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Abstract

In this paper, we give improved results on the existence of positive solutions for the
following one-dimensional p-Laplacian equation with nonlinear boundary conditions:

@) +b(0glt,y(0) =0, 0<t<T,
Aigp(y(0) - By’ (0) =,
Aagply() + Bagppy (1) =0, y"(0)=0,

where @,(s) = [s|P2s, p > 1. Constructing an available integral operator and
combining fixed point index theory, we establish some optimal criteria for the
existence of bounded positive solutions. The interesting point of the results is that the
term b(t) may be singular at t = 0 and/or t = 1. Moreover, the nonlinear term g(t, y) is
also allowed to have singularity at y = 0. In particular, our results extend and unify
some known results.

MSC: 34B15
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1 Introduction
In this paper, we investigate the existence of positive solutions for the following one-
dimensional singular p-Laplacian equation with nonlinear boundary conditions:

(@) +b(t)g(t,y() =0, 0<t<l,
Mdp((0)) - B (¥'(0)) = 0, (1.1)
Ladp(y(D) + 2bp(y (1)) =0, y"(0)=0,

where ¢,(s) = |s|P~%s, p > 1, ¢, = (¢) 7, 117 + é =1,A1,42 >0, B1, 82> 0,b € C(0,1), b(t) may
be singular at ¢ = 0 and/or ¢ = 1. g € C([0,1] x (0, +00)), and g(¢, y) may be singular at y = 0.

Third-order p-Laplacian equations with nonlinear boundary conditions play an impor-
tant role in both theory and application. They have been paid much more attention to
over the years, see [1-9] and the references therein. They are often used to model various

phenomena in physics, biology, chemistry, and infections diseases in the positive energy
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problem. However, in various situations, including the cases just mentioned above, only
positive solutions are meaningful; one refers the reader to see [2—23] for some references
along thisline. That is why people are particularly interested in studying positive solutions.
The existence of positive solutions for p-Laplacian equation boundary value problems has
been studied by many authors applying various nice methods such as topological degree,
the Leray-Schauder continuation theorem, coincidence degree theory and so on (see [2,
4,5, 8-241]).
In [3], He and Ge studied the following nonlinear boundary value problem:

(¢p(y/)), + Q(t)f(t’y(t)) =0, 0=<t=<1,
¥(0) = &1(y(0)), y(1) + (/1)) =0.

Their main tool was the fixed point theorem in cones due to Krasnoselskii.
In [2], He studied the existence of double positive solutions for the following nonlinear
three-point boundary value problems:

(0p,(0)) +a@)f () =0, 0<t<l,
¥(0) = Bo(y'(n)) = 0, y(1) - Bi(y' (1) =0,

and

(0p(0)) +at)f () =0, 0<t<l,
¥(0)=Bo(»'(0)) =0,  y(1)—-Bi(y'(n) =0.

He employed a three-functional fixed point theorem due to Avery and Henderson.
Applying the fixed point theorem of cone expansion and compression of norm type, Su
et al. [8] presented the existence of multiple positive solutions of the following nonlinear

two-point boundary value problem:

W) +alt)f¥(t) =0, 0<t<l,
o, (9(0)) - By, (¥ (0)) = 0, Y ¥ (1) +8v,(y' (1)) = 0.

Gupta and Trofimchuk [4] established prior bounds and the existence of positive solu-
tions for the following boundary value problem:

y'(@) =f(ty@),y () +e(t), 0<t<l,
y0)=0,  y1) =" ayE)

where a; € R, 0 < & <& < --- < &5 <1, all a; having the same sign, « = ZTZII a; > 1,
Yy aiki #1.
Feng and Webb [11] considered the following boundary value problem:

y'(&) = f(t,9(t),y (8) +e(t), O0<t<l,
y©0)=0,  y1) =" apE).
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They presented the existence results with assumptions of nonlinear growth imposed on
the nonlinear term f.

Motivated by the results mentioned above, in this paper we study the existence of pos-
itive solutions for problem (1.1). We should also assert here that our results are new and
generalize the results in [1-3, 9-11].

The rest of the paper is organized as follows. In Section 2, we state some preliminaries
and several lemmas in this work. In Section 3, we give the main results as well as some
of their proofs. The existence of multiple positive solutions is obtained in Section 4. The
existence of infinite positive solutions is presented in Section 5.

2 Preliminaries
Definition 2.1 Let X be areal Banach space. A nonempty closed convex set P C X is called
a cone provided that

(i) y € P, x>0 implies Ay € P;

(i) ye P, —y € Pimplies y = 0.

Definition 2.2 Let X be a real Banach space and P be a cone in X. A mapping « is called
the nonnegative continuous concave functional on P if & : P —> [0, +00) is continuous and

a(At+(1-2)s) = ra(t) + (1 - Nals), st€P,re[0,1].

Definition 2.3 A nonzero solution is said to be a C[0,1] solution of problem (1.1). We
indicate a function y € C[0,1] N C3(0,1) satisfying problem (1.1) with y(¢) not identically
zero on (0,1). (¢) is said to be a C'[0,1] solution, we indicate that y' € C[0,1]. y(¢) is called
a positive solution of problem (1.1) if y(¢) is a solution of problem (1.1) and y(¢) > 0 for each
te(0,1).

Let X = C[0,1] be a Banach space with the norm ||y|| = supy,; [y(¢)],and let K = {y € X :
y(¢£) > 0,0 <t <1}. Then K is a positive cone in X. Throughout the paper, the partial or-
dering is always given by K. For the concepts and properties of Krein-Kutmann theorems
and fixed point index theory, one refers the reader to see [13] and [24]. For v € (0, %), let

P= {yeK: r[mln ]y(t) > v|lyll,and y(At + (1 - A)s) > Ay(e) + (1 - A)y(s),s,t € [0,1]}.
telv,l-v

Obviously, P C K C X. Denote P, = {y € P: ||yl <7}, 8P, = {y € P: |yll =1}, Prr = {y € P:
r<|yll <R} forany 0 <r <R < +00.
Throughout this paper, we suppose that the following conditions hold:

(A1) beC((0,1),[0,+00)), b(t) may be singular at £ = 0 and/or ¢ =1, b(¢) # 0 and
1
0< / b(s) ds < +00.
0

(A2) g(t,y) € C([0,1] x (0,+00); [0, +00)), g(¢,¥) may be singular at y = 0 and for any 0 <
r < R < +00 such that

lim sup /( )b(s)g(s,y(s)) ds =0,
E(n

n—>+00 =
yepr,R

where E(n) = [0, %] U [”7‘1,1].
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Remark 2.1 It follows from (A,) that

sup/ b(s)g(s,y(s))ds: sup/ b(s)g(s,y(s))ds+ sup/ b(s)g(s,y(s))ds
[0.1] E(n) [21-1]

Y Eﬁr,R y eﬁr,R y eﬁr,R

< +00.
Remark 2.2 It is easy to see ¢,(s) = |s|9-2s. In fact, from 117 + % =1, we can obtain
(9 p)(s) = |s|P 120D |07 = |50 = s,

Remark 2.3 By (A;), there exists ¢y € (0,1) such that b(¢y) > 0. Obviously, if g(¢, y) is non-
singular at y = 0, that is, g € C([0,1] x (0, +00), [0, +00)), then (A,) is satisfied.

Denote
. . gtu) . . gtu)
= lim min , = lim min ,
8o u1—>0 o<t<1l yp-1 8oo u—+000<t<1 pypP-1
t,u . t,u
¢° = lim max g(_), g% = lim max g ).
u—00<t<1 yP-1 u—>+000<t<1 yb-1

Lemma 2.1 Suppose that condition (A;) holds. Then there exists a constant v € (0, %) sat-
isfying

1-v
0< f b(s)ds < +o0.

Define a function f(t) on [v,1 - v] given by

f(t) = min{/vt/sg* qbq(/orb(x)dx) drds,/tlv li q)q(/.orb(x)dx) drds},

o* € (0,1).

Obviously, f(t) is a continuous and positive function on [v,1 — v] and has its minimum
and maximum on [v,1 — v]. Therefore, there exist positive constants m > M > 0 such that
m<f(t)<M,telv,1-v].

Lemma 2.2 ([13]) Let X be a real Banach space and P be a cone in X, with Q(P) being a
bounded open set in P, 6 € Q(P). Suppose that T : Q(P) — P is a completely continuous
operator. If there exists uy € P\ {0} such that u — Tu # puug, Yu € 0Q2(P), i > 0. Then the
fixed point index i(T,2(P), P) = 0.

Lemma 2.3 ([13]) Let X be a Banach space and P be a cone in X with Q(P) being a bounded
open setin P, 0 € Q(P). Assume that T : Q(P) — P is a completely continuous operator. If
Tu # nu, Yu € 9Q(P), n > 1, then the fixed point index i(T, 2(P), P) = 1.

Lemma 2.4 ([13]) Let X be a real Banach space and P be a positive cone in X. Let Q(P) be a
bounded open set in P with 6 € Q(P). Suppose that T : Q(P) — P is completely continuous
and satisfies the following conditions:
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(D) If N\ Tu| > |ull, Yu € 3Q2(P), then the fixed point index i(T, 2(P), P) = 0;
(i) If||Tull < ||ul, 6 € QUP), Yu € dQ2P), then the fixed point index i(T,2(P), P) = 1.

Lemma 2.5 Let a € L(0,1) be positive. Then the following boundary value problem

(¢p(v")) +alt)=0, 0<t<1, (2.1)
)¥1¢p(y ﬁld’p(y/ 0) r (2.2)
Azrbp(y(l)) + B (y' (1)) = 0, ¥"(0) =0,

has a unique positive solution which is given explicitly by

o - q’)p fo bq( [ alr) dr)ds)) fof q)q [y alx)dx)drds, 0<t<o",
¢>q( 2y [10 bq( [y alr)dr)ds) + [ [ dg([y alx)dx)drds, o <t<1.

Proof It follows from y/ (¢ ft &g fo x) dx) dr and boundary condition (2.2) that y'(0) >
0 and y(0) = ¢q ¢p()/ )>0,%'(1) <0, with y(1) = —¢q( ¢p()/ ))) < 0. Then there ex-

ists a constant o* € [0, 1] such that y'(0*) = 0.
Integrating (2.1) from O to ¢, we get

3,("(0) — by (y/(0)) = — /0 a(s) ds.

By making use of y”(0) = 0, we obtain

y'(t) = —¢, ( /0 a(s) ds>. (2.3)

Integrating (2.3) from ¢ to o*, we have

y/(a*) —9y/(t) = —/ta q)q(/o a(r) dr) ds

Since y'(0*) = 0, we know that

y(t) = / ¢q< /0 a(r)dr) ds. (2.4)

Thus

¥ (0) = /00 bq (/0 a(r) dr) ds. (2.5)

Integrating (2.4) from 0 to ¢, we obtain

y(2) —y(0) = /Ot/;* o </Ora(x) dx) drds. (2.6)
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In view of (2.5) and (2.6) together with boundary conditions (2.2), we have

(B = 5(0) + / t / " ¢q( / ra(x)dx) drds
—%(ﬂl y(0)> // ¢>q<f x)dx)drds
Bl o[ 404)2) [ [ {4}

Therefore

y() = ('Bl bp (/0 o </(; a(r) dr) ds))
+/0 /S qbq(/ora(x)dx) drds, te[0,0%]. (2.7)

Again, integrating (2.3) from o* to ¢, we see

YO -y (0") = f 6 (/0 a(r) dr> ds.

From y'(c*) = 0, we have

y(t) = —/* bq (Lsa(r) dr) ds. (2.8)

Then

1 s
y) = - f K ( /0 alr) dr) ds. (2.9)

Integrating (2.7) from ¢ to 1, we get

y(1) —y(t) = —/tl /Ui ¢q</0ra(x)dx) drds.
Thus
+ o ra x)dx | drds. (2.10)
J Lo f s

Using (2.9) and (2.10) together with boundary conditions (2.2), we obtain

/32 1 s < r )
=_ Ll dx | drd.
() ¢>q<k ¢>p(y(1)))+/t /a bq /o a(x)dx | drds
1 s
:¢q(ﬂ2¢p(/*¢q</(; a(r)dr)d8>)
' dx | drds, * 1. 211
+/t /<7*¢q(/o a(x) x) rds te[o ] (2.11)

From (2.7) and (2.11) we see that the results of Lemma 2.5 hold. So the proof is com-
plete. d
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For y € P, we now define the integral operator T': P\ {#} — P by

G0 Zt,(fy 9ol f; bg(r, (1)) dr) ds))
+f0tfg* ¢q( [, bx)g(x,y(x)) dx)drds, 0<t<o",
¢p(fa* ¢q(fo (r)g(r,y(r)) dr) ds))
+ fz I3 dq(fy b(x)g(x, y(x)) dx) drds, o* <t<1.

(Iy)) =

Lemma 2.6 Suppose that conditions (A,) and (A,) hold. Then T : P,r — P is completely
continuous, and the nonzero fixed point y € P, of T is a positive solution of problem (1.1).

Proof Firstly, we will show that T': P,z — P. By a simple computation, for any y € P, ¢, we
have

(T7)"(£) = —¢g( [y b(s)g(s,7(s)) ds) <0,
2y ((T9)(0)) = B1hp(T3)'(0)) = 0,
Rty (TY)Q)) + Bagyp(TH) (1)) =0, (Ty)'(0) =

that is, (7y)(¢) is a nonnegative concave function. We suppose that t = inf{¢ € [0,1] :
Supg<;<1 ¥(t) = ¥(¢)}. Now we shall make the following discussions.

Case (1) T € [0, v]. It follows from the concavity of y(¢) that each point on chord between
(z,y(1)) and (1, y(1)) is below the graph of y(¢). Thus, for any ¢ € [v,1 — v], we get

)2 30+ X1y
Z mH[(ﬂ =50, rq:ﬂﬂ+ﬂh—ﬂﬂ0_v_ﬂ
te[v,1-v] 1-7
T ) 2w,

1-7

which implies y(¢) > v||y|| for t € [v,1 - v].
Case (2) T € [v,1-v].If t € [v, T], we obtain

)2 5t + 120

(t—7) > min [y(r) +

= 2y + 2205000 = Zy(r) = vy(o),
T T

which implies y(¢) > v||y| for ¢t € [v, 7].
Ift € [t,1-v], we get

y(t) = y(r) + M(t_ 7)
-7
i - y( ) y(1) — y(7)
1—-v-—
- — E - T}/(l) t1 l) Ty(r) > %y(f) > vy(1),

which implies y(t) > v||y|| for ¢t € [t,1 — v]. Therefore, y(¢) > v||y|| for t € [v,1 - v].
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Case (3) T € [1 - v,1]. By the same argument, for ¢ € [v,1 - v], we have

)2 50+ 20y
> min ][y(r)+y( )=5(0), )}
iy X );y(O) o)
> Zy(r) 4 - 2 5(0) > %y(f) > vy(7),

which implies y(t) > v||y|| for t € [v,1 - v]. Using the above discussions, one can get y(£) >
v|ly|l for ¢ € [v,1-v]. Thus TP,x C P.
Next, for any 0 < r < R < +00, we will show

sup /: b(s)g(s,y(s)) ds < +00, (2.12)

yEHﬁhR

which implies that 7: P\ {0} — P is well defined.
From (A;) and Remark 2.1, for any 0 < r < R < +00, there exists a natural number k such
that

sup / b(s)g(s,y(s)) ds < 1. (2.13)
E)

y€P, R

Thus

1-v

1
sup b(s)g(s,y(s)) ds < sup / b(s)g(s, y(s)) ds < +oc.
0

yePpr Vv y€P, R

For any y € 9P, let y(ty) = max,e[oq |¥(t)| =7, to € [0,1]. Denote

1, telab],
XElap)(t) =
0, t¢]la,b]

is the eigenvalue function of the set E[a, b] = {¢ : a < ¢ < b}. It follows from the concavity
of y(¢) on [0,1] that

rt r
() = — XE0,601 (1) + (1= ) xEron(2)
Lo Lo

1 —
> rtXE0,6](8) + (1 = £) XE(20,11 (£). (2.14)

Consequently, from (2.14), we have

Kk

|~

1 k-1
<y()<r<R foranyte |: :| (2.15)
Denote

— 1 k-1 r
G-= max{g(t,y) : (t,y) (S] |:E, Ti| X [%,R]}. (2.16)
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It follows from (A7) and (A,) with (2.13)-(2.16) that

1
sup / b(s)g(s,y(s)) ds < sup/ b(s)g(s,¥(s)) ds
5. o JE®K)

yeal_)r,R 0 YEIP R
k-1

+ sup ﬁk b(s)g(s,y(s))ds

yedPrr Y x
ol
<1+ G/ b(s)ds < +o0. (2.17)
0
Thus (2.12) holds. It also implies that 7 : P,z — P is well defined and T(Q) is uniformly
bounded for any bounded set Q C ﬁ,,R.

Now, we prove that for any 0 < 7 < R < +00, T(P,.z) is equicontinuous. In fact, from (A,),

for any ¢ > 0, there exists a natural number k¢ such that

sup b(s)g(s, y(s)) ds < ¢, (Z)

yeP, g ¥ E(ko)
Let
o 1 k
- r
G= ]r(nélx{tpq(/;o b(x)g(x, y(x)) dx) (t,y) € |:ko’ Oko i| x [k—O,R]}.
Then
ko-1
* bwg(x () dx < ¢,(G).
%

For the above ¢ > 0, take 0 < § < —»Gg— such that for any ¢,¢” € [0, 1] satisfying |[t' —¢"| < §
+&

and for any s € [~ L koo ], we have

(Ty)(¢) - (Ty) (")

¢q ( / )g (%, y(x)) dx) drds

&g ( /‘lW b(x)g(x, y(x)) dx) drds

qﬁq(/ b(x)g(x, y(x ))dx) drds

Gdrds +2 —drds
~| 1 2.¢ & % 2t
G—5<o Pl |+ s ot -5l
’él(/ //)(2 * / " el ’ " * / "
5 o—t—t)+—§(t—t)(2o —t ")
<G- AS +§- Ag §£+£=8.
2G+¢e 2 2G+¢e 2 2
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This implies that 7'(P, z) is equicontinuous. Thus, by the Ascoli-Arzela theorem, we know

that T': P,z — P is compact.
Finally we show that T : P,z — P is continuous. Suppose that y,,yo € P,z and |y, —
Yoll = 0 (n — o00). Then r < |ly,|| < Rand r < |lyo|| < R. For any ¢ > 0, by making use of

(A,), there exists a natural number 7 > 0 such that

2 fo oo, poeerna)e))
[ el st a) e

< 2 fori=1,2. (2.18)

On the other hand, from (2.15), we have

1 no — ].}

r
— <yu(t) <R, te[
o l’lo no

Since g(t,) is uniformly continuous on [%, "%1] X [%,R], we have

1 [¢(5.,(9) - ¢(5.009) | -

= 1] Then the Lebesgue dominated convergence theorem

holds uniformly on s € [n1
yields that

np-1

* bis) lg(5,74(9)) —g(s,70(8))|ds > 0 (11— 00).

no

Thus, for the above ¢ > 0, there exists a natural number N, for any # > N, we have

np-1

¢q(ﬁ’¢p([ ¢q( / " b g 3n) g 300 )|dr)ds))

0

//¢q(/ ”0 b(x)\g(x,yn x)) (x,yo(x))‘dx>drds

< % fori=1,2. (2.19)

It follows from (2.18) and (2.19) that for any n > N, we see

1
||Tyn—Tyo||§2¢q<ﬁ l¢p( fo ¢q( fE ( )b(V)’g(V»J’n(f))—g(V»)/o(V))|dr> ds))

+ 2/(‘) /0 ®q (/ b(x)|g(x,yn(x)) —g(x,yo(x))|dx) drds

E(no)

no—

+¢q<ﬁ l@( / ¢q( [, b0t - (’”’J’O(V))|dr> ds>>

no
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np-1

1 1 o
o ¢>q< /, b(x)|g(x,yn(x))—g(x,yo(x))|dx>drds

no

<2-—4+—=¢ fori=1,2.

| ™
N | ™

This implies that T : P,z — P is continuous. Thus T : P,z — P is completely continuous.

Obviously, if 7 has a nonzero fixed point y # 0, then y € C[0,1] N C3(0,1) and satisfies
problem (1.1). On the other hand, by the maximum principle, we see that y(¢) > 0, ¢ € (0,1).
Hence y is a positive solution of problem (1.1). This completes the proof. d

3 The existence of at least one positive solution
For convenience, we let * and w, be positive constants satisfying o* > # and

1
max{(1+ ¢q(2))gy (2 [y () dr), (1 + $g(2))y(2 [, b(r) dr)}

O<wy=

Thus, for any positive constants /, L, 7, R satisfying w* </ < +00,0<L<w,and 0 <7 < R<

+00, we have the following theorems.
Theorem 3.1 Suppose that conditions (A1) and (A;) hold. In addition, assume that

By t<gty), @ty el0,1]xvi?] and

gt,y) < (LR, (6y) €[0,1] x (0,R].
Then boundary value problem (1.1) has at least one positive solution y satisfyingr <y < R.

Proof From the first part of (3.1), g(¢,y) > (I7)*7L, for (¢,y) € [0,1] x [vF, 7], let ¥ =1. We
prove that

y#Ty+uy foryedP;and pu > 0. (3.2)

If not, there exist yo € 0P; and 1o > 0 such that yo = Tyo + o Let u* = minsejo1) yo(2).
Then, for ¢ € (0,0*), we have

Yo(2) = Tyo(£) + 1o

o[ [vtir)9)
+ fo t / " b, ( [0 " bx)g(x0() dx> drds + o

- [ t / : ¢q( [ bwrgtanie) dx) drds + g

> (1?)/;/50* ¢q</0rb(x)dx) drds + o

> (Ir) ‘/;t /SU* ¢q</0rb(x)dx) drds + o

> (INf(t) + po = (IPym + o >7 = |lyoll > ™.
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On the other hand, for ¢ € [6%,1], by the same argument, we have

Yo(2) = Tyo(t) + o

> /tl /(: o (/Orb(x)g(x,y(x)) dx) drds + po
> (l?)/lfi (bq(/rb(x)dx) drds + 1o
> (Ir) / / ¢q</ dx) drds + |t

> () + po = (IP)m + o > 7 = [lyll > n*.

From the above discussions, we see yy > u*, which implies ©* > u*, a contradiction with
the definition of «*. Thus, we know that (3.2) holds. It follows from Lemma 2.2 that

i(T,P;,P) = 0. (3.3)

Without loss of generality, we may assume that 7 has no fixed point on dP; and 9P3.

Now we prove that
Ty#ny, VyedPpn=1l (3.4)

In fact, if not, there exist y; € 0P and n; > 1such that Ty, = n1y1. Let y5(¢) = min{yl(t),j?\},
thus y5 € 0P;. Thus, for ¢ € (0,0*), we have

1
—_
M1

so( 2o : o [ o)) as) )

+ %1 /0 t f " ¢q< [0 b)g (1) dx) drds

<o,( 2 [ 060N ar) s on( [ 9026 ar)
- <1+¢q( )) / b () dr
([0

~ 1 _
< a)*-R~w—*=R= ||yi‘”

Y1

On the other hand, for ¢ € [6%,1], by the same argument, we have

1
= Ty1
N1

(B [Lof [ rounonar)as))
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- 1 [ 4 ( [ b0 dx) drds)

1 1
< ¢q<f—z/(; b(r)g(r,yl(r)) dr) + ¢y (/o b(r)g(r,yl(r)) dr)

1

= <1+¢q(f—z>>/(; b(r)g(r,yl(r))dr
1

5Lﬁ(1+¢q<f—j)>¢q</o b(r)dr)

~ 1 =~
< a)*'R~w—*:R: loill-

The above discussions imply that ||y || < [ly5|l, a contradiction with the definition of y}.
Therefore (3.4) holds. It follows from Lemma 2.3 that

i(T,Pg,P) =1. (3.5)
From (3.3) and (3.5) together with the properties of fixed point index, we have
i(T,P;3,P) =i(T, Py, P)—i(T,P;,P)=1-0=1.

Thus T has at least one positive fixed point ¥ in P; 3, which means that problem (1.1) has

at least one positive solution J satisfying # < J < R. This completes the proof. O

Theorem 3.2 Suppose that conditions (A1) and (Ay) hold. In addition, assume that the
following conditions hold:

(Hi) 0<g®<(%)y,
(Hy) (“’T*)-‘”‘1 < Goo < +00.

Then problem (1.1) has at least one positive solution.

Proof From (H,), for any 0 < & < (4)?™' — ¢°, there exists a sufficiently small positive con-
stant r; such that 0 < y <, for any ¢ € [0,1], we have

p-1
gty <y g +e) <y”_1<%> » (6y) €[0,1] x (0, r]. (3.6)

Since y'(0*) = 0, we find that

ol ([ rne)9)
+ /0 /S ¢>q< /0 b(x)g(x, y(x)) dx) drds
1 s
ol [wt04)9)
o[ [ ool [ gt an) v 57
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Thus, from (3.6) and (3.7), we obtain

Iyl = (Ty)(0™)

< %(ﬁ ! ¢p( / 44 ( / bg(r () dr) ds)>

/ / ¢q( / bx)g x,y(x))dx)drds
_ qsq(ﬁ’ /0 b (r3(0) dr) + 4, ( / gl y) dr)
(1+¢q( ))%(/ b)) d )
(ool

[} r .
CWy=— <71 = fori=1,2.
5 v =5 <N Iyl

A

Indeed, in view of Lemma 2.4, we deduce
i(T, Py, P) = 1. (3.8)

Next from (H;), for any 0 < ¢ < g5 — (“’T*)p‘l, there exists a sufficiently large positive

constant R* such that for any y > R*, we have
£3) = @G-8y, y=Ree(0,1]. (3.9)
Choose R; = max{2r, %}, and let ¢(¢£) =1, t € [0,1]. Then R; > r; and ¢ € dP;. Obviously,
@(t) € Pr, \ {0}
In the following we prove that
y#Ty+ e foryedPg and u > 0. (3.10)
Otherwise, there exist yy € 9P, and 11 > 0 such that yo = Ty + po. Let £ = min{yo(z) : t €

[v,1-v]} and notice that for any ¢ € [v,1—v], we have minse[,,1-0] ¥(£) > v|yo|l = VR > R*.

Consequently, from (3.9), for any £ € [v,1 - v] and 0 < £ < 0¥, we have

Yo(t) = Tyo(t) + oe(t)

ol ([ smire)e)
s ¢q( [ b0t uto) ) s

> fo / . ¢q< [ gt dx) drds + g

L A e
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* ¢ o* "
- o[ s
v s 0

>0 E-fO)+ o=@ - E-m+puo>E +po>E. (3.11)

On the other hand, by the same argument, for ¢ € [0*,1] and ¢ € [v,1-v], from (3.9) and
(3.7), we have

Yo(t) = Tyo() + oe(t)

o0 Lan( [ o0 [ s ar) a5))
+Lﬁ£%([%%@%mM0mﬁ+m

> /tlfa %(/orb(x)g(x,yo(x)) dx) drds +

= [ [ o[ 0 (222) ) s

> m/tl_vf(;%(/orb(x)dx)drdsw()

> & fO)+po =@ - E-mtpo>E+po>E. (3.12)

From (3.11) and (3.12), we easily obtain & > &, a contradiction with the definition of £. From

the above discussion we see that (3.10) holds. It follows from Lemma 2.2 that
i(T,Pg,, P) = 0. (3.13)
From (3.8) and (3.13) together with the properties of fixed point index, we have
i(T, Pz P) = i(T, Pp,, P) — i(T,P,,P) =0 —1 = —1.

Thus T has at least one positive fixed point y* in P,, z,, which means that problem (1.1)

has at least one positive solution y* satisfying r; < y* < Ry. This completes the proof. [

Theorem 3.3 Suppose that conditions (A1) and (A,) hold. In addition, assume that the
following conditions hold:

(Hs) (£)! < go < +00,
(Ha) 0<g™ < ()P

Then problem (1.1) has at least one positive solution.

Proof From (Hs), forany 0 <& < g — (“’T*)P‘l, there exists a sufficiently large positive con-

stant r, such that for any ¢ € [0,1] and 0 <y < r;, we have

*

p-1
gmwz%—mfb(%) ¥ (ty) €[0,1] x (0,73].
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Thus, for any y € aP,,, we get

*

p-1
® -
a6y = (7) P @)l () €[0,1] x (0],
Let ¢ =1. Now we prove that
y#Ty+pne foranyye dP, and u > 0. (3.14)

Otherwise, there exist yo € dP,, and o > 0 such that yo = Ty + po@. Let ¢ = min{yy(t) :
€ [v,1-v]}, thenforany ¢ € [v,1-v] and 0 < £ < c*, we have

Tyo(t) + wop(?)

¢q('31 by (fo q(/s b(r)g(r,y0(r)) dr) ds))
/ / ¢q(/ (x,yo( )) dx) drds + o

/ / ¢>q</ b(x) (x,yo(x)) dx) drds + g

> /0 /SG ¢q</0’b(x)(w*+o(x))p‘ldx> drds + 1o

> M/v[/f* ¢q(Arb(x)dx> drds + o

>0 fB)+ o=@ L -m+ o>+ o >¢. (3.15)

Yo

On the other hand, by the same argument, for ¢ € [0%,1] and ¢ € [v,1 -], from (3.9), we
have

Yo = Tyo(t) + moep(t)

%(’3 4, ( [ 0, ( [ “br)g(r,300) dr) ds))
+/¢ /Gi q’)q(/(;rb(x)g(x,yo(x)) dx) drds + uo
> /tl /Gi ?q (/Orb(x)g(x,yo(x)) dx> drds + 1o
z/lfiqsq(/ bix )(“’ y°(")) dx)drds+,u,0
> w v||)’0|| /1 v/ ¢q</ dx>drds+uo

> ft)+ o> L -m+ o >C + o> (3.16)

From (3.15) and (3.16), we easily obtain ¢ > ¢, a contradiction with the definition of ¢.
From the above discussion we see that (3.14) holds. It follows from Lemma 2.2 that

i(T,P,,,P) =0. (3.17)
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Next from (Hy), for any 0 < &; < (%)”‘1 — g%, there exists a sufficiently small positive
constant R, such that y > R,, ¢ € [0,1], we have

p-1
2(t,9) <Y H(goo + €) < yp-l<%) . (t,9) €[0,1] x [R., +00).

Let M = SUD,ypp, fol b(s)g(s,y(s)) ds. Then M, < +0o by (2.12). Take

R >max{R o (2 )( My \7 (3.18)
2 % 2 (,()_* W) } .
0

Notice y € 9Py, implies that y(t) < ||ly|l < R,.In addition, for any y € dPz,,let D[y] = {t €
[0,1] : y > R,}, then for any ¢ € D[y], clearly, R, <y < ||ly|l = Ry. Let y1(¢) = min{y(¢), R,},
then y; € 9Pz, . Thus, for any y € dPg,, from (3.7) and (3.18), we have

Iyl = max (Ty)(®) = (Ty)(c”)

i 1 1
ool o{ [}
1 1 1
+ /0 /0 ¢q( _/0 b(x)g(x,y(x))dx>drds

oort 1
= ¢q<%./o b(r)g(r,y(r)) dr) + ¢y (/o b(r)g(r,y(r)) dr)

=

=

/ b(r)g(r,y(r)) dr + f b(r)g(r,y(r)) a’r)
Dyl [0,1]\D[y]

o

o

Jol | lb(r)(%yo«))pl ar+ | be(ry) ar)
Jol [ (50)

o

o

Rl R S

=

p-1 1
(%Rz) 2 /0 b(r)dr)

1
) . R
)¢>q<2/ b(r)dr) %Rz < 72 <Ry=|yll fori=1,2.
[ 0

=

N— N T T T N

|
N
—
+
<
BN
VR
2=

Therefore || Ty|| < |||l for any y € dPg,. It follows from Lemma 2.4 that
i(T,Pg,,P) = 1. (3.19)
From (3.17) and (3.19) together with the properties of fixed point index, we have

i(T, Py, p,,P) = i(T, Pg,,P) — iT,P,,,P)=1-0=1.
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Thus T has at least one positive fixed point y** in P,

4Ry With 1y < 9™ < R,. Therefore

y** is a positive solution of problem (1.1). This completes the proof. d
4 The existence of multiple positive solutions
Theorem 4.1 Suppose that conditions (A1) and (A;) hold. In addition, (H,) and (Hy) hold,
and there exists a positive constant r§ > 0 such that

gt,y) > (lrg)p_l, vry <y<rg,0<t<l (4.1)

Then problem (1.1) has at least two positive solutions.

Proof It follows from (H;) that there exists a positive constant r{ satisfying 0 < r{ <1}
such that

p-1
g(t,y)f(%y) , 0<y<ri0<t<l (4.2)

By making use of (Hy), there exists a positive constant r; satisfying r; > r§ > 0 such that

p-1
gty) < (%y) , ¥y=r,0<t<l (4.3)

Without loss of generality, we may assume that T has no fixed point on 9P,y and 9Py;.
From (4.2)-(4.3) with the corresponding proofs in Theorems 3.2 and 3.3, respectively, to-
gether with the permanence property of fixed point index, we have

i(T, Py, P) =1 (4.4)
and
i(T, Py, P) =1. (4.5)
For any y € 9P, by the concavity of function y(¢) for ¢ € [0,1], we easily get 0 < v|ly|| <
y(t) < llyll =y, t € [0,1]. Thus, for any y € 9P, in view of (4.1) and the corresponding
proof in Theorem 3.1 together with the permanence property of fixed point index, we
have
i(T, Py, P) = 0. (4.6)

From (4.4) and (4.6) together with the properties of fixed point index, we obtain

i(T;Pri‘,réxp) = l(T)PrSyP)_l(T7Prf:P) =0-1=-1,

i(T,Prg,r;,P) = i(T,Pr;,P) - i(T,Pré,P) =1-0=1

Hence, T has at least two positive fixed points in Py ,x and P, ,+, respectively. Therefore,
problem (1.1) has at least two positive solutions. This completes the proof. 0
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Theorem 4.2 Suppose that conditions (A;) and (A3) hold. In addition, (H,) and (H3) hold,
and there exists a positive constant r§ > /"1 such that

v(l-v)

p-1
gty) < ( ) , O0<y(t)<75,0<t<], (4.7)

where Ty = max{(1 + ¢,(2))g, (2 [y b(r) dr), (1 + ¢g(£2))$(2 [y b(r) dr)}.
Then problem (1.1) has at least two positive solutions.

Proof It follows from (Hj) that there exists a positive constant 7} > 0 satisfying 0 < 7 <
+/T'1 such that

p-1
g(t,y)z(%y) , O<y<#,0<t<l (4.8)

By making use of (Hy), there exists a positive constant 75 > 75 > 0 such that

p-1
g(t,y)2<%y> , y>vis,0<t<Ll.

Then, forany y € 8P;§ , we have

p-1
Wy s
g(try) Z (Ty) ’ J’ Z Urg = V||)/||,t € [V’I_ ‘)]' (4'9)

It follows from Lemma 2.6 that T': ﬁ;f,;gk —> Pisacompletely continuous operator. Now
we extend the operator 7, still denoted by 7', then T': P;x — P is completely continuous.
Without loss of generality, we may assume that 7" has no fixed point on 3P+ and 9Py;. From
(4.8) and (4.9), the corresponding proofs in Theorems 3.2 and 3.3, respectively, together
with the permanence property of fixed point index, we have

i(T, Py, P) = 0 (4.10)

and
i(T, Py, P) = 0. (4.11)
Choose /T1 <75 <7 Forall y € dP;s, by the concavity of function y(£) on (0,1), we

see y(t) = v||y|l for t € (0,1) and 0 < y(¢) <75 <71} for ¢ € (0,1). It follows from (4.7) and
NAS 3P;>2v that

1-— p-1 1— p-1 1
g(ty®) < (u(y(t)u)> E (u(Hy”Uu)) = for ¢ € (0,1).

Therefore, for any y € 9Py, we obtain

1731l = max (Ty)(z) = (Ty) (o)

‘ 1 1
= ¢q<%¢p </0 b4 (/0 b(r)g(r,y(r)) dr) ds))
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/ / ¢q( / () x,y(x))dx)drds
¢< /br)g , (r))dr>+¢q</ brg(ry(r) d )
(a8 e
a0
(ool ([0

< = -I1<# =yl fori=1,2.
’"2

A

Thus | Ty|| < ||y|| for any y € dP;s. From Lemma 2.5 we have
i(T, P, P) =1. (4.12)

By making use of (4.10) and (4.11) with (4.12), combining the properties of fixed point

index, we have

i(T, Psy 35, P) = i(T, Psy, P) = i(T, Py, P) = 1~ 0 = 1,

i(T,P;;);;,P) = i(T,P;;,P) - l'(T,P;;,P) =0-1=-1.

Hence, T has at least two positive fixed points in Py 5 and Py 5, respectively. Therefore,
problem (1.1) has at least two positive solutions. This completes the proof. 0

5 The existence of infinite positive solutions
Now we shall discuss the existence of infinitely many positive solutions. For convenience,
we make the following assumptions:

(A]) There exists a nonincreasing sequence {t,}52; such that 0 < £,,1 < &t < %,
lim,, o0 £, = £ > 0, with lim,_,,, b(¢) =00, n=1,2,...,and 0 < fo t) dt < +00. More-

over, b(t) does not vanish identical on any subinterval of [0,1].

Theorem 5.1 Suppose that conditions (A}) and (Az) hold. Let {vi}32, be such that vy €
(tret tx) (k=1,2,...). Let {ri}32, and {Ri}32, be such that viry < ri < Ry, k =1,2,.... For
each natural number k, we assume that g satisfies

(E1) g(t,y) = Ur)P™, (t,9) € [0,1] x [verk, Rel;
(E2) g(t,y) < (LR, (£,9) € [0,1] x (0, Re].

Then boundary value problem (1.1) has infinitely many positive solutions {yi}32, such that
lykll is between ri and Ry, k =1,2,....

Proof From (A]), we know that £y < fgs1 < Vi < I <3 1 k=1,2,...,then for anyk e N,y e P,
we have

y@&) = vellyll,  t e [ve,1—wl. (5.1)
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We easily know that {P,, }22, and {Pg, }22, are subsets of P. For a fixed k and for any y € P,,,
from (5.1) we have y(£) > v||ly|l = vkrx, t € [vi, 1 — vi]. For [t1,1 — 1] C [vi, 1 — vi] C [0,1],
let ¥ = 1. We prove that

y#Ty+py foryedP, and u>0. (5.2)

If not, there exist yo € 9P, and 1o > 0 such that 3o = Ty + po¥. Let u* = minseo,1) Yo (£).
Then, for ¢ € (0,0*), we have

Yo(t) = Tyo(t) + 1o

> /t/G* o (/rb(x)g(x,jio(x)) dx) drds + 1o
> (Iry) / f ¢q(f dx) drds + o
> (Ire) / / ¢q(/ dx) drds + |t

> (lrk)/t1 /SG ¢q</0rb(x)dx> drds+ o

= (Ir)f () + o = (Uri)m + o > ric = [1yoll > p.
On the other hand, for ¢ € [0%,1], by the same argument, we have

Yo(t) = Tyo(t) + 1o

fquq(f g (%, 5o (x ))dx)drdsw()
> ””‘)/t f %(/Jb(x)dx) drds + 1o
= ) [ o [ i¢q( / rb(x)dx>drds+uo
=0 [ [ [ o) drds s o

> (I )f (@) + o = Uriym + o > rie = 190l > ™.

From the above discussions, we see o > u*, which implies ©* > u*, a contradiction with
the definition of ©«*. Thus, we know that (5.2) holds. It follows from Lemma 2.2 that
i(T,P,,P) =0. (53)

Without loss of generality, we may assume that T has no fixed point on 9P, and 0Pg,.

Now we prove that

Ty #ny, Vy€oPg,n=1 (5.4)
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In fact, if not, there exist 1 € dPg, and 7; > 1 such that Ty = 715. Let yj(¢) =

min{y1(£), Ri}, thus 3 € 9Pz, . Thus, for ¢ € (0,0*), we have

1
1 < ¢q<%/o b(r)g(r,jzl(r)) dr)
1
vou( [ oin) )
<1+¢q( >>/ b(r)g r,yl(r))
< LRy <1 + ¢q(l31 >)¢q (/ b(r) dr)
0

1
<on R == |5

On the other hand, for ¢ € [6%,1], by the same argument, we have
1
n= %(f—j/o b(r)g(r,51(r) dr)
1
+ ¢y </ b(r)g(r,jll(r)) dr)
(1 +¢q<l32>) / (r)g(r,jll(r)) ar
A2 0
1
< LR <1 + ¢q(’32)>¢q (/ b(r) dr)
0

1 -
< a)*~Rk~w—:Rk: ||yf||
%

The above discussions imply that ||| < |5, a contradiction with the definition of 7.

Therefore (5.4) holds. It follows from Lemma 2.3 that

i(T,Pg,, P) = 1.

From (5.3) and (5.5) together with the properties of fixed point index, we have

i(T, Py, P) = i(T, Pg,, P) — i(T, Py, ,P) =1-0 = 1.

(5.5)

Thus T has at least one positive fixed point yx in P, ., which means that problem (1.1)

has at least one positive solution yy satisfying rx < yx < Ri. From the randomness of k we

see that Theorem 5.1 holds. This completes the proof.

Theorem 5.2 Suppose that conditions (A]) and (Ay) hold. Let {v}
(trats tr) (k= 1,2,...). Let {ri}32, and (Ri}32, be such that viry < 1 < Rg, k=1,2,....

each natural number k, we assume that g satisfies

(E3) 0<g®<(5)™,
(Eq) (Vk)p < goo < +00.

O

2, be such that vy €
For
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Then boundary value problem (1.1) has infinitely many positive solutions {yi}32, such that
lykll is between ri and Ry, k =1,2,....

Theorem 5.3 Suppose that conditions (A}) and (A,) hold. Let {v}32, be such that vy €
(trer tx) (k=1,2,...). Let {ri}32, and {Ri}32, be such that viry < ri < Ry, k =1,2,.... For

each natural number k, we assume that g satisfies

(Es) (‘ﬁ—:)"'l < go < +00,
(Ee) 0<g™ < ().

Then boundary value problem (1.1) has infinitely many positive solutions {yi}32, such that
lykll is between ri and Ry, k =1,2,....
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