 1 T 4B O ORGP

Integrating this inequality from ¢3 to ¢ gives

t Fl/a(s)(,BJrA(S))Z
/;3 [%) ~ 4aBo ()Y )R, tl)]a—l]As = wits),

which contradicts (2.33), therefore any solution x(£) of equation (1.1) is either oscillatory

or tends to zero as ¢t — 00. The proof is complete. g
Next, we give oscillation results in the case where (1.3) holds.

Theorem 2.4 Assume that conditions (C1)-(C4), (1.3), and (2.1)-(2.3) are satisfied. If there
is a positive function B € Crld([to, o0)t, R) such that

o B 1.
ll?lsolsp/; |:\IJ2(S) — m} As =00 (2.37)
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for all sufficiently large t; € [ty, 00) and for T > t; > 11, then a solution x of equation (1.1)
either oscillates or satisfies lim;_, o, x(£) = 0.

Proof Letx be a nonoscillatory solution of (1.1). Without loss of generality, we may assume
that there exists #; € [£y, 00) such that x(¢) > 0, x(g(¢)) > 0, and x(k(¢)) > 0, (2.1)-(2.2) hold,
and z(t) satisfies either Case (I) or Case (II) for ¢ > £;. We only consider this case, since the
proof when x is eventually negative is similar.

If Case (II) holds, then from Lemma 2.3 we have lim;_, o, x(¢) = 0.

Assume that Case (I) holds. Proceeding as in the proof of Theorem 2.1, we again arrive
at (2.20) and (2.22). Since

o(t) <g ' (h(®)), (2.38)

we get

e 0))

20 @) (2.39)
Using (2.39) and (2.22) in (2.20), we obtain
A A T(OE () o (Ra(o(2),t2) \*
wa(t) < B, (t)W - ﬂ(U(t))Q(f)(sz(h(t))) (m)
r(t)(z22 () ((z* (1))
- B(o(2)) B OB for t > t3. (2.40)

The remainder of the proof is similar to that of Theorem 2.1, and so the details are omit-
ted. O

Theorem 2.5 Assume that conditions (C1)-(C4), (1.3), (2.1)-(2.3) hold and there exists a
positive function B € Cﬁd([to, o0)1, R) such that

N LA ]
imsue || 956 e G |2 240

for all sufficiently large t; € [ty,00)T and for T > t; > t;. Then any solution of (1.1) is either
oscillatory or tends to zero as t — oo.

Proof The proof follows easily from (2.39) and Theorem 2.2. O

Theorem 2.6 Let o > 1 and conditions (C1)-(C4), (1.3) and (2.1)-(2.3) hold. If there exists
a positive function 8 € Cid([to, o0)T,R) such that

o P ) (B2 ) )
imeup [/ 956~ 4o R 242

for all sufficiently large t; € [to,00)r and for T >ty > t1, then a solution of (1.1) is either
oscillatory or converges to zero as t — oo.

Proof The proof follows easily from (2.39) and Theorem 2.3. d
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Remark 2.1 In condition (C3), if condition g(¢) < t is replaced by g(£) > ¢, then again results
analogous to Theorems 2.1-2.6 can easily be modeled.

Example 2.1 Let T := q_Z ={q":k € Z,q > 1} U {0} and consider the third-order neutral

dynamic equation
[((x@) +5x(2/2) %] + 86 - 1> (2/2) =0, t€2Z,t>1:=2. (2.43)

Here we have « = 3, g(¢) = h(t) = t/2, q(t) = t(t = 1)%, r(t) = 1, f(t,u) = q(t)u®, and p(t) = 8.
It is clear that conditions (C1)-(C4) and (1.2) hold, and

£1(t)=7/64>0. (2.44)

Since

1- 1 Ro(g g (t), 1) 2t-7
plei@t(®)) Rolgh(o).ts)  4t-8

we see that
1
fz(t) > 6_4 fort > t, = 4. (245)

By (2.44), condition (2.3) becomes

t [e'e] 1 00 . a
/ / rl/—(u)(/ a(s)(&.(h(9))) As) AuAv

= /zt/vm(/uws(s—1)3(7/64)3A5)1/3AMAV =00

due to f;o s(s =1)3As = oo for u > 2, and so condition (2.3) holds.
With B(¢) = ¢ and the fact that (2.45), we see that

: . R2<g-1<h<s>>,r2)>“_ BA(s) }
/T[ﬂ (09)26)(& (1)) ( Rl () 11) Rt |

T, 3 38 -65+8)’ !
Z/gl:zs (s-1) (1/64)( 65—6 ) _(8—2)3]AS

‘ 1
= /8 [2(1/384)%2 (s> —6s+8)° - m} As = 00,

due to fgt ﬁAs < 00 and fgts2(s2 — 65 + 8)3As = 00, so condition (2.18) holds. Thus, all

conditions of Theorem 2.1 are satisfied. Therefore, by Theorem 2.1, any solution of (2.43)
is either oscillatory or converges to zero.

Example 2.2 Consider the neutral differential equation

7N\ 1/3\ 7
<t1%(<x(t)+ 16;:117x(é)> ) ) +(E+5)x"3(t-1)=0, t>2. (2.46)
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Herewehave T =R, a = 1/3,g(t) = t/2, h(t) = t -1, q(t) = 2 + 5, r(t) = 1/£'3, f (t, u) = q(t)u®,
and p(t) = (16¢ + 17)/(¢ + 1). It is clear that conditions (C1)-(C4) and (1.3) hold. In view of
the fact that

16 < p(t) <17,
we see that

15
&(t) > 775> 0. (2.47)

Since

1 Rz(g‘l(g‘l(t)),t2)< 6413 — 48t +9 _ 177

— fort>1t=3,
P@ g () Rolgi(e)t) — 128°—384t+144 272 =7

we obtain

95
4,624

&) = (248)

By (2.47), condition (2.3) becomes

t oo 1 oo N 1/a
/to/; rl/“—(u)(/u q(s)(fl(h(s))) AS> AulAv

> (15/272)/;/:0 u(/:o(s2 + S)AS)BAMAV =00

due to fuoo(s2 +5)As = oo for u > 2, and so condition (2.3) holds.
With B(#) = ¢ > 0 is a constant and the fact that (2.48), condition (2.41) becomes

‘ (RN 1 )BT
h — + d.
/T[ﬂ (9a(5)(62(1(5))) (R1<s,2)) (@ + D=1 (Bs)Y ()" ] ’

t 3_125+9\"
> / o(s® +5)(95/4,624)3 (=) s
4 3(s? - 4)

t
> ¢(95/13,872)"3 / 3 (s> =125 +9)"* ds = o0,
4

so condition (2.41) holds. Hence, by Theorem 2.5, any solution of (2.46) is either oscilla-

tory or converges to zero.
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