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Abstract
In this paper, we study the third-order functional dynamic equation

[0, ([11 O, PO + a0 (x(g0)) =0,

on an upper-unbounded time scale T. We will extend the so-called Hille and Nehari
type criteria to third-order dynamic equations on time scales. This work extends and
improves some known results in the literature on third-order nonlinear dynamic
equations and the results are established for a time scale T without assuming certain
restrictive conditions on T. Some examples are given to illustrate the main results.
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1 Introduction
We are concerned with the oscillatory behavior of the third-order half-linear functional
dynamic equation

[P (O ([11 Oy (x> ) ])}* + (0 (2(g(8))) = 0 (L1)

on an upper-unbounded time scale T, where ¢, () := |u|* 'y, a1, oz, & := a0z > 0; 73,
i =1,2, are positive rd-continuous functions on T such that, for ¢y € T,

/00 r;all () At = o0; (12)

0

q is a positive rd-continuous function on T; and g : T — T is a rd-continuous function
such that lim,_, o g(t) = co. Throughout this paper, we let

o= i ([#1]%), i=1,2, withal® =, (1.3)

We will assume that the reader is familiar with the basic facts of time scales and time
scale notation, for an excellent introduction to the calculus on time scales, see Bohner
and Peterson [1, 2]. By a solution of equation (1.1) we mean a nontrivial real-valued
function x € Crld[Tx, oo)r for some T, > ¢, for a positive constant £, € T such that
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*M(2),x2(2) € C4[ Ty, 00)r and x(t) satisfies equation (1.1) on [T}, 00)t, where C,q is the
space of right-dense continuous functions.

In the following, we state some oscillation results for differential equations that will be
related to our oscillation results for (1.1) on time scales and explain the important contri-
butions of this paper. In 1918, Fite [3] studied the oscillatory behavior of solutions of the
second-order linear differential equation

x"(t) + q(t)x(t) = 0, (1.4)
and showed that if
o0
/ q(s) ds = oo, (1.5)
Lo
then every solution of equation (1.4) is oscillatory. Hille [4] improved the condition (1.5)
and showed that if
o 1
liminft/ q(s)ds > —, (1.6)
t—00 ¢ 4

then every solution of (1.4) is oscillatory. Nehari [5] proved that if

1, 1
liminf - | s°q(s)ds> —, (1.7)
to

t—00 4

then every solution of (1.4) is oscillatory. Wong [6] generalized the Hille-type condition
(1.6) for the delay equation

¥ (0) + q(0)x(g(1)) = 0, (18)

where g(£) > kt with 0 < k < 1, and proved that if

o 1
ligiolgft/t q(s)ds > e (1.9)

then every solution of (1.8) is oscillatory. Erbe [7] improved the condition (1.9) and proved
that if

o0
1
liminft/ q(s)‘@ ds> —, (1.10)
P s 4

t—>00
then every solution of (1.8) is oscillatory where g(¢) < ¢. Ohriska [8] proved that, if

lim sup t/ q(s)‘@ ds>1, (1.11)
t

t—o00 N

then every solution of (1.8) is oscillatory.
Erbe, Peterson and Saker [9] established Hille and Nehari oscillation criteria for the
third-order dynamic equation

X288 + q(t)x(t) = 0, (1.12)
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where g is a positive real-valued rd-continuous function on T, we list the main results of

[9] as follows.

Theorem 1.1 ([9]) Every solution of equation (1.12) is either oscillatory or tends to zero
eventually provided that

‘/tOO/ZOO /MOO q(s)AsAulz = oo (1.13)

holds and one of the following conditions is satisfied:
(a)

® hy(s, t 1
]iminft/ 2(s 0)q(s)As > —; (1.14)
t—00 . o(s) 4

(b)

*

1/t l
liminf - / hy (s, to)o (s)g(s) As > —,
t>oo t Jyo 140

where I* := limsup,_, o # and hy(t, s) is the Taylor monomial of degree 2; see [1],
Section 1.6.

Erbe, Hassan and Peterson [10] studied the third-order dynamic equation
(nO[(n@®x"®)"1)" + q@0x"(e) =0, (115)
where « is a quotient of odd positive integers, one of which we give below.

Theorem 1.2 ([10]) Every solution of equation (1.15) is either oscillatory or tends to zero
eventually provided that

gt)=t,  rf)=0, (1.16)

and

./t:o % /ZOO |:V22u) /MOO q(S)As:|1/aAqu =00,

hold, and one of the following conditions is satisfied:
(a)

tOl oo aOl
liminf / (s)As
O S

t > o2 oz+l;
=00 1] (®) I (a +1)

(b)

t* o 1 [t gxtl 1
liminf s)As + liminf - SAS > —0,
t— 00 r‘l"(t) L(t) q( ) t>oo f /;0 r(l), (S) Q( ) lot(oz+1)

where [ := liminf,_, o ﬁ



Hassan et al. Advances in Difference Equations (2017) 2017:111 Page 4 of 28

Saker [11] considered dynamic equation (1.1) with ¢; =7 =1 and & = &, is a quotient of

odd positive integers when g(¢) < ¢, namely,

[R@O[*20]?)" + g0 (g(®)) = 0. (1.17)

He established some Hille and Nehari type oscillation criteria for (1.17), one of which we

give below.

Theorem 1.3 ([11], Theorem 3.4 and Corollaries 3.3, 3.4) Every solution of equation (1.17)
is either oscillatory or tends to zero eventually provided that

g@) <t 2 (t) >0 (1.18)

and

/: /z oo [mzu) /Moo q(S)AS] " Aulz = oo, (1.19)

hold, and one of the following conditions is satisfied:
(a)

th o0 ab‘(
liminf / A(S)As > ————;
t=o00 13(t) Jo(p) 2% (o + 1)+t

(b)

o o0 1 t Sa+l
]iminf—/ A(s)As+1iminf—/ A(s)As > ;
=00 15(t) Jor) t=>00 £ [y 1a(s) Jer+1)

1 t o+l
liminf - / S A(s)As>
ra(s)

oo ¢ J, ot(oz+1)’

t()( o0
liminf ()/ A(s)As >

1
t—>o0 1ot ® Jouler Jala+D)’

where A(s) := q(s)(%)“ and [ = liminf;_, ﬁ

Theorem 1.4 ([11], Corollary 3.5) Assume that (1.19) holds with r,(t) =1 and o = oy = 1.

Assume
hmlnft/ q(s)(w) As > l (1.20)
t—o00 ) O'(S) 41

Every solution of the equation

x288(0) + q()x(g(0)) =

is either oscillatory or tends to zero eventually.
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As a special case when g(¢) = ¢, (1.20) reduces to

.. o hy (s, to) ¢ 1
1 f A —. 1.21
ltniclg t/(;(t) q(S)( o(s) ) > 4] (1.21)

Comparing (1.14) with (1.21) reveals that the results in [9] improve that of [11] for equation
(1.12).
Wang and Xu in [12] considered the third-order dynamic equation

(@O[(nOx*®)*])" + q)x(@) = 0,

where « > 1 is a quotient of odd positive integers and with the condition

tim RC@) _ (1.22)
=00 R(t)
where

’

RZ(t’ tl) = ft rgé(S)AS, Rg(t, tl) = /t RZ(S’ tl)

t 151 n (S)

t
r(t) = ——Ry(t, )RS (1) and  R(t) = / r(s) As.
ri(t) |
Note that (1.22) depends on a concrete time scale. Very recently, Agarwal, Bohner, Li,
and Zhang [13] extended the Hille and Nehari oscillation criteria to the third-order delay
dynamic equation

(ra (&) (n x> ®)")> + g(O)x(2()) = 0,

where g(£) < t on [ty, 00)T. The results in [13] included the results which were established
in [9] and without condition (1.22). For more results on dynamic equations, we refer the
reader to [12, 14-30].

The purpose of this paper is to derive some Hille and Nehari oscillation criteria to the
more general third-order dynamic equation (1.1) with Laplacians and deviating argument
on a general time scale and without assuming the conditions (1.16), (1.18) and (1.22). The
results in this paper improve the results in [9-13] for third-order dynamic equations and
for both cases g(¢) <t or g(¢) > t.

This paper is organized as follows: After this Introduction, we present our main results
in Section 2, followed by demonstrating examples. All the proofs of the main results are
given in Sections 3 and 4.

2 Main results
In this section we present the following oscillation criteria of (1.1). The first result is a
Fite-Wintner type oscillation criterion.

Theorem 2.1 Assume that (1.2) and

/ N q(s)As = oo. (2.1)

]

Then every solution of equation (1.1) is either oscillatory or tends to zero eventually.
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From Theorem 2.1, we can assume in the next theorems that ftzo q(s)As < oo.

In the following, we introduce the following notations:

L:=1lim sup|:RII£G(S))
t—00 1

a t 1
] and R;(¢) ::/ r, “(s)As, i=1,2,
7

0

and

with

R():= R (OR() and  Rs(t) ::/ t[RZ(S)]alAS

14 r (S)
Note that 1 < L < oo. Throughout this paper we assume that L < co.

Theorem 2.2 Assume that (1.2) and

/t‘”rl-%(u){/uoorﬁ(v)[/vooq(sms}%m}%Auzoo. (2.2)

If

/ @(s)gq(s)As = 0o, (2.3)

]

then every solution of equation (1.1) is either oscillatory or tends to zero eventually.

Example 2.1 Consider the nonlinear third-order advanced dynamic equation

(69780, (70 ()]} + 5 ele0) =0, g4 (2.4)

where 8 is a positive constant. Here r;(t) = t%7'1,i = 1,2 and g(¢) = tl%ﬁ’ then the conditions
(1.2) and (2.3) hold since

o _L At
/ ria‘(t)Atzf =00, i=12,
to 7 1

0t

and

/ " p9q)As = [ Qe

0

by Example 5.60 in [1]. Then by Theorem 2.2, every solution of (2.4) is oscillatory or tends

to zero eventually.

From Theorem 2.2, we can assume in the next theorems that ftzo ©(s)q(s)As < co.
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Theorem 2.3 Assume that (1.2) and (2.2) hold. If

ligcing‘f(t) /U: o(s)q(s)As > %, (2.5)
then every solution of equation (1.1) is either oscillatory or tends to zero eventually.
Example 2.2 Consider the nonlinear third-order advanced dynamic equation

{127 9 ([0 (+2(0)])} " + 207 0 (x(e@)) = 0, g®) =1, (26)

where 7 is a positive constant and / = lim inftﬁoo(ﬁ)" > 0. Here r1(t) = 1, ry(¢) = t*2 and
q(t) = ltﬂ%, then the condition (1.2) and (2.2) hold since

* -ar > o _L At
/ r T @)AL = / At=00 and / ry 2 ()AL = / = oo,
] to to t t

0

by Example 5.60 in [1] and

f: rlo}l(u){_/uoo ’2;2(")[fvoo61(8)AsrzAv};1Au

{
() [T o] o o
[

Also

o0 o0 A
lim inf R%(¢) / 0(5)q(s)As = L liminfR%(¢) / xos
t—00 o) l t—>00 o)

Sa+1

n *-1\*
— liminf R{ (£) — ] As
l ! «

t—00 o(f) S

t to \* L)
gliminf< 0 ) > (o)

im0 \a(t) o(t)) ~ (a+1)H

v

(L)”
(a+1)“*1 .

eventually if n >

ifn> Then, by Theorem 2.3, every solution of (2.6) is oscillatory or tends to zero
(aL)*
(a+1)2tl”
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Theorem 2.4 Assume that (1.2) and (2.2) hold. If for sufficiently large T € [, o0)T,

.. 1 ! o +1 a+l 1
htrgérolfm/T R (s)p(s)q(s)As > L (1— m), (2.7)

then every solution of equation (1.1) is either oscillatory or tends to zero eventually.

Remark 2.1 If the assumption (2.2) is not satisfied, we have some sufficient conditions
which ensure that every solution x(¢) of (1.1) oscillates or lim;_, o, x(¢) exists (finite).

Example 2.3 Consider the nonlinear third-order delay dynamic equation

—1/o1
nry (8
{10, ([nOFe (> 0)] )} + =g, (x(2(8)) =0, g(6) <¢, (2.8)
PRI (2)

where 7 is a positive constant. Choose r; and «;, i = 1,2, satisfying (1.2). To see that (2.7)
holds note that

liminf / R (s (s)As = nliminf — / e

t—00 1( ) q t—00 Rl )

R(T
—nhmmf(l— i )>

t—00 Ri(2)

By Theorem 2.4 and Remark 2.1, every solution x(t) of (2.8) is oscillatory or lim;_, o x(£)

exists if n > L**1(1 - (a+11)L > L

Remark 2.2 The important point to note here is that the recent results due to [9-13] and
others do not apply to equations (2.4), (2.6) and (2.8).

Theorem 2.5 Assume that 0 <a <1 and (1.2), and (2.2) hold. If for sufficiently large T €

[tO)OO)T;
liminf /tR““() (8)g(s)As > L**( 1 ! (2.9)
minlf —— S S S S > — , .
t—00 Rl(t) T 1 v)q o+ L

then every solution of equation (1.1) is either oscillatory or tends to zero eventually.

Theorem 2.6 Assume that a > 1 and (1.2), and (2.2) hold. If for sufficiently large T €
[tO’ OO)T;

oa+2

, (2.10)

o+1
liminf 1()/ R (s)(p(s)q(s)As>1 s

t—00
then every solution of equation (1.1) is either oscillatory or tends to zero eventually.
The next result is an Ohriskais type oscillation criterion.

Theorem 2.7 Assume that (1.2) and (2.2) hold. If

lim sup R5 (¢) ‘/OO o(s)g(s)As > 1, (2.11)

t—00

then every solution of equation (1.1) is either oscillatory or tends to zero eventually.
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In the following we state further oscillation criteria for equation (1.1).

Theorem 2.8 Every solution of equation (1.1) is either oscillatory or tends to zero eventu-
ally provided that (1.2) and (2.2) hold and one of the following conditions is satisfied:

(a)
| #0850
(b)
ey * (al)”
htrgglle () /U(t) @(s)q(s)As > W;
(©
. 1 ! a+1 - a+l 1 .
htrgg}fm /T R (s)p(s)q(s)As > L (1 - m),
(d)
litrgglf Rll(t) /T R () (s)gq(s) As > L** (1 - ﬁ) ifo<a<l,
1 t a+2
ligiogfm /T R (s)@(s)g(s) As > f ol ifa>1,

for sufficiently large T € [t,,00)T, where

e g =o.

50) { L HOELIO}

Theorem 2.9 Every solution of equation (1.1) is either oscillatory or tends to zero eventu-
ally provided hat (1.2) and (2.2) hold and one of the following conditions is satisfied:

(a)
/ @(s)g(s)As = oo;
to
(b)
(0%) * A 24 =
lim inf R? (£) /H mw(s)q(s)AS> w(fiﬁ

lim inf
=00 Ry(t)

/ thzﬂ(S)@(s)q(s)As > [t (1 _ %)

T a + 1)L
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1 /f Lo . 1
liminf —— [ R5>"(s)@(s)q(s)As > L™ <1— ) if0<ay <1,
t~o0 Ry(t) Jy 2 ar+ L 4 2

1 t il a2ia2+2
liminf—f R*"(s)@(s)g(s)As > —  ifap>1,
=00 Ro(t) Jr 2 1 1+l f 2

for sufficiently large T € [t,,00)T, where

s JREE), g =g
o {R“(g(t», ¢l <t

and assume that L := lim SUP,_, oo [%]"‘2 < 00.

3 Technical lemmas
In this section we prove the following lemmas which will play an important role in the
proof of our main results.

Lemma 3.1 Let (1.2) holds. If x(t) is an eventually positive solution of equation (1.1), then
we only have the following two cases:

O «M() >0, x2@) >0, xR (#)2 <0;

1D M@ <o, 22 >0, xP )2 <0,
eventually.

Lemma 3.2 Let x(t) be an eventually positive solution of (1.1) satisfying (1) of Lemma 3.1.
If (2.2) holds, then lim;_, o, x(t) = 0.

Lemma 3.3 Let x(t) be an eventually positive solution of (1.1) satisfying (I) of Lemma 3.1.
Then

/00 q(s)As < 0o. (3.1)

0

Proof Without loss of generality, assume that
x(g(t)) >0, 2@ >0, #2(8) >0, [xm(t)]A <0 on [ty,00)T.

Integrating both sides of the dynamic equation (1.1) from ¢, to t € [t,, 00), we obtain
t
#0) = 2e0) - 50 = [ g (g09) .
to

Since x2(t) > 0, then x(¢) > x(to) := ¢ > 0 for £ > £, and so there exists #; € [£,, 00)T such
that g(¢) € [¢, 00)T and x(g(¢)) > c for ¢ > #,. It follows that

t
x(ty) > ¢ / q(s)As,

to

which implies (3.1). O
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Lemma 3.4 Let x(t) be an eventually positive solution of (1.1) satisfying (I) of Lemma 3.1.
Then

x(8) = ¢, [« (O ]R3 () for t € [to, 00)r

and

A
[%} <0 forte(ty,o0)r.

Proof Without loss of generality, assume that
x(g(t)) >0, () >0, () > 0, [xm(t)]A <0 on [ty,00)T.

By using the fact that x[?! is strictly decreasing on [£y, o0)t. Then, for ¢ € [ty, 00)T,

xmu)zxmu)—ﬂWm):/waéhmuﬂe%HQAs

t

ry = (9)As = ot [x ()] Ra(2), (3.2)

Z¢£WWM/

to

which implies that

A S1[,02) RZ_(”TI‘
%20 = ¢, [« (t)]|:r1(t) ,

where a = ;0. In the same way, we have

(1) = ¢, [P 0] / t[RZ(S)} " as

to 7'1(8)

= ¢, [x(&)]Rs(2).

From (3.2), we note that

] A —1/ap
|:x1(t):| I (®) [¢;21[x[2](t)]R2(t)—x[l](t)],

Ry(t) ]  R(®)Ry(o(2)
we have
[1] A
[22((;)} <0 fort € (t,00)T.
Then
x() > x(t) — x(to) = f bt 2V 9)]ry  (5)As

[t Mﬂuq[kxg]é
‘A%{m@ e | o
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v

L x“l(t)] t[Rz(S):F
¢a]|:R2(t) / ne) |
= ¢ [s" O]R®),

which yields

A
[%} <0 forte (t,o00).

This completes the proof. d

Lemma 3.5 Let x(t) be an eventually positive solution of (1.1) satisfying (I) of Lemma 3.1.
Then

/ N @(s)g(s)As < o0. (3.3)

]

Proof Without loss of generality, assume

x(£) >0, x(g(t)) >0,

(@) >0, 228 >0, (x[z](t))A <0 on [ty,o0)T.

Let ¢ € [f,00)T be fixed. If g(¢) > ¢, then x(g(t)) > x(¢) by the fact that x is strictly in-
creasing. Now we consider the case when g(¢) < t. In view of Lemma 3.4 there exists
4 € [ty, 00)T such that g(¢) > to and

x(g(t)) > I%x(t) fort > t;.

In both cases, from the definition of ¢(t), equation (1.1) becomes
[«2(6)]* + ()q®)¢a (x(2)) <.

Integrating both sides of the above inequality from £ to t € [t;,00)1, we obtain

xP(ty) > xP(ty) — 22 (1) = / t P(8)q(s)x*(s) As.

i

Since x2(t) > 0, then x(¢) > x(#;) := ¢ > 0 for t > #;, then

() > / t o(s)q(s)As,

to

which implies (3.3). This completes the proof. O

Lemma 3.6 Let x(t) be an eventually positive solution of (1.1) satisfying (1) of Lemma 3.1.
Then, fort > T,

WA () < —p(£)q(t) — ar " (W e (0(2), (3.4)

Page 12 of 28
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and
WA () < —@(6)q(t) — ary " (Owh e (o (£)),

for sufficiently large T € (¢, 00)T, where

wit) = ’iz]((tt)). (3.5)
Proof Without loss of generality, assume that
x(g(t)) >0, 2@ >0, 228 >0, [acm(t)]A <0 on [ty,00)T.
Using the product rule and the quotient rule, we get
- (0) g ()
I 0] OV (o (®)). (3.6)

x(t)  x(t)x(o(t))

From (1.1) and the definition of w(t) we have

o o A
WA(t) — —q(t)(x(g(t))> _ (x (t)) W(O’(t))

x(2) x*(t)

As shown in the proof of Lemma 3.5, there exists t; € [ty, 00)r such that g(¢) > ¢, and

(x(g(t)))a > o(t) forte [f,00)r.
x(t)
Therefore
o A
wh(t) < —p(t)q(t) - %w(o(t)). (3.7)

By the Potzsche chain rule ([1], Theorem 1.90), we obtain

1
()" = a( / [x(0) + (6™ (6)]* dh)xA(t)
0

1
=« < / [(1 = )x(e) + ha® (t)]“‘l dh)xA(t)
0

- a(x? () %2 (), O<a<l,
T ax () (), a>1.

If0<a <1, then

A xB() (27 () \* ‘
w2 (£) < —@(t)q(t) gkn ( 0 ) w(o ());

Page 13 of 28
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and if @ > 1, then

x2(8) 2 (2)
x°(t) x(t)

wh(t) < —()q(t) — o w(o (2)).

Note that x(t) is strictly increasing on [¢;, co)T we see that, for o > 0,

x2 ()
x°(t)

WA () < ~p(Oq(0) — o w(o (1)). (3.8)

Since x1/(¢) is strictly decreasing on [t;,00) we obtain

w(e) = 2 (0) - 2 (1) = f Gl O)R T s

> ¢ [#7(0)] / ry 2 () As = g2 [x% (0 (6) | (Ra(8) - Ra(tr)),

5]

which implies

2 _ ¢ o @)] [Rz(t) —Rz(tl)]““1
@)~ %) n(t)

1/aq
_ wl/“(a(t))l:%] . (3‘9)

By (1.2), we can choose £, > t; such that Ry(t) — Ry(t1) > 1 for t > £,, then, from (3.8) and
(3.9), we have
-1/oq

WA () < —p(8)q(t) — ar " (W e (o () for t > 1.

Also by the quotient rule, we get

wh(t) = (x[Z](t))A P @)

x(t) )  x(o(t) xa(o)

@1 @) @)

= x(o(t)  x()x(o(t)

From (1.1) and the definition of w(¢) we have

*(g(t)) ) RCRO

A
" (t)f_q“)<x(o<t)> (1)

(o(t)).

Analogously as in the proof of Lemma 3.5, there exists #; € [tp, 00)r such that g(¢) > ¢, and

(x(g(t))

x(o(t))) 2 @() fort e [n,00)r.

Therefore

o A
(" (9) (0 (0).

wh(t) < -@()q(t) - "
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The rest of the argument is similar to that of previous results as ¢ is replaced by ¢, and
hence it is omitted.

We introduce the following notations:

O

t—00

Fyi= litminfR‘f(t)w(a(t)) and R, :=limsup R (w (o (t)),

where w is defined by (3.5). So for € > 0, then by the definitions of r,, R, and L we can pick
T € [ty, 00)T, sufficiently large, so that

Ri(o(2))

Ri(2) -

T — & §R‘f(t)w(a(t)) <R,+e¢ d |: ] <L+e forte[T,oc0)r. (3.10)
Then

Lemma 3.7 Let x(t) be an eventually positive solution of (1.1) satisfying (I) of Lemma 3.1.

00 rl"é
litm inf RY (¢) / ©(s)q(s)As < ry —
—00 o(t)

*

—w(a(t)) <w(y) - w(a(t))

Proof Integrating (3.4) from o (t) > T to v € [¢,00)1 and using the fact that w > 0, we have

= :t)go(s)q(s)As—a [

e (s)w1+é (o(s))As.
o(t)
Taking v — 0o we get

-w(o(p) < —/()w(S)q(S)As—a/

ry Ve (s)w1+é (0 (s)) As.
o(t)
Multiplying both sides of (3.11) by R{ (¢), we obtain

R (w(o () < —R%() / SIS

oo
—aR4() / e (sywhta
a(t)

_ _Re(®) / L #aas

* R () 141
—aRa(t)/ L (R (s)w(o () As.
1 () R({Hl(s)( 1 ( ))
Therefore, by using (3.10), we have

R (w(o(6) < —RE() / SIS

1 0 RA(s)
—(re — 8)1+5Ra(t)f a—2
Y e Ré(s)

(3.11)

(o(s))As

As.

(3.12)
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Using the Pétzsche chain rule ([1], Theorem 1.90), we get

-1\ ! 1 N
— = ————— dhRy
R o [Ri+ hl/L(S)Rl ]

RA
<a—. (3.13)
R(l)l+1
Then from (3.12) and (3.13), we have
* [ Rie) 1°
—Ri (O)w(t) = R (2) / 9(s)q(s) As — (r, —&)'*a [ ]
1 e Ri(o (1)
N 00 (r* _ S)Hé
=& [ paeas- TS0
a(t) + &
which yields
" 00 " (I’* _ S)Hé
Ri@®) | ¢s)g9)As < RiOw(o(0) - —F———
o(t) + &
Taking the liminf of both sides as t — oo we get
e8] _ o)ty
liminfRi"(t)/ 0(s)q(s)As < ry — (r, —¢)
t—00 o) L+e
Since € > 0 is arbitrary, we get the desired inequality:
00 V}:é
lim infRi‘(t)f 0(s)q(s)As < ry —
t—00 )
This completes the proof. d

Lemma 3.8 Let x(t) be an eventually positive solution of (1.1) satisfying (I) of Lemma 3.1.
Then

f 1 ‘ o +1 a+l
hgélgfm/TRl ()ps)g(s)As < L™ —R,,

for sufficiently large T € [ty, 00)T.

Proof Multiplying both sides of (3.4) by R¢*!(¢) and integrating from 7 to ¢ € [T, 00)t, we
get

ftRf+1(s)wA(s)As < —/tR‘f*l(s)(p(s)q(s)As

T T

-« / rl_a (s) (R‘f (s)w(a (s))) o As.
T
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Using integration by parts, we obtain

R t)w(t) < RENT)W(T) + /Tt[R‘{‘”(s)]Aw(o(s))As

t
- / R (9)9(s)q(s) As
T
t_1 @il
—a/ n 1(s)(R‘{‘(s)w(U(s))) “ AS.
T
By the Potzsche chain rule, we get

1
[RLIHI(S)]A = (o + 1)/(; [R1(S) + h,U,(s)RlA(s)]a dhrl_l/al (s)

1
= (@+l) / [~ P)Ri(s) + bRy (0 (5))]" dhr '™ (5)
0
< (@ +DRS (o (s))r{l/o‘1 (s).
Hence

R Ow(t) < RYHT)w(T)

B
rasn) [ (s)[ IIET(S))] R w0 () As

¢ L a+l

- f R ()p(6)q(s)As — f (R (w(o()) © As.

T

By (3.10), we then get

R (e)wle) < RENT)w(T) - /T R(5)p(s)g(s) As

+ / tr;”“l ($)[(e + DL + &)RY (s)w (o ()
T
-« (R‘f (s)w(a (s))) o ] As.

Using the inequality

asl a® Ba+1
Bu-Au ¢« < ——->——,
(o + 1)+l A

with A =, B= (o + 1)(L + ¢) and u = R¥(s)w(o (s)), we get
R ()w(e) < RYH(T)m(T) - _/Tt Ry (s)p(s)q(s) As + (L + &) Ry (2).

Dividing both sides by R;(£), we obtain

" R (T)w(T)
Ry (O)w(t) < R0

1 t i a+l
— A0 /7: Rl (S)(P(S)q(s)AS +(L+¢)**,

Page 17 of 28

(3.14)
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Since w° (t) < w(t), we get

Roz+1 T T
R (Ow(o () < =2 1(21 )t;V( ) R0 / RY(s)p(s)q(s) As + (L + ).

Taking the lim sup of both sides as ¢ — 0o we obtain

R, < -liminf —— 0 / R (s)g(s)q(s)As + (L + &)* ™.

t—oo R

Since ¢ > 0 is arbitrary, we get

liminf —— / R& Y (s)g(s)q(s)As < L*™ —R,. (3.15)
t—oo  Ry(t)
This completes the proof. d

Lemma 3.9 Let x(t) be an eventually positive solution of (1.1) satisfying (I) of Lemma 3.1.
Then

liminf —— / R (s)p(s)g(s)As < [(e + 1)L - 1]R, - oer}: ,
Ri(2)

t—>00
for sufficiently large T € [ty, 00)T.

Proof Multiplying both sides (3.4) by R¥*!(£), we get

RO (1) < RS O@(Dq(0) — ary " (ORI O3 (0 (1))

= —R (Hp(t)q(t)
—ar (R (Ow(o () Ry (B)we (o (1))
< R Dp(t)q(t) — ar] () (r, — &) (3.16)

Integrating the above inequality (3.16) from T to ¢ € [T, 00)r, we obtain

[ R ens < - [ ROGoaAsatr -0 [ s
T T T

By integrating by parts, we obtain

R ()yw(t) < RENT)w(T) + / t[R‘{“l(s)]Aw(o (s)) As
T
- / REH(s)(s)q(s) As — e(ry — )15 [Ry(£) ~ Ri(T)]- (3.17)
T
As seen in the proof of Lemma 3.8, we have

[R(fl+1(5)] <(a+1)R} (g(s)) -l/oq( ).
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Therefore

R (e)w(t) < REH(T)w(T)

! R “ —Ll/lag 3
+(a+1)/T|: II;IG(S))] rll/ (s)R] (s)w(a(s))As

- /T R ()p(s)g(s) As — a(ry — &) & [Ri(e) - Ry(T)]

<RI T)W(T) + (@ + (L + )Ry + &)[Ri(£) - Ri(T)]

- /T R ($)p()4(s) As — a(ry — )15 [Ry(e) — Ri(T)]-

Dividing both sides by R, we have

R Y(T)w(T)
Ry(2)

R (t)w(t) <

+(a+ 1)L +&)(Ry + e)|:1 - Rl(T)i|

Ri(2)

1 ! o+1
-G /T R (9)p(s)q(s) As

B R1(T)]
Ri(®) |

—oa(ry — 8)1+é |:1
Taking the lim sup of both sides as ¢ — 0o and using (1.2), we get

R, <(x+1)L+&)(Ry+¢)

1 ¢ 1
—liminf —— / ReY(s)(s)g(s)As — oe(ry — &)Fa.
t~o0 Ry(t) Jy Ve

Since ¢ > 0 is arbitrary, we have the desired inequality:

1 ¢ 1
ligigfm /T R (s)g(s)gq(s) As < [(a +1)L - I]R* - ozr,lk+°‘.

This completes the proof. O

Lemma 3.10 Let 0 < o <1 and x(t) be an eventually positive solution of (1.1) satisfying (I)
of Lemma 3.1. Then

1 t L1
liminf / R‘{”l(s)(p(s)q(s)As <R (ax+L-1)- ari «,
t—o0 Ri(t) Jr

for sufficiently large T € [ty, 00)T.

Proof As shown in the proof of Lemma 3.9 we have

t

R (yw(t) < RN (T)w(T) + /T [R‘f*l(s)]Aw(o(s))As

- /T R (5)p(s)q(s) As — a(r, — &)™ @ [Ry(t) — Ri(T)].
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Assume
[Re1(5)]" = [RE )R ()] = [RE$)] Ri(s) + RE (0 (5))RA ().
By the Potzsche chain rule we obtain
A ! 1
[R‘f(s)] = a(/o [Rl(s) + h/L(t)RlA(s)]af dh)RlA(s)
! 1
-« (/ [(1 —h)Ri(s) + th(o(s))]a_ dh)RlA(s)
0
< otR‘f_l(s)RlA(s).
Then

[R‘iHl(s)]A < [aR‘l"(s) +RY (o(s))]RlA(S)
= [otR‘f (s) + RS (a (S))]Vfl/ol1 (s),

and so
R eyw(t) < RE™HT)W(T)

+ /T [aR(s) + R (0'(s)) ]y Ve (s)w(o(s))As

. fT RE(S)p(5)q(s) s — ar(rs — )% [Ry(8) - R(T)]

= RY(T)w(T)
t 3NCAO) N I T .
+/T |:a+|: R0 :| :|r1 (s)RY (s)w(a(s))As

- /T RE($)p()q(s) As — au(r — )17 [Ry() - Ry(T)]

<SRPYT)W(T) + (a0 + L+ &) (R, + &)[Ri(£) - Ri(T)]

. /T R S)p(5)a(s)As — (s — )74 [Ry(6) = Ri(T))]-

Dividing both sides by R;, we have

R(T)w(T)

R (t)w(t) < R0

+(a+L+¢&)(Ry+ s)|:1 - Rl(T)]

Ry(2)

- %(t) fT R0 (5)q(s) As — alry — ) [1 - Rl(T’]

Taking the lim sup of both sides as £ — 0o and using (1.2), we get

1 t
R.<(a+L+¢&)R.+¢)— ligcigfm /T R (s5)g(s)gq(s) As

1
—a(r, —e)t*a.

Ri®) |

Page 20 of 28
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Since ¢ > 0 is arbitrary, we have the desired inequality:

.. 1 ‘ o+ 1+é
llggmeRl Y$)p(s)g(s)As < Ry(a +L—1) —ar, °.

This completes the proof. O

Lemma 3.11 Let o > 1 and x(t) be an eventually positive solution of (1.1) satisfying (1) of
Lemma 3.1. Then

1 t +1
litrgglfm /T R‘f*l(s)<p(s)q(s)As < ot(LR* - ri * )

Proof As seen in the proof of Lemma 3.9, we obtain
RN ew() < RENTW(T) + /T TR w(o ) As
- /T t R (5)p(s)q(s) As — a(ry — &)@ [Ry(t) — Ri(T)].
Assume
[Re(5)]" = [RESR()]" = [RE(9)] Ry (o (s)) + R (IR ().

By the Potzsche chain rule, we obtain
A ! a-1
[R‘l"(s)] = a(/ [Rl(s) + hu(t)RlA(s)] dh)RlA(s)
0

1
oy ( /0 [ = B)Ry(s) + hRy (o(5)) ] dh>R1A (s)

< otR‘{‘_l (o (s))RlA (s).

< [arS (a(s)) + RS (5)]R{ (5)
= [aR% (0 (s)) + R (s)]ry " (s)

and so
REOwe) < RE{T)w(T)
o [ Tkt (019) + RO wlo )
- /T t R ()p(s)g(s) As — a(r — &) [Ry() = Ry (T)]

= RYN(T)w(T)

t Rot ey "
+/T |:oz }(;(S)) +1]r11/ (S)RY (s)w(a(s))As
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- /T RE($)p()q(s) As — (s — )17 [Ry(8) - Ry(T)]

S RPYT)W(T) + (L + ) + 1) (R, + &)[Ry(£) = Ry(T)]
- [ R0 ot~ e RO - R
Dividing both sides by R;, we have

Ra+l T T
R = DD

+(a@+e)+1) (R + 8)[1 _ Rl(T)]

Ri(2)

L ' o+l
R /T R (s)p(s)q(s) As

B R1(T)]
Ri®) |

—a(r, — 5)1*5 |:1
Taking the lim sup of both sides as ¢ — 0o and using (1.2), we get

R, < (a(L+&)+1)(R, +&)

1 t
~ limnf X0 /T R (8)p(s)q(s) As — au(ry — €)'

Since ¢ > 0 is arbitrary, we have the desired inequality:

1 ¢ 1+1
liminf—/ RY($)(s)g(s)As < (LR, — 1y ).
t—00 Rl(t) T 1 ) ( )

This completes the proof. d

Remark 3.1 The conclusion of Lemmas 3.5-3.11 remains intact if ¢ (1.1) is replaced by ¢.

4 Proofs of the main results

In this section we prove the main results.

Proof of Theorem 2.1 Assume equation (1.1) has a nonoscillatory solution x on [ty, 00).
Then, without loss of generality, assume x(£) > 0 and x(g(¢)) > 0 on [ty, 00)r. Then if case
(I) of Lemma 3.1 holds, so by Lemma 3.3, we see

oo
/ q(s)As < oo,
to

which contradicts (2.1). Now if case (II) of Lemma 3.1 holds, then by Lemma 3.2, we get
lim;_, o x(¢) = 0. The proof is complete. a

Proof of Theorem 2.2 Assume equation (1.1) has a nonoscillatory solution x on [y, 00)T.
Then, without loss of generality, assume x(£) > 0 and x(g(¢)) > 0 on [ty, o0)r. Then if case
(I) of Lemma 3.1 holds, so by Lemma 3.5, we see

/w o (s)g(s)As < o0,
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which contradicts (2.3). Now if case (II) of Lemma 3.1 holds, then by Lemma 3.2, we get
lim;_, o %(¢) = 0. The proof is complete. d

Proof of Theorem 2.3 Assume equation (1.1) has a nonoscillatory solution x on [ty, 00).
Then, without loss of generality, assume x(¢) > 0 and x(g(¢)) > 0 on [£y, 00)1. Then if case
(I) of Lemma 3.1 holds, then by Lemma 3.7, we see

rl+é
liminf RY (¢) / SAs <71, — —.
t—>00 L

Using the inequality (3.14) with A = %, B =1and u =r,, we get the desired inequality:

(oL)*

lim inf R} (¢) / w(s)q(S)As<( T

which contradicts (2.5). Now if case (II) of Lemma 3.1 holds, then by Lemma 3.2, we get
lim;_, oo %(t) = 0. The proof is complete. d

Proof of Theorem 2.4 Assume equation (1.1) has a nonoscillatory solution x on [£, 00)T.
Then, without loss of generality, assume x(¢) > 0 and x(g(¢)) > 0 on [ty, oo)r. Then if case
(I) of Lemma 3.1 holds, then by Lemmas 3.8 and 3.9, we have

R, < L' _liminf —— / R"“rl q(s)As
t—00 Rl )
and
t 1+1
liminf / R‘{”l(s)(p(s)q(s)As <R, [(a +1)L — 1] —ar, Y.
t—>00 Rl(t) ty
Therefore

1 t 1
liminf —— Ra+1 A <L0t+l 1— ,
2R /tz i )elslgls)As < ( (a+1)L)

which contradicts the condition (2.7). If case (II) of Lemma 3.1 holds, then by Lemma 3.2,
we get lim;_, o, x(¢) = 0. The proof is complete. O

Proof of Theorem 2.5 Assume equation (1.1) has a nonoscillatory solution x on [y, 00)T.
Then, without loss of generality, assume x(£) > 0 and x(g(¢)) > 0 on [£y, 00). Then if case
(I) of Lemma 3.1 holds, then by Lemmas 3.8 and 3.10, we have

R, < L% —liminf ()[ RE M (s)g(s)gq(s) As

t—00

and

liminf —— / R"‘”(s)go(s)q(s)As <R,a+L-1]- ozr*
Ry(2)

t—>00
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Therefore

. . 1 ! o +1 o+l 1
hfﬂé?fzr(t) /Lz R (s)p(s)gq(s)As < L (1 - +L),
which contradicts the condition (2.9). If case (II) of Lemma 3.1 holds, then by Lemma 3.2,
we get lim;_, o x(¢) = 0. The proof is complete. d

Proof of Theorem 2.6 Assume equation (1.1) has a nonoscillatory solution x on [ty, 00)T.
Then, without loss of generality, assume x(£) > 0 and x(g(¢)) > 0 on [ty, 00)r. Then if case
(I) of Lemma 3.1 holds, then by Lemmas 3.8 and 3.11, we have

1
R, < L**' —liminf

! a+1
t—oo Ry(t) /L‘z Rl (S)w(s)q(S)As

and

a+l

/ REAPE)As < (LR, -7 ),
T

it e ®

Thus

a+2

1

t
LI o +1 s
liminf 275 /tz RT©eale)As = 7

’

which contradicts the condition (2.10). If case (II) of Lemma 3.1 holds, then by Lemma 3.2,
we get lim;_, oo x(¢) = 0. The proof is complete. O

Proof of Theorem 2.7 Assume equation (1.1) has a nonoscillatory solution x on [y, 00)T.
Then, without loss of generality, assume x(¢) > 0 and x(g(¢)) > 0 on [£y, 00)1. Then if case
(I) of Lemma 3.1 holds, then

2W(@) >0, #2(8) > 0, [xm(t)]A <0 on [ty,00)T.
Integrating both sides of the dynamic equation (1.1) from ¢ to v € [t,, 00)r, we obtain
/ ' q(s)x” (g(s)) As = 22 () — 2P (v) < £ (2). (4.1)
t
As shown in the proof of Lemmas 3.4 and 3.5, we have, for ¢ > #,
(1) = PN )RS (1) (4.2)
and

x%(g(®)) = e (), (4.3)

for some #; € (£, 00)t such that g(£) € (to, oo)r for £ > #. From (4.1) and (4.3), we obtain

/ ' o()g(s)x%(s) As < x2 ().
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Since x2(¢) > 0, we get

ﬁ@fﬁ%@mzﬂm. (4.4)

From (4.2) and (4.4), we get

R3(¢) /Vgo(s)q(s)As <1

Taking v — 0o, we have

R3(2) / @(s)g(s)As <1,

which gives us the contradiction

lim sup R‘g’f(t)/ o(s)g(s)As <1.
t—00 t

Now if case (II) of Lemma 3.1 holds, then by Lemma 3.2, we get lim;_, o, x(£) = 0. The proof
is complete. O

Proof of Theorem 2.8 The proof is similar to that of previous results where ¢ is replaced
by ¢; see Lemma 3.6 and Remark 3.1. O

Proof of Theorem 2.9 Assume equation (1.1) has a nonoscillatory solution x on [ty, 00).
Then, without loss of generality, assume x(£) > 0 and x(g(¢)) > 0 on [£y, 00)r. Then if case
(I) of Lemma 3.1 holds, then

x[l](t) >0, x[z](t) >0, [xm(t)]A <0 on [ty,00)T.
Define
_ xm(t)
Z(t) - W-

By the product rule and the quotient rule, we get

1 215\ A 1 * o
(x[l](t))az (x (t)) + (x[l](t))otg x (G(t))

G ) S (Gl G) 0
T @) )Gl (o (@)= (o (®)-

22(t) =

From (1.1) and the definition of z(¢), we see that, for ¢ > ¢,

“®) (@)
# 0=y gy )

Hence

% (g(®)) _[x(g(t))}"‘ x°(t)
x(t) | @)=

(xl1(2))2
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As shown in the proof of Lemma 3.4 we get

x%(t) o
Q)= > R%(1),

and as in the proof of Lemma 3.5, there exists #; € [ty, 00) such that g(¢) > £y and

x(t)

[M} > o(t).

Then

x*(g(2)

W > ¢(t).

It follows that, for t > £,

(M (@)=)*

) z(o (2)).

284(t) < -@(0)q(t) -
By the Potzsche chain rule,

[t (o @)1 xl@)2, 0<ar <1,
a @2 @ @)A, a=1

((60)")" = {

If 0 < g <1, we have

Z22(t) < -¢(t)q(t) - axz(o(2) (xM(2)A (xm (a(t)))‘“.

pla () @)\ U@ )’
and if @y > 1, we have

() (o (1))
o) A 0O

22 < -Qut) —«

Since x!! is strictly increasing and x? is strictly decreasing, we get

K (O‘(t)) > xm(t) and (x[l] (t))A > (M)Myz‘

ra(2)

Then from (4.5) and (4.6) we obtain

A0 < -p(0a(0) - oy (027 (0(1) fort > 1.

Page 26 of 28

(4.5)

(4.6)

(4.7)

The rest of the argument is similar to that of previous results with R; is replaced by R, and

hence is omitted.
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