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Abstract
In this paper, we introduce the (k, s)-fractional integral and differential operators
involving k-Mittag-Leffler function Ef’pﬂ(z) as its kernel. Also, we establish various

properties of these operators. Further, we consider a number of certain consequences
of the main results.
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1 Introduction

Applications and importance of fractional calculus have recently been paid attention to
to an ever increasing extent. In mathematical analysis, the fractional calculus is a very
useful tool to carry out differentiations and integrations with the real numbers or with
the complex numbers powers of the fractional calculus (for example, differential or inte-
gral operators). Miller and Ross [1] and Kiryakova [2] described a complete description
of fractional calculus operators along with some of their properties and applications can
be found in the research of monographs. It is quite well known that there are a number
of different definitions of fractional integrals and their applications. Each definition has
its own advantages and is appropriate for applications to a different type of problems.
Lately, Atangana and Baleanu [3] have introduced one more dimension to this study by
proposing a derivative that is based upon the generalized Mittag-Leftler function, since
the Mittag-Leffler function is more appropriate in expressing nature than a power func-
tion. For the more recent improvements of fractional calculus, the reader may refer to
[4—6]. Integral inequalities are taken up to be significant as these are helpful in the study
of various courses of differential and integral equations (see [7]). During the past several
years, several researchers have obtained various fractional integral inequalities compris-
ing the different fractional differential and integral operators. This subject has received
attention of various researchers and mathematicians during the last few decades. The k-
symbols are well known from many references related to finite difference calculus (see,
[8-11]). Recently, k-fractional integral operators have been considered in the literature by
various authors. For this purpose, we start with the following properties in the literature.
Diaz and Pariguan (see [12]) have introduced the Pochhammer k-symbols and k-gamma
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function, which are defined as

(n=0,6 €C),
@)k = @)
S8+k)---6+(m-1Dk) (neN,§€C,k>0),
and
oo tk
rn = [ et e ko050 @)
0
In the same paper, they defined the relations
Ty(n + k) = nl'i(n) 3)
and
n_q n
Ti(n) = (k)* F(E)' (4)

Mubeen and Habibullah [13] introduced a variant of fractional integrals which was based
on the k-gamma function, called the k-fractional integral, and gave its applications. The
k-fractional integral defined is as

1 * u_
() = s | -0t o, )

Clearly, when k =1 then ]| ,‘: (f(x)) leads to the result of the Riemann-Liouville (R-L) frac-
tional integration formula (see [14]); we have

I“(f(x)) = %,U«)/; (x—1)*f(r)dr. (6)

Also, they defined the following formulas of the k-fractional integral:

P (xk1 —M 0 8

Ik (xk )— Fk(p +13)xk (7)
and

1 (- k) = %(x_u)%%—l. ©

Recently Sarikaya et al. [15] have introduced the Riemann-Liouville (k, s)-fractional inte-
gral of order p > 0 is defined as

Dk n_
il(l;f(x) — % ) (xs+1 _ ts+1) k ltsf(t) dt, (9)

where x € [a,b], k > 0 and s € R\{-1}. In the same paper, they defined the following result:

e(X)
(s + ) ETR (0 + )

A+ ]

ilg[(fﬂ _ d”l)%_l _ xs+1 _ Lls+l) v . (10)
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The applications of fractional calculus found in many recent papers (see [16—19]). Recently,
the researchers established certain Hermite-Hadamard type inequalities via generalized
k-fractional integrals, Griiss type integral inequalities for generalized Riemann-Liouville
k-fractional integrals and (k, s)-Riemann-Liouville fractional integral inequalities for con-
tinuous random variables by using the idea of (k, s)-fractional integrals [20—23].

The Swedish mathematician Mittag-Leffler [24] has defined the Mittag-Leftler function,
which is denoted and defined by the following series:

o0 Zn
E,(2) = 2; TonsD € C;R(p) > 0. 11)

Wiman [25] introduced a generalized form of the Mittag-Leffler function, which is defined
as
o n

zZ
gr(pmﬂ)’

n

E,p(z) = z,B € C;R(p) > 0. 12)

For more details of Mittag-Leffler functions defined in (11) and (12) such as their various
generalizations and applications in different fields, the reader may refer to [4, 14, 26, 27]
and in particular the work of Saigo and Kilbas [28]. In recent years, the Mittag-Leffler
function (11) and some of its different generalizations and applications have been consid-
ered numerically in the complex plane C (see [29, 30]). Prabhakar [31] have introduced a
new generalization of the Mittag-Leffler function E, (z).

Recently many researchers have investigated the importance and great consideration of
Mittag-Leffler function in the theory of special functions for exploring some of their gen-
eralizations and applications. Extensions for these functions are found in [32]. Srivastava
and Tomovski [6] have defined further the generalized form of the Mittag-Leffler function

E,i, ﬁ(z).
Recently Dorrego [33] have introduced the k-Mittag-Leffler function E,‘z, ,,5(@) (where
k > 0) defined as
= (5)nk z"
E? = _—, 13

where p, 8,3 € C, R(p) > 0, N(B) >0, R() >0, k>0 and (§),,« is the Pochhammer k-
symbol defined in (1).

2 (k, s)-fractional integrals and differentials of k-Mittag-Leffler functions
In this section, we introduce (k, s)-fractional integral and differential operators which in-
volve k-Mittag-Leffler function E,‘i' 0 ﬂ(z) as its kernel. In this continuation of the study of

(k, s)-fractional calculus, we define integral operators in terms of (k, s) as follows.

Definition 1 If k> 0 and p,8,w € C, R(p) > 0, R(B) > 0, R(5) > 0, then

Gettpa) = 1 [ (=) B ol o) e, 14)
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where x > p. Substituting s = 0, then (14) reduces to the operator

(k82)fp,ﬁf)(x) = /x(x - t)g_lEf),B (wlx - ‘E)g)f(‘[)dl'; (15)

see [34]. In fact, when w = 0 and k = 1 then the integral operator in (15) reduces to the
well-known Riemann-Liouville fractional integral operator defined as

L [ f)
F'(un) J, x—1)#

(It’;+ )(x) = dr (R(u) > 0). (16)

Here, we introduce (k, s)-fractional order integrations and differentiations which are de-
fined by the integral operators {1/, and { /. f;ﬁ and (k, s)-fractional differential operators Dﬁ+, i
and D). Also, we called these integral operators } I, and }I;_, they are the left and right-
sided Riemann-Liouville (k, s)-fractional integral operators, respectively. Similarly, the op-
erators ;D! L« and % Di;_ are, respectively, the left- and right-sided Riemann-Liouville (k, s)-
fractional differential operators. To define the left- and right-sided Riemann-Liouville
(k,s)-fractional integral operators, first we define the well-known Lebesgue measurable

integral of a real or complex valued function, which is denoted and defined as

B
L(p, B) = {fﬁ Pl =/ |p(2)| dt < 005 ¢ GL(P,ﬂ)} 17)
p

Definition 2 For ¢(x) € L(p, B); u € C; R(u) > 0 and k > 0, then we define the R-L left-
sided (k, s)-fractional integral operator of order p as

kDL f ) = Ly Lf () = 3L f () = (IS ) ()

_Ge)tE ot f@)
= JT D fa (xs+1_ts+1)1_%tsdt (x> a). (18)

Similarly, we can define the R-L right-sided (k, s)-fractional integral operator of order u as
§ D) =5 i) =3 I £ () = (I ) @)

s+ D% [P £(t)
= kT (1) fx (xs+1 — t5+1)1—% ' dt (x < /3) 19)

Definition 3 For k > 0; s € R\{-1}; u € C, R(w) > 0 and # = [NR(u)] + 1, then the Riemann-
Liouville left- and right-sided (k, s)-fractional differential operators are defined as

(0N = [ 2 (L) | sy (20)
x5\ dx
(ornw=-| 5 (-5) [w e @

respectively. Substituting k =1 and s = 0, then the Riemann-Liouville left- and right-sided
(k, s)-fractional integrals and derivatives will reduce to the well-known Riemann-Liouville
left-sided and right-sided fractional integrals and derivatives see ([14, 35]).
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Definition 4 The Riemann-Liouville (k, s)-fractional derivative operator f(DZ+ defined in
(18) is generalized by the (k, s)-fractional derivative operator is denoted by { D}’ where . is
the order such that 0 < ¢ < 1and v is the type of this generalized (k, s)-fractional derivative
operator such that 0 < v < 1, we define the generalized (k, s)-fractional derivative operator
with respect to x as follows:

1d
Gosw = 10 (5 5 ) () [, @)

Obviously, when v = 0 then (22) reduces to the Riemann-Liouville (k, s)-fractional deriva-
tive operator Dy, (18).

Lemma 1 For k > 0, the following result for (k,s)-fractional derivative operator D', de-

p+.k
fined in (22) holds true:
A Cr(A Aop
(o2 =) ) = () T 2
(s+1)7kTk(A — )
withx>p,0<u<1,0<v<landR()>O0.
Proof We obtain from equation (10)
s 7(1-v)(k— s+ S+ 2-1
(L =@ ) ) )
Cr(n A=) k=p)+ _
— eI k( ) (xs+1 —6IS+1) 13 1
(s+1) % Ti(@-v)(k=p) +24)
and
1d s 7(1-v)(k— s 2-1
G )

(-0 =)+ 2 =KTe) ) Gt

(—0)(—)

i k(s+1) & Tu(@-v)(k—p)+ )

’

which, by applying the relation given in (3), yields

(iDg;”[(T“l _ ﬂs+l)%—1])(x)

_ Ce(2)
T =)k — ) + 3~ k)
x [ (ot - ) T )
_ ()
(s+ 1) AT (= ) (k- ) + 3 - k)
x Fk((l—v)(k—ﬂ) +)‘4_k) (xSJrl _dSJrl))"_TM—l
Te(w(k —2) + (L= v)(k— ) + A —K)

— Fk()“) (xs+1 _ as+1) A_TM—I

(s+1) F Tk — o)

which is the desired proof. O



Nisar et al. Advances in Difference Equations (2017) 2017:118 Page 6 of 12

Theorem 1 For k > 0, the following result always holds true:

1 d\" ¢ %
(Y e o - )] o)
m( s+l _ s+l F-m-1
_ Gy - a’t)x E ol _as+1)£]’ (25)

where s € R\{-1}, u, 0, 8,8 € C, R(w) > 0 and R(B) >0, N(p) >0, R(8) >0
Proof The proof is obvious by applying (- %)m where m=1,2,.... O
xm

Theorem 2 Suppose k >0, x >a (a € R, =[0,00)) and p, 8,8, w € C, R(B) >0, NR(p) >0,
NR(8) >0, N(w) > 0, then
B_
ilg;[(fﬁl _ as+1) T lEli,p,;S (w(r”l _ as+1)ﬂ)](x)

(xs+1 _ “Hl)ﬂ%fl
(s+1)F

iD;[(t”l s+1) El&cpﬂ( (Ts+l s+1)%)](x)

(xs+1 s+1) ﬁ—’ -1

El(z,p,ﬂJru [w(xs+l _ as+1) %]’ (26)

B4
3

—_ E o -t %] (27)
and
2D (5 - ”1) TEp(oo( - “M)%)](x)
Jﬂi%gtﬁmeMwﬂﬂ o
Proof

k15+[( s+l Hl)“lE/ipﬁ( (Ts+1 _as+1)%)]

(s + 1)1—% x® (st - s+1) 1E8 (a)(‘L’”l _ as+1)%).[s
 KTk(w) /

T
(xs+1 _ .Cs+1)1—%

A}

~ (s+ 1)1_%
kT ()

(3)n,kwn
Ci(pn + p)n!

Nk

11
(=)

n

X /x(t”l - cz”l)%_l(x”1 r”l)ﬁl ‘dt.
0

+1_ s+l
Substituting 75! = a**! + y(x**! — a°*1), this implies 7° dt = (£ ——)dy, we have

,_ o
k15+[( s+l s+1) lEkpﬂ( ( s+1_ds+1)k)]

[ee]

”ka) s+1 s+1 Bﬂﬁpn S + 1 _,1 -1
- 1- d
Z Tk(pn + B)n! (@ -a) ka u) ( N i’

n=
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o0

_ (5);1,/((1)" s+l s+l w—l . Fk(,Ol’l + IB)FI((M)
- 2(; Ti(on + B)n! (7 - a) Ci()Tk(pn + B + 1)

~ (xs+1 _fﬂ)%fl i (S)H,kw”(xs*l s+1)—71
(s+1)F e~ Trlpn+ B+ pn!

(x“l S+1)T“ ﬁ
= WEi,p,ﬂﬂL (C()(xSH _ as+1) T )

This completes the proof of (26).

Now, we have

iDi[(TH as+l)’ Ekpﬂ( (rs+1_ds+1)%)]

n
_ <i§i> { nilgi( ;4( s+l _ S+1)7_1E/6<pﬂ( (Ts+1_as+l)%)}

Xxn dx

and using (26) this takes the following form:
DA [(4 - ) %—1Ez,p,ﬂ ((z** - a) Z )]

() Lo ) e -t ),

Applying (24), we have

D (e - @) B (e - ) )]

— {(S+1)77( s+1 as+1)ﬁT Ekpﬂ M(w(xsﬂ _as+l)£)}.

This completes the desired proof.

Now to prove (28), we have
( DZ+vk[( a+l _ s+1)*—1E2pﬁ( (_L,a+1 SH)%)])(JC)
L,V . (8)”:/( w_n a+l s+1 7—1
(kD/ |:HX_O: Toon + B) (e —a*t) F :|> (x).

This can be written as

~ (8)1'1, " s v a+ st pntp
=Y D o) o
n=0

By applying (23), we get

( [Lv[( a+l _ s+1)f—1Eipﬁ( (_L,a+1 s+1)£)])(x)

[ee]

Z y)n d a)n Fk(pn + /3) xa+1 _ as+1) pm’f_“’ -1
Ti(pn+ ) nt (s+1) kTi(pn+ B — )

n=
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B _
e (8)nk

B — [a)(xaﬂ _ as+1)’;’]n
C (s+1)°F ; Ti(pn + B — 1) n!

(xa+1 _ ﬂs+l) ﬁ%—l

P
=y Hhesue @),

which completes the desired proof. d

Remark 1 If we substitute s = 0 in (26), (27) and (28), then we have the results of the
k-Mittag-Lefller function (see [34]). Similarly if s = 0 and k = 1, then from the above equa-
tions we get the integral and differential operators of the classical Mittag-Leftler function

(see [6]).

3 Some properties of the operator (‘ f)(x)

Theorem 3 For k>0, p,8,6 € C,w € C, ‘R( ) >0, N(B) >0, N(S) > 0 and R(u) >0, we
have

(e S[(x* =) K] )

a+l _ s+l m—lr‘
G a(silk) k(e )Eli,oﬁﬂt(w(xaﬁ s+1) )f(t (29)

Proof From (14)

(e [ (2 =) )

:%/ (xu+1 s+1)*—1Ekp ( (x““—l’”l)%)‘[sf(f)df.

Therefore, we have

(igwé [( a+l _ s+1)% )(x)

]
’ £

Mg ﬁrllﬁg | = b
S

(S)n,k a)_n (% /x(l_aﬂ as+l) l(xa+1 ,L,s+1) M*lts d‘L’)
a

Ti(pn + B) n!
Bt+pn+p
(5)nk wn(xa+l _ as+l)T—l
= - B ,
(s+1)T'x(pn+ B) n! KB+ pm,pt)

I
(=]

n

@ e ) ) SO et @)% Ty(T(pn + )
(s+1) 5 Ti(on + B) : Ti(on + B + 1)

Bri
(xa+l - as+l) T_l Fk( ) § a+l s+1 2
= (s+1) Ekpﬁm(w(x ~a™)¥),
which completes the desired proof. d

Theorem 4 Suppose that f € Li[a,b], s e R\{-1}, k>0, p, 8,5, w € C, R(p) >0, R(B) >0,
N(8) > 0 and R(u) >0, then ;, P

Equp pf (%) exist for any x € [a, b].
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Proof Assume that A = [a,b] x [a,b] and P: A — R such that P(x, t) =

all x € [a, b]. It is obvious that P = P, + P_ where

B
@t -l a<t<x<b,
P.(x,7) =

0; a<x<t<b

and

8
(5 — N E x5 a<t<x<b,
P_(x,7) =

0; a<x<t<bh.

As P is measurable on A, we can write

‘/ubP(x,r)dr = /ﬂxP(x,r)dr

x ﬂ71
— / (xs+1 _ ,L,s+1) X _L,s d‘L’
a

— E(xsﬂ _ ‘L'Hl)%.

B

Hence, we obtain

b
/ P(x, r)E,‘i,p,}3 (w(x - r)g) dt

= /xP(x,r)E,i’p‘ﬁ(w(x— t)%)d‘[

o0

8) s " x /3
_ Z (8)nxe (xs+1 Ts+1) 7 lTS dr
=0 Fk(P”l + ﬂ)l’l' a
0 S+ s+1 2 \n
_ Z (S)n,k(w(x T- a 1)k) k (xs+1 _ as+1)%

i Tulens it Bpn

By using the repeated integral, we have

by b
/ (/ P(x, I)Eli,,a,ﬂ (a)(x — ‘L')%) [f(x)’ dr) dx

b b ,
= [f(x | </ P(x, t)E,‘sz,ﬂ (a)(x - T)F) dr) dx

[ee]

k
Fk(pn + ﬂ)n' B +pn

b
X/ (xs+1 s+1) [f(x)|dx

[e.¢]

‘M

(8)ni(@ bs+1 a**h) 2 ) K2

Ti(pn+ B)nt (B + pn)(B + pn +k)

b
> (bs+1 _ﬂs+1)§+1‘/ lf(x)idx

EM

[(xs+1 _

Page 9 of 12

51 ¢%] for
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bs+l s+1) % )n

Tx(on + B)n!

00
bs+1 & §+IZ (O)ni(w

k2
% (B +pn)(B + pn+k)

Ifll < o0

Therefore the function Q : A — R such that Q(x,t) = P(x, 7)f (x) is integrable on A by
Tonelli’s theorem. Thus, by Fubini’s theorem fab P(x, r)E,‘i 0.f (w(x*! - 1”1)% )'f(x)dx is an
integrable function on [a, b], as a function of ¢ € [a, b]. Thus, f(ez‘ffp (x) exists. O
Theorem 5 For u € C, p,B,6 € C, w € C, R(p) > 0, R(B) >0, R(S) >0, R(u) >0, k>0,
s € R\{-1}, and x > a, the following result holds:

1
(klf; [;( Z)Jrap ])(x) = H(S Z)+5p ﬂﬂlf)(x) (?( Z)Jrspﬂ[k M+ ])(x)’ (30)

foranyf € L(p. B).

Proof From equations (14) and (18), we observe

(k15+ [;( Z)Jrap ]) (x)

50)8

_ (S+1)17? ¥ k a+pﬂf(T
kTk() Ja (astt = -L-s+1)1——

"
- (;—;rl)(l )k T oo £
k2T (e

X |:/pr(7:s+1 s+1) Ekpﬂ( ( s+l —Mﬁl)i)f(u)usdu}tsdr,

By interchanging the order of integration, we obtain

(klpl; [s Z)+5p ])(x)
x 1-& x
= %fa |:(S/<;izﬂ)k fu ( s+l ts+1)% ( s+l MS+1)§71EIB(,p]ﬁ (a)(r”l _ us+1)%)rs dr]
x u'f(u) du.

By applying (26), we have
G [reas, of ) @)
1 * B )
= [m/a (xs+1 us+1) k Elip/bru( (xﬁl_uﬁl)ﬁ)llsf(u)du];

thus, we get

[(OX 1 § LW;
(et D = o (168 ) 6D
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To prove the second part, consider the rhs of (30) then by applying (14), we get

(28;8,0 B [k a+f])(x)
1

= _/ (xs+1 s+1)_ Ekpﬁ( ( s+l f+1)%)[§(15+ ](T)Tsdl'

x5t + *—1 St s+1\ %
- [ e P (o - o))

s+D"% [T f)

) Sy oty £l M)

By interchanging the order of integration, we have

(e [ ) ()

~ 1/’6 (s+ 1) F
- k Ja krk(“)
x L
X |:/ (xs+l _ ,L,s+1) %*1 (ts+1 _ us+1) %AEli,p,ﬁ (w(xs+1 _ ts+l)%)_[s d‘L’i|
x u'f(u) du.

Again by making the use of (18) and applying (26), we obtain

(RN OR R o ) F ). (32)

sr
(s+ 1)
Thus (31) and (32) complete the desired proof of (30). O

4 Conclusion

We conclude that, if s = 0, then the obtained results reduce to the well-known results
introduced by [34]. Similarly if kK =1 and s = 0, then the obtained results reduce to the
well-known results of the Mittag-Leffler function defined by [4, 31].
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