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Abstract

We investigate the hyper-order of solutions of two class of complex linear differential
equations. We investigate the growth of solutions of higher order and certain second
order linear differential equations, and we obtain some results which improve and
extend some previous results in complex oscillations.
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1 Introduction and results

We shall assume that reader is familiar with the fundamental results and the standard
notations of the Nevanlinna value distribution theory of meromorphic functions (e.g. see
[1, 2]). In this paper, we use p(f), T(f) to denote the order and type of an entire function
f(2), use A(f) (A(f)) to denote the exponent of convergence of zeros (distinct zeros) of f(z),
and use py(f) to denote the hyper-order of f(z) (see [3]), which is defined to be

— loglog T'(r,f)
P{f) = i logr ’
The hyper-exponent of convergence of zeros and distinct zeros of f(z) are, respectively,
defined to be (see [4])
— loglog T'(r,f) - — loglog T'(r,f)
m——>" —_—

1 , Ao(f) = i
rioo logr 2(f) r—lglo logr

Aa(f) =

In addition, we use M to denote a positive constant, not necessarily the same at each oc-
currence. We denote the linear measure of a set E C (0, +00) by mE = [, dt and the loga-
rithmic measure of E by m,E = [, dt/t, respectively. The upper and the lower logarithmic
density of E are defined by

=— m(EN[L,r]) my(EN[1,r])

logdensE = lim , logdensE = lim
r—00 logr —— r—00 10g r

For the second order linear differential equation

f"+A@f +B)f =0, (1.1)
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where A(z) and B(z) # 0 are entire functions of finite order, it is well known that every
solution f # 0 of (1.1) is of infinite order if p(A) < p(B) or p(B) < p(A) <1/2 (see [5-7]).
For the case of p(A) > 1/2 and p(B) < p(A), the possibility of solutions of infinite order
of (1.1) remains open, many authors have studied the problem (e.g. see [8—11]). In 2000,
Laine and Wu proved the following.

Theorem A (see [10]) Suppose that p(B) < p(A) < oo and that T(r,A) ~ logM(r,A) as
r — 00 outside a set of finite logarithmic measure. Then every nonconstant solution f of
(1.1) is of infinite order.

For the higher order linear differential equation
FO 4 A @Y 4+ Ag(2)f = F(2), (1.2)
there are similar results as follows.

Theorem B (see [12]) Let Aj(z) (j = 0,...,k — 1), F(2) # 0 be entire functions. Suppose
that there exists some d € {1,...,k — 1} such that max{p(F), p(4;) :j #d} = p < p(Ag) < o0
and T(r,Ag) ~1ogM(r,Az) as r — 00 outside a set of upper logarithmic density less than
(0(Ag) = p)/p(Ay). Then every transcendental solution f(z) of (1.2) satisfies A(f) = A(f) =
p(f) = oo.

Theorem C (see [12]) Let Aj(z) (j=0,...,k—1), F(z) = 0 be entire functions. Suppose that
there exists somed € {1,...,k—1} such that max{p(4;) :j #0,d} < p(Ao) < % and that A(z)
has a finite deficient value. Then every solution f(z) % 0 of (1.2) satisfies p(Ao) < pa2(f) <
p(Aa).

Then a natural question is: Can we estimate the hyper-order of the solutions of (1.1) and
(1.2) under the same condition in Theorems A and B? And: Can we estimate the hyper-
order of the solutions of (1.2) in Theorem C if p(A¢) > %? Theorems 1.1 and 1.2 below give
answers to the above questions.

At the same time, many authors have investigated the growth of solutions of (1.1) and
its non-homogeneous linear differential equation

f"+AQR)f +B)f = F(z), (1.3)
when p(A) = p(B) and obtained the following results.

Theorem D (see [8]) Let P(z) and Q(z) be nonconstant polynomials such that P(z) = a,z" +
12"+ v @z + ag, Q2) = by + by 12" + -+ + biz + by for some complex numbers
a;, b; (i=0,...,n) with a,b, #0 and let A1(z) and Ay(z) # 0 be entire functions satisfying
p(A1) <nand p(Ao) < n. Then the following statements hold:

(i) Ifeither arga, # argbh, or a, = cb, with 0 < ¢ <1, then every nonconstant solution f

of
[+ A12)e"Pf + Ag(2)e?Pf = 0 1.4)

has infinite order with p(f) > n.
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(i) Leta, =b, and deg(P — Q) =m > 1, and let the orders of A1(z) and Ay (z) be less
than m. Then every nonconstant solution f of (1.4) has infinite order with p,(f) > m.
(iii) Let ay, = cby, with ¢ >1 and deg(P — cQ) = m > 1. Suppose p(A;) < m and
0<p(Ag) < % Then every nonconstant solution of (1.4) has infinite order with
p2(f) = p(Ao).
(iv) Let a, = cb, with ¢ >1 and let P — cQ be a constant. Suppose that p(A1) < p(Ag) < %
Then every nonconstant solution of (1.4) has infinite order with p,(f) > p(Ao).

Theorem E (see [13]) Let a, b be nonzero complex numbers and a # b, Q(z) be a noncon-
stant polynomial or Q(z) = h(z)e??, where h(z) # 0 is a polynomial. Then every solution
f # 0 of the equation

"y eazf/ + Q(Z)f =0 (15)
has infinite order and p,(f) = 1.

Theorem F (see [14]) Suppose that Ag # 0, Ay # 0, F are entire functions of order less
than one, and the complex constants a, b satisfy ab # 0 and b # a. Then every nontrivial
solution f of

[+ A12)e“f + A(2)e”f = F(z) (1.6)
is of infinite order.

Theorem G (see [15]) Let P(z) = a,z" + -+ + ag, Q(z) = b,z" + - - - + by be polynomials of
degree n > 1 where a;, b; (i = 0,1,...,n) are complex numbers, and let Ay(z) # 0, A1(z) #0,
F(z) be entire functions with order less than n. If a,, # b,, then every solution f # 0 of

[+ A12)e"Pf + Ao (2)e?Pf = F(z) 1.7)

is of infinite order. Furthermore, if F(z) # 0, then every solution f of (1.7) satisfies A(f) =
M(f) = p(f) = oo.

Theorem D left us a question: Can we have p,(f) = n (n is a positive integer) for every
nontrivial solution of (1.4) if a,, # b,,? Theorem E tells us that the question holds if n = 1.
Many authors investigated the above question but none of them solve the question com-
pletely, and Theorem 1.3 completely solves this question. In the following, we give our
results.

Theorem 1.1 Let A; (j = O0,...,k — 1), F(2) be entire functions. Suppose that there exists
somed € {1,...,k — 1} such that max{p(4;), p(F):j #d} < p(As) < 00, max{t(4)) : p(4)) =
p(Ag), T(F)} < 1(Ay) and that T(r,A) ~log M(r,A,) as r — oo outside a set of r of finite
logarithmic measure. Then we have:
(i) Every transcendental solution f of (1.2) satisfies po(f) = p(A4), and (1.2) may have
polynomial solutions f of degree < d.
(i) IfF(z) # 0, then every transcendental solution f of (1.2) satisfies
2a(f) = 22(f) = p2(f) = p(Aa).
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(ili) Ifd =1, then every nonconstant solution f of (1.2) satisfies pa(f) = p(Ay1).
Furthermore, if F(z) # 0, then every nonconstant solution f of (1.2) satisfies
Xa(f) = 2a(f) = p2(f) = p(A1).

Theorem 1.2 Let A; (j=0,...,k—1), F(z) = 0 be entire functions satisfying max{p(4;) : j #
0,d} < p(Ao) < p(Ay) < 00. Suppose that T(r,Ag) ~log M(r,Ao) as r — oo outside a set of
r of finite logarithmic measure and that A, has a finite deficient value. Then every solution

£ #0 of (12) satisfies p(Ao) < pa(f) < p(Aa).

Theorem 1.3 Let P(z), Q(z), Ao(z), A1(z), F(z) satisfy the hypotheses of Theorem G. Then
we have:
(1) Ifa, # by, F(z) =0, then every solution f #£ 0 of (1.7) satisfies pa(f) = n.
(2) Ifa, =cb, (c<0), F(z) # 0, then every solution f of (1.7) satisfies
12 (f) = 22 (f) = po(f) = n.

Remark 1.1 Theorems 1.1 and 1.2 are improvements of Theorems A-C. Theorem 1.3 is
an improvement of Theorems D, E and a supplement to Theorems F, G.

2 Lemmas
Lemma 2.1 (see [16], p.399) Let Aj(z) (j = 0,...,k — 1), F(z) be entire functions satisfying
max{p(4;), p(F):j=0,...,k—1} < p < 00. Then every solution f of (1.2) satisfies ps(f) < p.

Lemma 2.2 (see [17]) Let f(z) be a transcendental meromorphic function, and let « > 1 be
a given constant. Then for any given constant and for any given ¢ > 0:
(i) There exist a constant B> 0 and a set E; C (0, 00) having finite logarithmic measure
such that, for all z satisfying |z| = r ¢ E;, we have

\f”

ji
f<i>8 (log r)* log T(ar, f)} 0<i<)) @.1)

< B|: T(ar,f)

r

(ii) There exist a set Hy C [0,27) that has linear measure zero and a constant B > 0 that
depends only on o, for any 6 € [0,27)\Hy, there exists a constant Ry = Ry(0) > 1 such
that, for all z satisfying argz = 0 and |z| = r > Ry, we have

<B[T(ar,f)log T(ar,f)]™ (0<i<)). (2.2)

‘f D (2)
f9(2)

Remark 2.1 Weuse E; C (0, 00) to denote a set of r of finite logarithmic measure through-
out this paper, not necessarily the same at each occurrence.

Lemma 2.3 (see [18]) Let f(z) be a transcendental entire function, and let z, = re” be a
point satisfying |f(z,)| = M(r,f), then there exists a constant 8, > 0 (depending on r) such

that, for all z satisfying |z| =r ¢ E; and argz =0 € [0, — §,,0, + 8,], we have

<2/ (jeN). (2.3)

’ f(2)
f9(z)

Lemma 2.4 (see [19]) Let f(z) be an entire function satisfying 0 < p(f) = p < 00, 0 < T(f) =
T < 00. Then for any B < t, there exists a set E3 C [1,+00) that has an infinite logarithmic
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measure such that, for all r € Es, we have
log M(r,f) > Br’. (2.4)

Lemma 2.5 Letf(z) be a transcendental entire function satisfying 0 < p(f) = p < 00, T(f) =
>0, and T(r,f) ~ logM(r,f) as r — oo outside a set of r of finite logarithmic measure.
Then for any B < t, there exists a set Es C (0,00) having infinite logarithmic measure and
a set Hy C [0,2m) with linear measure zero such that, for all z satisfying \z| = r € Es and
argz =0 € [0,27)\H,, we have

V(reig)} > exp{,Brp } (2.5)
Proof Since m(r,f) ~ logM(r,f) as r — oo (r ¢ E;), by the definition of m(r,f), we see

that there exists a set H, C [0,2m) with linear measure zero such that for all z satisfying
argz =6 € [0,27)\H, and for any ¢ > 0, we have

[f (re”)| > M(r, )= (r & Ey). (2.6)

Otherwise, we find that there exists a set H C [0,2) with positive linear measure, i.e.,
mH > 0 such that, for all z satisfying argz = 0 € H and for any ¢ > 0, one has

If (re”)| < M(r,f)'=  (r & Ey).

Then, for all » ¢ E,, we have

2

m(r,f) = % 10g+[f(rei9)|d9
0
= 1 log* V(reie) ‘ o + 1 log* [f(reie) | do
27 Ju 27 J{o22)\H
< u_zﬂ log M(r,f) + $logM(r,f)

Ao e mH MO f). 2.7)

Since ¢ > 0, mH > 0, (2.7) is a contradiction with m(r,f) ~ log M(r,f).

For any 8 < 7, we choose B satisfying 8 < 1 < T, by Lemma 2.4, there exists a set E3 C
(0, 00) having infinite logarithmic measure such that, for all |z| = r € E3, we have

M(r,f) > exp{ﬂlr"}. (2.8)

By (2.6) and (2.8), for any given 0 < & <1 — % and, for all z satisfying |z| = r € E3\E; and
argz =0 € [0,27)\H,, we have

If (re”)| > M(r,f)"° > exp{(1 - &)ir"} > exp{Br"}.

Therefore we complete the proof of Lemma 2.5. g
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Remark 2.2 The following lemma is a special case of Lemma 29 in [12].

Lemma 2.6 (see [18]) Let f(z) be a transcendental entire function satisfying 0 < p(f) = p <
oo and T(r,f) ~log M(r,f) as r — oo outside a set of r of finite logarithmic measure. Then
for any given ¢ > 0, there exists a set E4 C (0,00) with positive upper logarithmic density
and a set Hy C [0,21) with linear measure zero such that, for all z satisfying r € E4 and
argz =0 € [0,2m)\H,, we have

If (re”)| > exp{r"~*}. (2.9)

Lemma 2.7 (see [20]) Letf(z) be a meromorphic function of finite order p, for any given & >
Oandl(0<i< %), there exist a constant K(p, &) and a set Ex C (0,00) of lower logarithmic
density greater than 1 — & such that, for all r € E; and for ] of length I, we have

)

Lemma 2.8 (see [21]) Let A; (j=O0,...,k —1), F # 0 be entire functions. If f is a solution of
(1.2) satisfying max{ps(F), p2(4;) :j = 0,...,k — 1} < ps(f), then

f/(reié))
f(reie)

do < K(p,&) (llog %) T(r,f). (2.10)

*a(f) = 2a(f) = p2(f). (2.11)

Lemma 2.9 (see [22]) Suppose that P(z) = a,z" +- - - +ay is a polynomial with degree n > 1,
a, € C, and that A(z) ( 0) is an entire function with p(A) < n. Set g(z) = A(z)e’?, z = re”,
8(P,0) = 8(a,z",0) = Re{a,e™}. Then for any given & > 0, there exists a set Hz C [0,27) of
linear measure zero such that for any 0 € [0,2m)\Hs, there is a constant R(0) > 0 such that
for|z| =r > R(0), we have:

(i) If8(P,0) >0, then

exp{(l - 8)8(P,9)r"} < ’g(reie)} < exp{(l + S)B(P,Q)r”}. (2.12)
(i) If8(P,0) <0, then
exp{(l +£)8(P, 0);"”} < |g(rei9)| < exp{(l —&)8(P, Q)r”}. (2.13)
3 Proofs of Theorems 1.1-1.3
Proof of Theorem 1.1 (i) By Lemma 2.1, we know that every solution f of (1.2) satisfies

p2(f) < p(Az). In the following, we show that every transcendental solution f(z) of (1.2)
satisfies p2(f) > p(Aaz). Suppose that f(z) is a transcendental solution of (1.2). By (1.2), we

< ) e

For each sufficiently large circle |z| = r, we take a point z, = re’ satisfying |f(z,)| = M(r,

have

f(d—l)
f

fla

Agi o

f@

f

f@

f(k)
IAdIS‘W +ee + Aga +o 4 Aol +

f)>1.By Lemma 2.3, there exist a constant 8, > 0 and a set E, such that, for all z satisfying
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|z| =r ¢ E; and argz = 0 € [0, — §,,0, + §,], we have

f(@)

o <27 (3.2)

By Lemma 2.2, there exist a set H; C [0,27) having linear measure zero and a constant
B > 0 such that, for all z satisfying argz = 6 € [0, — §,,0, + 8,]\H and for sufficiently large

r, we have

<B[T@rN]* (0<i<j<k). (3.3)

f90(z)
|f @ (z)

We choose a;, oy satisfying max{t(4;) : p(4;) = p(Aq), T(F)} < o1 < oy < T(Ay), since |f(z) -
f(z,)] <& and |f(z,)] = oo as r — 00, for all sufficiently large |z| = r ¢ E; and argz =6 €
[er - (Srr er + (Sr], we have

0]

|Aj(2)] < expfanr*@@} (i #d), e

< ‘F(z)’ < exp{alr"(Ad)}. (3.4)

Since T'(r,Aq) ~ logM(r,Az) as r — oo (r € E;), by Lemma 2.5, for any a5 < 7(Ay), there
exist a set E3 C (0,00) having infinite logarithmic measure and a set H, C [0,27) with
linear measure zero such that for all z satisfying |z| = r € E3 and argz = 0 € [0, — §,,0, +
8,1\H>, we have

’Ad(z)’ > exp{azr"(Ad)}. (3.5)

Substituting (3.2)-(3.5) into (3.1), for all z satisfying |z| = r € E3\E; and argz = 6 € [0, —
8,6, + 8, ]\(H; U Hy), we have

exp{azr”(Ad)} <(k+ 1)B[T(2r,f)]2k 2t exp{alr”(Ad)}. (3.6)

From (3.6), we have p,(f) > p(A,). Therefore every transcendental solution f(z) of (1.2)
satisfies po(f) = p(Ag). If f(z) is a polynomial solution of (1.2) with degf > d, then by a
simple estimation on both sides of (1.2), we have p(f® + A;_1f*D + ... + Aof) = p(F) <
p(Ay), this is a contradiction, therefore each polynomial solution f of (1.2) must satisfy
degf <d.

(ii) If F # 0, by Lemma 2.8, we have that every transcendental solution f(z) of (1.2) sat-
isfies A2 (f) = A2(f) = p2(f) = p(Aa).

(iii) If d = 1, it is easy to see that (1.2) cannot have polynomial solutions, and by (i) and
(i), we see that every nonconstant solution f(z) of (1.2) satisfies py(f) = p(A;) and Ay (f) =
Aa(f) = pa(f) = p(A1) if F #£0. O

Proof of Theorem 1.2 Suppose that A;(z) has a € C as a finite deficient value and satis-
fying §(a,A4) = 28 > 0. Then by the definition of deficiency, for sufficiently large r, we
have m(r, ﬁ) > BT(r,A,). Hence, for sufficiently large r, there exists a point z, = re
satisfying |z,| = r and

log’Ad(zr) - zz| <=BT(r,Ayz). (3.7)
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Without loss of generality, we assume that a = 0. Set z, = re/”, by Lemma 2.7, for any
given & (0 <& < 1) and for any given [ (0 </ < %), there exists a set E; C (0,00) of lower
logarithmic density greater than 1 — £ such that, for all z satisfying |z| = r € E; and argz =

0 € [6,,0, + ], we have

O+l
./
Or

We choose [ sufficiently small such that K(p(4,),§)({log %) < B, then, forall 6 € [6,,6, + 1],
we have

Al (re”)
Ag(rei®)

do < I((p(Ad),é‘) <llog %) T(r,Ay). (3.8)

log|A4(re®)| = log|Aa(re™)

“d it
+/0r Elogmd(re )| dt

Al (re')
Aq(re't)

0
< -BT(r,Aqg) + r/ |dt]
O

< -BT(r,Aq) + K(p(Aa),£) (l log %) T(r,A;) <O. (3.9)

In general, if a # 0, then A;(z) — a has zero as a deficient value, and using the reasoning
above to A,(z) — a, we have

log|A(re”) —a| <0 (3.10)
holds, for all |z| =r € E¢ and argz = 0 € [6,,0, + []. From (3.10), we have
’Ad(re’p)’ <l|a|+1 (3.11)

holds, for all z satisfying |z| = r € E¢ and argz = 0 € [0,,0, + []. Let f % 0 be a solution of
(1.2). By (1.2), we have

X (z) £9(2) £'(2)
7@ Sy Az |

By Lemma 2.2, there exists a set H; C [0,27) having linear measure zero and a constant

ey (3.12)

+ 0+

l4o(a)] < ‘

B > 0 such that, for all z satisfying argz = 6 € [6,,6, + []\H; and for all sufficiently large r,

we have

’f D(2)
f(2)

Since T'(r,Ao) ~ logM(r,Ao) as r — oo (r ¢ E,), by Lemma 2.6, for any given ¢ > 0, there

<B[T@rN]* (=1...,k). (3.13)

exists a set E4 C (0, 00) with positive upper logarithmic density and a set H, C [0, 27r) with
linear measure zero such that, for all z satisfying |z| =r € E4 and argz = 0 € [6,,6, + []\H>,
we have

|A0 (rei0)| > exp{rp(AO)_s}. (3.14)

Set max{p(4;),j #0,d} = b < p(Ay), then for any given ¢ (0 < 2¢ < p(Ap) — b) and, for all
sufficiently large |z| = r, we have

|A(z)| <exp{r”*} (i #0,d). (3.15)
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Substituting (3.11), (3.13)-(3.15) into (3.12), for all |z| = r € (E¢ N E4)\E, and argz =6 €
[6,,6, + []\(H; U H,), we have

exp{rp(AO)’E} < kB[T(Zr,f)]Zk . exp{rb” }, (3.16)

where (Ez N E4)\E; is a set having positive upper logarithmic density. From (3.16), we have
P2(f) = p(Ap). On the other hand, by Lemma 2.1, we see that p,(f) < p(4,) holds, for all
solutions of (1.2). Therefore, each solution f = 0 of (1.2) satisfies p(Ao) < p2(f) < p(A4).

O

Proof of Theorem 1.3 (1) By Lemma 2.1, it is easy to see that every solution f = 0 of (1.7)
satisfies p2(f) < # and that (1.7) has no polynomial solutions by the assumption. In the
following, we need to show that every transcendental solution f of (1.7) satisfies pa(f) > n.
We divide the proof into two parts: (i) arga, # argb, or a, = cb, (0 < c < 1), (ii) a, = cb,
(c>1).

(i) arga, #argh, or a, = cb, (0 < ¢ <1). By Theorem D(i), every solution f = 0 of (1.7)
satisfies po(f) > n.

(ii) a, = ¢by (¢ > 1). We have §(a,z",0) = c5(b,z",0) (c > 1). For each sufficiently large
circle |z| = r, if z, = ré” is a point satisfying |f(z,)| = M(r,f), then we affirm that for any
given (sufficiently small in general) , > 0, we have [0, - §,,6, + 8,1 N {6 : §(a,z",0) >0} #0
and m([0, - 8,6, + 8,1 N {0 : 8(a,z",0) > 0}) > 0. On the contrary, if z, = re” is a point
satisfying |f(z,)| = M(r,f), and there exists a §; > 0 (depending on r, in the same way as
the following §;, j = 2,3,4,5) such that [0, — 61,6, + 6] N {0 : 8(a,z",0) >0} =0, ie., [0, —
81,0, + 81] C {0 : 8(a,z",0) < 0}, we will get a contradiction. In fact, we can choose a §; > 0
(82 < 81) such that [0, — 85,6, + 82] C {0 : 8(a,z",6) < 0}, by (1.7), we have

f'(2)
f// (Z)

f(2)

A P(z)
’ 1€ ‘ F(2)

Q) ’

>1. (3.17)

+ ‘Aoe

On each sufficiently large circle |z| = r, we take a point z, = re? such that |f(z,)| = M(r,f)
and [0, — 85,6, + 8] C {0 : §(a,z",0) < 0}. By Lemma 2.3, there exists a constant 83 =
min{3, 85} > 0 such that for all z satisfying |z| = r ¢ E; and argz = 0 € [0, — 83,6, + 33],

we have
f(@) 2 f'(2)
@ <2r, e <2r. (3.18)

Since max{p(Ao), p(A41)} < n, by Lemma 2.9, for any given ¢ > 0, there exists a set H3 C
[0,27) of linear measure zero such that, for all z satisfying |z| = r ¢ E; and argz = 0 €
[6, — 83,6, + 83]\H3, we have

/@)

|A0eQ(Z)| e <2r* -exp{(1-¢&)8(b,2",0)r"} > 0 (r— o), (3.19)
|Alep(z)| ]]::/(é)) ‘ <2r- exp{(l - e)6(cz,,z",9)r”} -0 (r— o0). (3.20)

Substituting (3.18)-(3.20) into (3.17), we get 1 < 0, this is a contradiction. Therefore, for

each sufficiently large circle |z| = r ¢ E,, if z, = re? is a point satisfying |f(z,)| = M(r,f),
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then for any given (sufficiently small) §, > 0, we have [0, —§,,6, +8,]N {6 : §(a,z",0) > 0} # 0
and m([6, — 8,60, + 8,1 N {6 : 8(a,z",0) > 0}) > 0. Then by (1.7), we have

f// ( Z)
f'(@)

f(2)

f(2)|

416" < (3.21)

+ ’Aer(Z)‘

On each sufficiently large circle |z| = r ¢ E;, we choose a point z, = re’” such that If(z)] =
M(r,f) and m([6, — 8,0, + 8,] N {6 : 8(a,z",0) > 0}) > 0. By Lemma 2.2 and Lemma 2.3, for
all z satisfying argz = 0 € [0, — §,,0, + 8,]\H;, we have

f// ( Z)
f'(2)

f(@)
f(2)

< B[T(2r,f’)] < B[T(2r,f) + M{log r}],

‘ <2r (r¢kE). (3.22)

fod
c+l

a set H3 C [0,27) of linear measure zero such that, for all z satisfying |z| = r ¢ E; and
argz =0 € [0, - 6,,60, + 8,)\(H; U H3), we have

Since 8(a,z",0) = c8(b,z",0) > 0, by Lemma 2.9, for any given ¢ (0 < ¢ < <), there exists

|Aer(Z)| < exp{(l + 8)8r(bnz",9)r”},
(3.23)
|Alep(z)| > exp{(1 - ¢&)c- 8,(bu2",0)r"}.

Substituting (3.22) and (3.23) into (3.21), for any given & (0 < & < <) and for sufficiently

c+l
large r ¢ E;, we have

exp{(1 - ¢&)c- 8, (buz",0)r"}

< B[T(2r,f) + M{log r}] +2r- exp{(l + 8)8,(b,,z”, Q)r”}. (3.24)

By (3.24), we have px(f) > n.

Combining (i) and (ii), we have every solution f = 0 of (1.7) satisfies p(f) = n.

(2) By Lemma 2.1, it is easy to see that every solution f of (1.7) satisfies po(f) < n. It is
easy to know that (1.7) has no polynomial solutions by the assumption. In the following, we
need to show that every transcendental solution f of (1.7) satisfies p,(f) > n. Since a,, = cb,
(c < 0),thenwe have {6 : §(a,z",0) >0}N{0 :8(b,z",0) >0} =@ and {6 : (a,z",0) > 0}U{O :
8(b,z",0) >0} UHs =[0,27), where H; C [0,27) is a set of linear measure zero. For each
sufficiently large circle |z| = r, we have if z, = re? is a point satisfying |f(z,)| = M(r,f), for
any given 85 > 0, set I = [0, — 84, 6, + 84], then we have either m(IN{6 : §(a,2",0) > 0}) >0 or
m(I N {6 :8(a,z",0) < 0}) > 0. We divide the proof into two cases: (i) m(I N {0 : §(a,z",0) >
0}) >0, (i) m(I N {0 : §(a,z",0) < 0}) > 0.

(i) m(I N {0 : 8(a,z”,0) > 0}) > 0. Suppose that f(z) is a transcendental solution of (1.7),
by (1.7), we have

f"(2)

f(2)

|A1€P(z)| < + |AOeQ(Z)| . (3.25)

f(2)
f(2)

. ‘@f(Z)
f2) f(2)

On each sufficiently large circle |z| = r, we choose a point z, = refor satisfying |f(z,)| =

M(r,f). By Lemma 2.2 and Lemma 2.3, there exists a constant 85 = min{3,,84} > 0 such
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that, for all z satisfying |z| = r ¢ E; and argz = 6 € [0, — 85,0, + 85]\H}, we have

J ///(z) < B[T(@r,f) + M{logr}], f @y,
f(2) f(2) (3.26)
F(z) '

f(@)

< |F(z)| < exp{r"‘} (a < n).

Since max{p(Ao), p(A1)} < n, by Lemma 2.9, for any given ¢ > 0, there exists a set H3 C
[0,27) of linear measure zero such that, for all z satisfying argz = 6 € [0, — 55,0, + 5] \H3,

we have
|Aer(Z)| }% <2r-exp{(1-€)s,(b,2",0)r"} > 0 (r— o), (3.27)
|41e"@| > exp{(1 - &), (a,2",0)r"} (r— o0). (3.28)

Substituting (3.26)-(3.28) into (3.25), for any given ¢ (> 0) and for sufficiently large » ¢ E,,

we have
exp{(l - 8)5,(61,,2",0);"”} < B[T(2r,f) + Mf{log r}] +M+2r- exp{r"‘ } (3.29)

By (3.29), we have p,(f) > n.

(i) m(I N {6 : 8(a,z",6) < 0}) > 0. Replacing |A;e”@| with |4¢e2?| on the left side of
(3.25) and by the same reasoning in case (i), we can obtain p,(f) > n for every transcen-
dental solution of (1.7).

Combining (i) and (ii), every solution f of (1.7) satisfies p,(f) = n. Since F(z) # 0, by
Lemma 2.8, every solution f of (1.7) satisfies A (f) = Ay (f) = p2(f) = n. a
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