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1 Introduction

The idea of derivatives of noninteger order initially appeared in the letter from Leib-
nizs to L'Hospital in 1695. For many years, studies of the theory of fractional order were
mainly constrained to the field of pure theoretical mathematics. One possible explanation
of such unpopularity could be that there are multiple nonequivalent definitions of frac-
tional derivatives. Another difficulty is that fractional derivatives have no evident geomet-
rical interpretation because of their nonlocal character. However, during the last 30 years
fractional calculus has started to attract much more attention of physicists and mathemati-
cians. Many researchers found that derivatives of noninteger order are very suitable for the
description of various physical phenomena such as rheology, damping laws and diffusion
processes. These findings invoked the growing interest in studies of the fractal calculus in
various fields such as physics, chemistry and engineering. Existence results for nonlinear
fractional differential equations with integral boundary conditions [1] and anti-periodic
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fractional boundary conditions [2] have been investigated. Bazhlekova [3] studied a linear
initial value problem and derived fundamental solution and impulse response solution.
Ahmad and Nieto [4] investigated the existence and uniqueness of solutions for an anti-

periodic fractional boundary value problem given by

Dix(t) = f(t,x(t),D'x(t)), tel[0,T], T>0,1<q=<2,0<r<1,
x(0) = —x(T), DPx(0) = —DPx(T), O<p<l,

where D7 denotes the Caputo fractional derivative of order ¢, f is a given continuous
function.
In [5], the authors investigated the existence and uniqueness of solutions to a class of

Caputo-type multi-order fractional differential equations with the initial value problem

(D*y)(x) = D1y Ai(DHiy)(x) = g(x),
y®(0) = ek,

where Aj,crk € R, k=0,....m—-1,m—-1<pu<m pu>u > >, >0, m—1<u; <m,
m;eN,i=1,...,n.
Stojanovi¢ [6] analyzed the existence and uniqueness of solutions for the nonlinear

multi-order fractional differential equation

L(D)u(t) =f(t,u(t)), te€[0,T),T>0,
u(0) = u(T),

where L(D) = Y7 4,D%,0 < Sy <++-<Sy-1 < Sy <1, &; € R, A, #0. Kirane and Malik in
[7] studied the profile of blowing-up solutions of the system

u'(t) + D*(u — u(0))(¢) = vi(t), t>0,
V() +DP(v—v(0))() =u'(t), t>0,
u(0) = 1o > 0, v(0) =1y >0,

where #>0,v>0,0<«,B <1. Then Alsaedi et al. in [8] were concerned with blowing-up

solutions of the nonlinear fractional system

u'(t) — D*(u — u(0))(¢) = u?(t)vi(t), t>0,
V() = DP(v=v(0))(t) = " (t)*(¢), >0,
u(0) = ug > 0, v(0) = vy >0,

where u >0,v>0, p,q,r,s € R*.

In this paper, we analyze nonlinear boundary value problems of the multi-order frac-

tional differential equations

LD)u(t) =f(t,ut)), te(0,T],T>0, @)
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with the boundary condition
u(0) = u(T) >0, ' (0)=u/(T) >0, (2)

where L(D) = "7, aD%,1<8y<-<8,.1<S,<2,a;€R,a,#0,D% (i=1,2,...,n) are
the standard Caputo fractional derivatives, and f : [0, T] x R — R is continuous opera-
tion.

This equation is a generalization of the classical relaxation equation, and it governs some
fractional relaxation processes.

We investigate the blowing-up solutions to the special case

L(D)u(t) = u@®)lF, t>0,
u(0) = u(T) > 0, u'(0)=u/(T) >0,

where L(D) = Y"1, aD5%,1<8y<-<8,.1<8,<2,a;>0,a,#0, T is a positive con-
stant, and we give an upper bound on the blow-up time Tj,y.

The rest of this paper is organized as follows. In Section 2, we introduce some basic
definitions and notations. In Section 3, we find the Green’s function for a multi-order
fractional differential equation, we prove the existence and uniqueness theorems for the
equations. We investigate the blowing-up solutions to the special case f(t, u(t)) = |u(?)|?,
a; > 0, u(0) > 0, and give an upper bound on the blow-up time Tp,x.

2 Preliminaries
In this section, we introduce preliminary facts and some basic results, which are used
throughout this paper (refer to [9-15]).

Definition 2.1 Let C, = {f(x)|f(x) = #*fi(x),/i € C[0,+00),p > u}. If f € C,,, we define the
Riemann-Liouville fractional integral operator of order « of a function f as follows:

Jof(x) = ﬁ /Ox(x— £ Y (t)dt, a>0,x>0,

where /£ (x) = f(x).
Definition 2.2 The Caputo fractional derivative °Dfj, of f(x) is defined as

1

D) =" D) = s [ -t

wherem—1<a <m,meN,x>0,feC".

For brevity of notation, let us take D, as D*.

The two-parametric Mittag-Leffler function is defined by

o0 k

z
Ea,ﬂ(z):kgo:m, B>0,a>0,zeC.
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The Laplace transform of the Caputo derivative is
n-1
{D“f s) = s%f(s) — Zs“ = 1f(k) O’r n-l<a=<n.
k=0

The Laplace transform of the two-parametric Mittag-Leffler function is

s* P
(s*Fa)

kls*—P
(sa ¥ 6l)k+1 ’

L{t" B p (at”) | s) = Re(s) > al ,Re(p) > O,

L{tak+ﬂ—1E((1/f})s (:I:at"‘)}(S) _ Re(s) > |al é,Re(,B) >0,

k 1
whereEaﬁ(y aﬂ(y JOOOW&T@ k=0,1,2,.
Let us denote by C[0, T the Banach space of all continuous real-valued functions de-

fined on [0, T'], T > 0 with the norm
4]0 = max{‘u(t)’ :te|0, T]}, T>0.

Let us denote by C"[0, T] the class of all real functions on [0, T] which have a contin-
uous nth order derivative. S denotes the class of functions o : R* — [0,1) satisfying the
condition «(t,) — 1, which implies ¢, — 0. B denotes the class of increasing functions
¢ :[0,00) — [0, 00) such that ¢(x) < x for all x > 0 and ¢ ) es. (C[0, T1,d) denotes a met-
ric space where d(u, v) = maxe[o,7] |u(£) — v(£)|. Obv1ously, (C[0, T, d) is a complete metric
space.

Lemma 2.1 (see [13]) Let (M, d) be a complete metric space and let T : M — M. Suppose
that there exists o € S such that for each u,v € M,

d(T(x), T(y)) < a(d(u, v))d(u, V),
then T has a unique fixed point z € M and {T"(x)} converges to z for each x € M.

3 Main results
Lemma 3.1 The fractional differential equation

LD)u(t) =f(t,u(t)), te(0,T],T>0,

with the boundary condition u(0) = u(T), u'(0) = u'(T) is equivalent to the fractional inte-
gral equation

T
u(t) = / G(t,s)f(s, u(s)) ds,
0

where G(t,s) is the following Green’s function:
For0<s«<t,

~  AWMCT)A-ET) + AOB(T)E(T) + B()C(T)D(T) + BO)E(T)(1 - A(T))
G(t,s) = C(¢) + - ~ —— ;
(1-E(T))1-A(T)) - B(T)D(T)
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Fort<s<T,

Glt,s) = A(t)C(T)(l E(T))+A(t)B(T)F(T)+B(t)C(T)D(T)+B(t)F(T)(1 A(T))
' (1-E(T))(1 - A(T)) - B(T)D(T)

where

Z ( l)m Z (m;k(),..'ykn—2)

m!
r=0 m=0

SIS

ko+--+ky_o=m

n-2

ki
% \" jamepapm) (_Cnal”
o,f-1 a ’
' \a, .

B = ﬂz(‘”m > (mko,... ki)

m!
ko+--+ky_o=m

2\ oty
x (_‘) taerﬁ—lE((;:rllg) <_ n— >,
io \On n

E’(t) _ ai Z (_1)‘m Z (m; ko, ..., ku_2)

ko+--+ky_g=m

n-2 ki a
o oy_1(E—s
% <_l> (t—S)amW_lE((;,')’/) (_ n 1( ) )’
i=0 Un

o m ki
D(t) = Z—; Z (_n{z)! Z (m; ko, ... ku—2) H(al ) g h=3

ko+-+ky_o=m

8 o
x[(am+ﬂ_2)5((xn2 1< otna1 )_ o« e 1E%+11( ) >]

n

T i am+
E(r) = o ol Z (m; ko, ... Ky 2)1_[( ) g h=2

k0+---+kn_2=m

o ,1ta Oy 1 o —lta
X [(am +p- 1)Eg}73) <—‘;—) —at” oyzl E‘E:V:; )<— ! )

n n aVI

Fo-s 30 S mkok T2 sy
_a o M5 Koy vy Ky—2 l:)[ a, ( _S)

=0 ko+--+ky_p=m

nm
—1(E—s8)* _ i (t=38)*
X |:(otm+ y —I)EL";) (-M) _aa” l(t_s)aEézm;l)(_M)]’
, @, g

Oy Ay

X

X

and (m; Ko, ..., kn—2), ko» ..., kna =0, m=ko + - - + ky_p are the multinomial coefficients,

n-2 n-2
=S=Sui1  B=Sut Y (Sua—-Ski-S+2, ¥y =S+ Y (Su1-S)k;.
j=0 j=0

Proof By the Laplace transform of Eq. (1), we get

Z s kii(s) — Z s u(0) — Z ;24 (0) f(s, u(s))
k=0 k=0 k=0
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Now taking the inverse Laplace transform, we obtain
, -
o[rs OlrS 1 f(S, u(s))
u(0 L (0 L~ + L\ S
)Z { D k=0 2SSk } )Z { > ko kS5 } { 2o ks

- u(O){Z Z— 3 (—;l)"" 3 (mikor..orkos)

r=0 m=0 Y ko+-tky_g=m

ki o
2 p(m) %p-1t
tum+ﬂ an,’;i—l (_ > ]
oy

+u/(0){ “’Z(_nlq), 3 (mikos. ko)

m=0 © ko+-+ky_g=m

T & kitamd-ﬁ—lE(Wl) op1t”
<11 o “P\"

tq 0 (—l)m n-2 i
+/0 a—z - Z (m; ko, ..., =0( n>

m=0 Y ko+-tkp_g=m i

x (t — s)*mr-1 Eg”y) (—705"1“ 9 y(s, u(s)) ds,

&y

where & = S, = S,1, B= Sy + Y15 (Suct = S)ki = Sp + 2,7 = Sy + 115 (St — Sk
Let t = T, we have

T
u(T) = u(0)A(T) + o/ (0)B(T) + / C(T)f (s, uls)) ds
0

In view of the boundary condition #(0) = u(T) > 0, we get

u' (0)B(T) + fo C(T)f (s, u(s)) ds

u(0
)= 1- A(T)
, 1N (D) A N
u(t)=/0 a_z ! Z (Wl;ko,---,kn—z)l_[<a—> (t—s)*mr 2
" m=0 Y ko++ky_o=m i=0 "
n— t—s) n— n— L—s)*
y |:(am+y—l)Eg,'§,)<—a15175)) ~a P 5 ;v(_“lfxis)ﬂ
x f (s, uls)) ds
& o (1) o )"
+1/(0) == > koo k) [ =) et
o m!
r=0 " m=0 © ko+-tky_o=m &n
n— ta n— n— t
X [(am+ﬁ—1)EZ’2(—aal )—at“aa lEg'gl < ot )]}
n n
"Ly e (1) o\ am+f-3
+u(0) Zot_n - Z (m; ko, .. n2)1_[ —n t
r=0 m=0 ko+--+ky_2=m i=0

oy t” o PR
X |:(am + B - 2)E£:'/’3)_1 <_L) P ot 1 ;7;11)( n-1 ):”
ay Ay
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Applying the boundary condition #'(0) = u/(T) to the above equation, we get

u(0)D(T) +f0 E(T)f (s, u(s))ds
1-E(T)

u'(0) =
Substituting the above value of #/(0), #(0) in u(t), we obtain

[t~ TAWC(T)A - E(T)) + A()B(T)E(T)
"= ]o COflou(o)ds+ /0 (= ED)a - A BB * )

P ~ o~ ~
+/ Be)C(T)D(T) +~B(t)F(T~)(1_f‘(T))f(s,u(s))ds.
o (1-EM)1-A(T)-B(T)D(T)

Hence the proof is over. O

Theorem 3.1 Boundary value problem (1)-(2) has the unique solution if the following con-
ditions hold:

(C1) The functionf:[0,T] x R — R, T > 0 is continuous;
(Cy) There exists ¢ € B such that

1
[ft,y) - f(t,x)| < Eqﬁ(ly -xl), VxyeR
Proof Let M = C([0, T],R). Then (M, d) is a complete metric space, where

d(u,v) = sup |u(t) - V(t)|.

te[0,T]

Let the operator

T
F:M— M, F(u) = / G(t, s)f(s,u(s)) ds,
0

where G(t, s) is the Green’s function corresponding to boundary conditions (2).
Foru +#v,

d(F(u),F(v)) = sup |Fu(t) - Fu(t)|

te[0,T]

< sup / |G(t,s)| . [f(s,u(s)) —f(s, v(s))\ds

te[0,T]1J0

T
< sup/ |G(t,s)|é¢(|u(s)—v(s)|)ds

te[0,T]1J0
qu( u,v) sup/ |G(ts)|ds
te[OT]

= ¢(d(w,v)) = a(d(u,v))d(u,v).

Therefore, there exists « € S such that d(Fu, Fv) < a(d(u,v))d(u,v), Yu,v € M. Thus by
Lemma 2.1, F has a unique fixed point. Hence boundary value problem (1)-(2) has the
unique solution. d
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We can prove the following existence and uniqueness theorems for boundary value
problem (1)-(2) (refer to [1]).

Theorem 3.2 Boundary value problem (1)-(2) has at least one solution if the following
conditions hold:

(Dy) The function f :[0,T] x R — R, T > 0 is continuous;

(Dy) There exist p € C([0, T],R*) and v : (0,00) — (0, 00) continuous and nondecreasing
such that |f(¢,v)| < p@)¥(|v]) for t € [0, T] and v € R;

(D3) There exists a constant M > 0 such that M >f9¢(M)@, where p = sup,c(o, 7){p(t)}.

Theorem 3.3 Assume that there exists k > 0 such that
Lf(t,y) —f(t,x)| <Kly-x|, Vx,yeR,tel0,T].
IfKG <1, then there exists the unique solution for boundary value problem (1)-(2).

The above analysis can be performed for the fractional differential equations
LD)u(t) =f (¢, u(t)), te€[0,T],T>0, (3)
with the general periodic and antiperiodic boundary conditions
au(0) + bu(T) =0, c/(0) +du/(T)=0, a,b,c,deR, (4)

where L(D) = a,D% + a,_ 1D + -+ +ayD%,1<Sy<---<S,.1<S,<2,a;€R, a, #0,
DS (i =1,2,...,n) are the standard Caputo fractional derivatives, f : [0, T] x R — R (or
f:R — R) is a continuous operation.

From Theorems 3.1 and 3.2, the solution of boundary value problem (1)-(2) can be ex-
tended to the interval [0,277]. Let & be the solution of (1)-(2) on [0, 7], then by means of
fOT G(t,5)f (s, uu(s)) ds is continuous and Lemma 3.1, boundary value problem (1)-(2) has a
solution

2T

T
= / G(t, S)f(s, 12(5)) ds + / G(t, S)f(s, u(s)) ds,
0 T

on [T,2T].
The pair of functions

ut), telo,T],
u(t) = -
u(t), telTl,2T],
is the solution of boundary value problem (1)-(2) on [0,27]. We can continue in the same
way until T — oo.
We focus on the blowing-up solution of the following boundary value problem of a class
of multi-order fractional differential equations involving the Caputo derivative:

LD)u(t) = |u@®)]’, t>0, (5)
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where L(D) = a,,D" + a, ;D1 + - + a¢D%,1 < Sp < -+ < Sp_1 < Sy < 2, a; > 0, with the

boundary condition
u(0) = u(T) = ug >0, 1 (0) = u/(T) = uy. (6)

By means of the above analysis and Theorem 3.2, boundary value problem (5)-(6) has a
continuous solution.

The relation between the Riemann-Liouville and the Caputo fractional derivatives is
D u(t) = Rp~ [u(t) —u(0) - u’(O)t], 1<a<2.
Therefore, boundary problem (5)-(6) is equivalent to the following boundary problem:

L(D) [u(t) —u(0) — u’(O)t] = |u(t) Pootso0, (7)

where L(D) = Y7, a®D5,1 < Sy < -+ < ;1 < Sy < 2, a; > 0, with the boundary condition
u(0) = u(T) = ug >0, 1 (0) = u/(T) = uy. (8)
Let the test function considered in [16]

TXT-t)Y, tel0,T],
0, t>T.

p(t) =

Forl <a <2, >pa -1, it satisfies

T C(x+1)
RLHo 1-a
DY () dt = Cyy T, Cop= ———"—,
/o TJO( ) Py A T2—o+2)
T C(x+1)
t-RD% o@)dt = Cyy, T>, Cyqj=————" |
/o T_o(t) Lx Li TG-a+2)
T 1 r(x+1) 71
)N Do) dt = Cpoa TP, Cpa = :
/0 ¢ ()| T‘w()| s 7 A-pa+1[TQ2-a+A)

where RID%._ is the right-sided (RL) fractional derivative defined by

1 d

2 T
MDg f(e) = mﬁf (s-0)"“f(6)ds, 1<a<2.

sns-nso and ug > 0, then any solution to boundary problem (7)-(8)

blows up in a finite time Tp,. Furthermore, an upper bound on the blow-up time T,y is

Theorem 3.4 Letl<p<

j Kyr =P pgopaligl gl s 1,1_
given by ()", where r = So-toemee, K = 17 - Gimax * i Cg 5 Cs, o and 5 + 4 =1

Proof The proofis by contradiction. Suppose u(¢) is a global solution of boundary problem

(7)-(8).
Multiplying Eq. (7) by the function ¢(¢) and integrating over [0, T'], we obtain

- ! RLpS ’ 12
; . RLpS; - —-u dt = . dt.
;:0 a /0 o(t) [u(t) u(0) — u (O)t] t /0 o(t) ‘u(t)‘ t
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The formula for the integration by parts in [0, 7] is given by (see [9])

T T
/o FORDg(t) dt = /0 g(ORDE_£(8) dt. )

By virtue of (9), we obtain
n T
> a; / u(t) - RD3_p(6) dt
=0 Y0

n T
=) a / uo - DS _g(t) dt
-0 70
" T T
+ Za,ué/ t- RLDST"_<p(L‘) dt+/ o(t) - |u(t)|p dt.
i=0 0 0
Using Holder’s inequality, for }7 + é =1, we obtain

1

T T »
/ u(t) - "Dy _g(t) dt < [ / lu(@®)]” - p(t) dt]
0 0

! -3 RS a 7
x [ / o) - [MDS_p(0)| dr} , 10)
0

1

r Lo e[ T »
/ u(t) - MDY p()dt < Cls T 7 [ / |u(t)‘p~(p(t)dt:| ) 11)
0 0

Let N = foT lu(®)? - ¢(t) dt, we get

1-4S;
’

n T ) 1 “ 1
> ai [ W) "Dy _p(O)dt <NV Y aiCl T
0 0 i=0

- T . 1 & L 145
> ai / uo-"Dy_o(®)dt <N?V Y aCl T T, (12)
=0 VO i=0
T p 1 " 1 1-gS;
f @) - p(t)dt =N <N7 Y " a,Cl T 1,
0 i=0
then
1 - 1 14
Ni<) aCleT 7 . (13)
i=0

By inequalities (10)-(13), we obtain

n T
N - Amin * Uo an,)\ Tlisn < Zﬂj/ up - RLD?_QD(t) dt
i=0 70

q

" % 1-4S; " % 1-4S; P
< E a;Cy s T 1 % E a;Cps, T 1
i=0 i=0
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q
1 1-gS; 1-4So

n 1

1 T q q
Zdlcq,SiT 1 = [nﬂmaxcq,soT g ]
i=0

q..9 . 1-4So0
n amax C‘LSOT 4

where amin = Ming<;<;{a;}, Amax = Maxo<i<a{a:}.
We get

uo <n-al, - ayt Cos,Csh TS50, (14)

max min

Letting T — 00, by (14) we obtain the contradiction 0 < #y < 0. To obtain an estimation
on the blow-up time,

ug < KT*"9%,

where K =n1! - al,y - a;l Cus, Cg:,k, and S, — ¢Sy < 0.

min

Therefore, a bound on the blowing-up time is given by

K\ %S
Tmax S - .
Uuo

This completed the proof. d
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