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Abstract

We investigate second order half-linear Euler type difference equations whose
coefficients have mean values. We show that these equations are conditionally
oscillatory and we explicitly identify the corresponding oscillation constants given by
the coefficients. Our results generalize the known ones concerning equations with
positive constant, periodic, or (asymptotically) almost periodic coefficients. We also
demonstrate the obtained results on examples and we give corollaries. In particular,
we get new results even for linear difference equations.
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1 Introduction
This paper is devoted to the oscillatory properties of the half-linear difference equa-

tions
A[re®(Ax)] + a®Plwein) =0, @) =[x sgnx, p>1, (11)

where ry is positive for all considered k. Throughout the whole paper, we consider inte-
gers k > a for a sufficiently large number 4 € N. For the reader’s convenience, we use the
notation N, := {n € N: n > a} for a € N. Our aim is to find explicit oscillation constants
for all equations (1.1) from a large class of equations.

To recall the notion of the (critical) oscillation constant, we consider (1.1) with

(ehen, = { =1
k kENu_ (k+1)(p) kENa)

i.e., in the form

Al ®(Ax)] + ks () = 0, (1.2)

(k+1)
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where y € R and k® stands for the generalized power function (also called the falling
factorial power) given by

w0 I'k+1)

— , r — —s x—1 , .
—F(k+1—p) (x) /0 e’s*ds, x>0

For details about k%, see, e.g., Chapter 2 in [1]. Equation (1.2) is said to be conditionally
oscillatory if there exists a constant A > 0 such that (1.2) is oscillatory for y > A and non-
oscillatory for y < A. The constant A (which is dependent on coefficients) is called the
(critical) oscillation constant of (1.2).

Concerning the conditional oscillation of the studied difference equations, the first re-
sult comes from [2], where the equation

2

Y
A _— =0
ORI

was proved to be conditionally oscillatory with the oscillation constant A = 1/4. Equations
with non-constant coefficients were analyzed in [3]. In [4], the conditional oscillation of
the linear equation

A(rkAxk) + X1 =0

Y Sk
(k+ 1)k
with almost periodic coefficients was obtained. In [5], this result was generalized for half-
linear equations of the form (1.2) with positive asymptotically almost periodic sequences
{ric}s {se}-

Since the main result of [5] is one of the basic motivations for the research presented
here, we reformulate it as follows. We remark that the symbol M(-) stands for the mean
values of the indicated sequences clarified in Definition 2 below and that the definition of
asymptotic almost periodicity is mentioned in Definition 4 below.

Theorem 1 Let y € R be given and let {ri}ken, and {si}ken, be arbitrary positive asymp-
totically almost periodic sequences such that

inf{ri; ke N,} >0, limsup s > 0.
k— o0

Let

aom (22 a7 D) Pt

p

Ify > A, then (1.2) is oscillatory. If y < A, then (1.2) is non-oscillatory.

Our second basic motivation comes from the continuous case. We begin with a short
historical summary of the studied problem. The first attempt to treat the conditional os-
cillation can be found in [6], where the oscillation constant A = 1/4 was identified for the
equation

x" + Zx =0.
tZ
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In [7, 8], this result was extended to linear differential equations

(r(t)x’)/ + yigt)x =0

with positive ¢-periodic coefficients 7, s and with the oscillation constant

o [ (% dr \ Y/ [ -1
A=) (f o)

For more general results, we refer, e.g., to [9-12].
The concept of the conditional oscillation was transferred to half-linear differential
equations in [13] (see also [14]), where the oscillation constant

—1\?
A= (19_)
p
was obtained for the equation
[®(x)] + ZdD(x) =0
v '

During the last years, the conditional oscillation was resolved for half-linear differential
equations with positive periodic coefficients (see [15]) and half-linear equations with more
general coefficients (see, e.g,, [16—19]). Along this line, the most relevant result for our
research comes from [20]. Since it is our second main motivation, we mention the main
result of [20] in full. We remark that R, := [4, 0c0) and M(-) also stands for the mean values
of considered functions (for details, see [20]).

1
Theorem 2 Letr:R, — R be a continuous function, for which mean value M(r™-r) exists

and for which we have

0 < inf r(¢) < sup r(¢) < oo,
teR, teR,

and let s : R, — R be a continuous function having mean value M(s). Let

(=N e (22N v
e (8 i = (50 ) [ [ ]

Counsider the equation

[re)@(x)] + Sf}—f)qxx) = 0. (1.3)

Equation (1.3) is oscillatory if M(s) > ', and non-oscillatory if M(s) < T.

In this paper, we intend to generalize Theorem 1 to the case that the coefficients have
mean values and the second coefficient can change sign. It means that our aim is to prove
the discrete counterpart of Theorem 2. For this purpose, we improve the method from [5].
Since we study equations with coefficients from more general classes, we have to prove
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some new auxiliary results and inequalities (especially, we need Lemmas 1 and 2 below).
Note that we partially apply the processes used in [5] (see the proof of Theorem 5 below,
where it is explicitly mentioned).

The paper is organized as follows. In the next section, we state the necessary background
and we recall the so-called Riccati technique, which is essential for our investigation. In
Section 3, the reader can find preparatory lemmas, results, and corollaries. In Section 4,
we collect illustrative examples.

Throughout the paper, we will consider an arbitrarily given number p > 1 from the shape
of ®(x) = |x|P~L sgnx. We will use the standard notation of conjugated numbers p, ¢, which
means that g > 1 will denote the real number satisfying

1 1
-+-=1, ie,p+q=pq.
p 4
2 Preliminaries
In this section, we mention the needed background concerning the oscillation theory of
half-linear difference equations. For more details, we refer to Chapter 3 in [21] and Chap-
ter 8 in [22] with references cited therein. In addition, we recall the concept of mean values
which is necessary to find general oscillation constants. We also state the concept of the
(adapted) half-linear Riccati equation which is the main tool in our investigation.

At first, we recall the basic notions from the oscillation theory of the half-linear equation

Alre®(Axp)] + ek ® (x41) = 0, (2.1)

where ry > 0 for all considered k € N,,. An interval (/,/+1], [ € N,, contains the generalized
zero of a solution {x¢} of (2.1) if x; # 0 and x;x7,1 < 0. We say that (2.1) is disconjugate on a
set {{,[+1,...,]+n} if any solution of (2.1) has at most one generalized zero on (/,{ + n +1]
and a solution {¥;} given by the initial value X; = 0 has no generalized zero on (/,/ + n + 1].
Otherwise, (2.1) is called conjugate on {I,[+1,...,l + n}. Now we can formulate the follow-
ing definition.

Definition 1 Equation (2.1) is called non-oscillatory if there exists / € N with the property
that (2.1) is disconjugate on {/,/ + 1,...,/ + n} for all n € N. In the opposite case, (2.1) is
called oscillatory.

The Sturm type separation theorem (see, e.g., Theorem 3.3.6 in [21]) enables us to give
Definition 1, because the oscillation of an arbitrary non-zero solution of (2.1) implies the
oscillation of all solutions of (2.1). We will also use a consequence of the Sturm type com-
parison theorem. We mention only the form that is suitable for our purpose.

Theorem 3 Let {yi}ken,, {Yitken,> {2Zk}ken, {Zik}ken, be sequences satisfying the inequal-
ities yx = Yi > 0, Zy > zi for all sufficiently large k. Let us consider the equations

Al ®(Axp)] + 2k P (xs1) = 0, (2.2)

A[Yi®(Axi)] + Zk P (xiar) = 0. (2.3)

If (2.3) is non-oscillatory, then (2.2) is non-oscillatory as well.
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Proof The theorem follows, e.g., from Theorem 3.3.5 in [21]. O

To obtain explicit oscillation constants, we need the definition of the mean value of a

sequence.

Definition 2 Let a sequence {f;}«en, C R be given and let the limit

n+i-1

M({fi) = lim - > (2.4)

be finite and exist uniformly with respect to i € N,. The number M({fy}) introduced in
(2.4) is called the mean value of {fi}.

An important class of sequences having mean values is formed by asymptotically almost
periodic sequences (see also [5]). Hence, we formulate the next definitions.

Definition 3 A sequence {fi}xcz C R is called almost periodic if, for any ¢ > 0, there exists
P(e) € N such that any set of the form {i,i +1,...,i + P(¢) — 1} C Z contains an integer / for
which |fy — fir1l < &, k € Z.

Definition 4 We say that a sequence {fi}ien, C R is asymptotically almost periodic if
there exists a pair of sequences {f} }xez, {f }ken, C R such that {f{} is almost periodic, {f}
satisfies limy_ o0 fZ = 0, and {fi}xer, = (L + S ker,-

Finally, we describe the half-linear Riccati equation and its adapted version. Using the
so-called Riccati substitution

(Axk)
Wi =1 @ —
Xk

to (2.1), we obtain the associated Riccati equation

. 1 - L, 2.5
Wi+ i+ Wk( C D[oI(r) + ¢l(wm> o -

where ®~! denotes the inverse function of ®, i.e., ®1(x) = |x|?~! sgnx. Under the condition

Wi + 1y > 0, we can express (see Lemma 3.2.6, (Ig) in [21])

Tk > (P = Dlwil?| Bl

Wi (1‘ B[O () + D 1wl ) ~ D) + 0 (wi)]”

where By is between ®~(r¢) and ®~1(ry) + ®~1(wy); i.e., for wy + r > 0, we have the Riccati
equation (2.5) associated to (2.1) in the form

(p-Dlwl B2
Q[P L(rg) + D(wi)]

AWy + ¢ + (2.6)

The following theorem is typically known as the Riccati method. It shows the way in
which the non-oscillation of (2.1) is connected to the solvability of (2.6).
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Theorem 4 Equation (2.1) is non-oscillatory if and only if there exist an integer b and a
sequence of wy which solves (2.6) and satisfies wy + ry > 0 for k € Np,.

Proof The theorem is a consequence of the well-known roundabout theorem (see, e.g.,
Theorem 3.3.4 in [21] or directly Theorem 8.2.5 in [22]). O

Taking into account the second substitution
¢k = —kP Dy (2.7)

together with the Riccati equation (2.6), we obtain the adapted Riccati equation associated
to (2.1) as

(k+1)(p - 1)| B2k ] 2.8)
K- [D1 () + D (— )] ]

Al = [(p Vg + (k+1) P +

k—p+2

where By is between ®~1(r¢) and ®1(ry) + (- i 1))
In fact, we will consider (2.1) in the form

Are®(Axp)] + D (xr41) = 0, (2.9)

Sk
(k+1)@
where sequence {ry}ren, has mean value M({rll(_q}) =1and

O<r :=inf rpy < sup ry=:r" <00 (2.10)
keNq keNg

and where sequence {si}xen, has a positive mean value, i.e., M({s¢}) > 0. Therefore, we will
deal with the Riccati equation associated to (2.9) in the form (see (2.6))

Sk (P = Dlwil?| Bl

A G0t B8 () + )] 210
and with the adapted Riccati equation (see (2.8))
1 (k+1)(p = 1) Bl |5k |7 ]
Ay = ——— -1 . 212
“ ka2 [(” S D (0 (1) + 01 )] 212

k(l’l

More precisely, we will study (2.9) using (2.12).

3 Results
To prove the main results, we need the following lemmas.

Lemma 1 Let a sequence {fi}ken, C R have mean value M({fr}). There exists a number
K({fx}) > 0 for which |fi| < K{fx}), k € N,.

Proof The existence of M({fr}) gives m € N such that

i+m+l-1

({fk} -— Z fel <1, ieN,leNU{0}. (3.1)
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From (3.1) it follows that

1 i+m 1 i+m-1
azﬁ(—a Zﬁ( <2, ieNa,
k=i+1 k=i

<2, ieN,.

1
m+1 ka—ﬁsz
k=i+1 k=i

i+m+1 i+m
‘ 1

Especially,

[fi = fnsil <2m, i€ N,
[fi = fnsisa| <2(m +1), i€N,.

Thus, we have

Vonsi = fmrina| <4dm+2, €N,

Finally, we have

[fi = fin] < L({fk}) = max{4m +2,|fa —fanls - fmsa _fm+a|}: i €N,

On the contrary, let us suppose that limsup,_, ., |[fx| = co. If

fi=M({f}) + 1+ (m - 1DL({/})

for some i € N,, then

Sy =M({fi})+1, je{0,1,...,m-1}.

Analogously, if

fi=M({f}) - 1- (m-1)L({fi})

for some i € N,, then

Sy <M({fi}) -1, je{0,1,...,m-1}.

Page 7 of 18

(3.2)

(3.3)

Of course, each one of inequalities (3.2), (3.3) gives a contradiction with (3.1) for / = 0. It

means that it suffices to put

K({fi}) = |M({fk})| +1+ (m-1)L({fi})
for m from (3.1).

Henceforth, let m € N be such that

i+m+l-1

M
E Sk > ({;k})>0, ieN,leNU{0}.
e

3M({sx}) S 1
2 m+ [

(3.4)
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We also put (¢f. (2.10))

st = sup |sg| < 00, (3.5)
keNg,

where we use Lemma 1.

Lemma 2 If (2.9) is non-oscillatory, then there exist L € N and a negative solution {{i}ren;

of (2.12) such that
. Sk
lerglo Py =0. (3.6)

Proof Considering Theorem 4, the non-oscillation of (2.9) implies that there exist L € N
and a solution {wy}ken, of (2.11) such that wy + rx > 0 for k > L. Considering (2.7), it gives
the solution {&; }xen, = {~wek®1) ke, of (2.12). We show that this solution {{x} is negative
and satisfies (3.6).

In fact, we show that the sequences {wk}, {(Wiks1}s - - -» (Winksm-1} are decreasing for suf-
ficiently large k and tend to zero. Letj € {0,1,...,m — 1} be arbitrarily given. From (2.11),
we have

(k+1)m+j—1 (k+1)m+j-1 _
PRI o G T o et 7. o)
e ZEmRI T L ()0 e @[ (ry) + DL (w))] '
i=mk+j i=mk+j
for all considered k. Since {s;} is bounded (consider Lemma 1) and
. (+m®
lim ———— =1,
e ([+1)0
using (3.4), we obtain
(k+1)m+j-1
Z S <0 (3.8)
T .
i=mk+j (l + 1)
for all large k. Considering wy + rx > 0 for k > L, it is seen that
O[O (k) + @' (wi)] >0, k=L (3.9)

From (3.7), (3.8), (3.9), we get W.1ym+j < Wi+ for all large k. Thus, there exist limits (as
real numbers or —00)

Lo := lim w,,, Ly := lim w11, cees L1 = Iim Wypm-1.
k—o00 k—o00 k— 00
Our aim is to prove that L; = 0 for each j € {0,1,...,m — 1}. On contrary, let us consider
that L; # 0 for some j. Denote W := maxgen, ws.

Let L; > & > 0. We know that

W) + @7H(r) = Bumey = D (rimay) = @7 (r7) > 0 (3.10)
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and that

Q[P (rimsy) + @7 (Winks))] < @[ @71 (r*) + @7H(W)] (3.11)
for all k. Hence (see (3.10)), there exists B; > 0 with the property that

|Buksjl? > >B;,  k>L. (3.12)

In addition, for large k, we have (see (3.7), (3.8), (3.9), (3.11), and (3.12))

(k+1)m+j-1
Wim+l)k+j — Wmk+j < — Z
i=mk+j
(P - 1)|ka+j|q|ﬁmk+j|p_2 _ (P - l)quj
¢[q)71(rm/(+j) + ¢71(ka+j)] <I>[<I>*1(r+) + ¢71(W)] ’

(p = 1)|w;|1| P>
O[D1(r;) + L (wy)]

But we obtain the contradiction L; = —oo, because the last term is a negative constant.
Let Lj < —& <0, i.e., Wysj < —¢ for large k. In this case, for large k, we have

(k+1)m+j-1
Wim+1)k+j — Wmk+j < — Z
i=mk+j
_ (p - 1)|ka+j|q|,3mk+/‘|p72
ollon (rmkﬂ‘) + @1 (ka+j)]
_ - 1)|8|q[q)_1 (rmk+j) + ! (Vl/;fnl<+1')]p_2
CI)[CI)*l(rkarj) + q)il(kaﬂ’)]

B e T R e
- cp_l(rmkﬂ')"'q)_l(wmkﬂ') o-1(rt)

(p - DIwi|"1 8P~
P[D(r;) + D1 (wy)]

if p>2;and
5 PR O 0 78
Dk+j — k+j < —
O T @ (k) + B (W)

(=Dl )V (=Dt
D[ (1) 1)

if p € (1,2). Again, for any p > 1, we get L; = —0o, which cannot be true, because wy + i > 0
for all k and {r¢} is bounded.
Altogether, we know that {w;} is positive and

lim wy = 0. (3.13)
k—o00
Thus, {¢x} is negative and (3.6) follows from (3.13). O

We remark that, in the case that the sequence of s is positive, the statement of Lemma 2
follows from Lemma 1, (v) and Theorem 1 in [23] combined with Lemma 3.5.9 in [21] or
with Lemma 8.2.2 in [22].
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Lemma 3 Ifthere exists a negative solution {{i}ken, of (2.12), then (2.9) is non-oscillatory.

Proof A negative solution {{x}keny, of (2.12) gives {wilren, = {—{k/k(”‘l)}keNL, which is a
positive solution of (2.11). Thus, the lemma follows from Theorem 4. O

Applying the above lemmas, we can obtain the announced result. For the reader’s con-

venience, we recall the assumptions on the coefficients.

Theorem 5 Let sequence {ri}ien, have mean value M ({r,l(_q}) =1 and satisfy (2.10) and let
sequence {si}ken, have mean value M({s¢}) > 0. Then (2.9) is oscillatory for M({s¢}) > q?
and non-oscillatory for M({sk}) < q?.

Proof At first, let us approach the oscillatory part of the theorem. By contradiction, we
suppose that M({sx}) > g? and that (2.9) is non-oscillatory. Using Lemma 2, we obtain
the existence of a negative solution {{}ren, of (2.12); i.e., we have

(k+1)(p -1 |gxld

A;k — ;[(p_ 1);‘]( + Sk + )]], k >L, (314)

k—p+2 [KED]a-1D[ D1 (ry) + D (— ik
where
0< @7 () < fr = @7 (r) + 7 (— k(ff_l) ) k=L (3.15)

From Lemma 2 (see (2.10), (3.6), and (3.15)), we also obtain

7 (1) + 07 (- k)

1 <liminf '?k < limsup 'ffk < lim - KD g (3.16)
k—oo ®7Hrr) T kooo PTHrk) T koo ®-1(rg)
From (3.16) it follows that
p-2_q-1 q-1yp-2 4-1 2-q g-1
r r r r, r

lim k_"k = lim b ¥ore _ lim % -1 (3.17)

k=00 ®[D1(ry) + ‘b—l(—ké’in )] koo Tk k—oo 1y
It is well known that

k+1 k k
im ——— = lim ——— = lim ——— =1 (3.18)

k—o0 [k(p_l)]q_l - k%nc;lo [k(P‘l)]q—l kggo [kr-1]a-1

Thus (see (2.10), (3.17), and (3.18)), we can assume that L > p — 2 is so large that

1 1 pr>
< < k
(V2r) L T (V2r) T @[ (ry) + DL (= kéﬁn )]

-1 -1
§<ﬁ)q §<£>q, k>1L, (3.19)

143 r-

and that

1\ k+1 g-1
(E) §W§2 , k>1L. (3.20)
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Combining (3.19) and (3.20), we obtain

(p-Dialt _ G+ DE-DAI 2 =Dl 321
21t Do) + )] I '
forall k> L.
Considering (3.14) and (3.21), we have (see also (3.5))
Mgz [(p st o } koL (322)
and
1 . 2T p DGt
A < K—pi2 |:s + [T ], k> L. (3.23)
If
1
st |t
G< Xy = =2 [2 + } -1 (3.24)
p-1

for some i > L, then

& - s + Lol |§|< ['gil:r_l— s )>|§<|(—1+2)>—X1>0. (3.25)
Cop-1 2]t T 2r p-1)""

Thus, in this case, we have ¢;,1 > ¢;. Indeed, (3.22) and (3.25) give

- st [£:17 1
A > f |:§i " + [2r+]q—1] > fp X1l >0 (3.26)

if (3.24) is valid. Let us consider the smallest integer [y > L such that ¢;, > X;. Note that
such a number /; has to exist because its existence follows from (3.26) and from

o0
p-
Xi| > 1

e L G Z i

i=L j=L-p+2

Using (3.22), we have

lgn1 = Xo =X + #[@_I)Xl -]

0 = ’ lo -p+ 2 ’

Analogously, one can get that ., > X; if {; > X; for some j > [y. Hence, there exists N > 0

satisfying
{re(=N,0), k=>L. (3.27)
In fact, it suffices to put

N:= min{;Lr CLi1re-es CIO:XZ}'
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Trivially, from (3.22) and (3.23) (or directly from (3.14)), it is seen that

1 2074 (p —1)N1

Al £ ——— —1N+st+ ————— |, k=>L. 3.28

| ;“kl_k_p+2[(p IN +5" + = } > (3.28)
Therefore, there exists P > 0 for which

P

|ALk| < T k> L. (3.29)
Especially, (3.29) gives Q > 0 such that

[Skai = Chajl < = i,je{0,...,m—1}, k> L. (3.30)

Indeed (consider (3.28)), inequalities (3.29) and (3.30) are valid for

k 291 (p —1)N1
Pi=sup —— | (p-1)N +s" + —— "
k!‘N"Lk—pw[(” st = ]
L 2971 (p —1)N1
=max{l, ———— (p—l)N+s++M
L-p+2 [r]a!

and Q:= (m—-1)P.
In addition (see Definition 2), we can assume that m € N from (3.4) is so large that

1 i+m+j-1 1 i+m+l-1 1-p
Y s>q? dYoon| . ieNgjleNu{o} (3.31)
m+j A= m+l =

To obtain the oscillatory part of the theorem, one can proceed as in the proof of Theo-
rem 4.1 in [5], where only (3.4), (3.17), (3.18), (3.27), (3.30), and (3.31) are used to get a
contradiction with the existence of the negative solution {¢x}en, (in fact, these inequali-
ties are used only in special forms therein).

In the non-oscillatory part of the proof, we consider that m € N satisfies

1 i+m+j-1 1 i+m+l-1 1-p
> s<q?—— > n7) . ieNyjleNU{o} (3.32)
m+j 4= m+ =

Let {¢k}ken, be the solution of the Cauchy problem given by (2.12) and

q L+m-1 1-p
- L 1-q
&L= (Wl Z 7 ) ’

i=L

where L € Nis sufficiently large. As in the first part of the proof, we obtain (3.22) and (3.23)
if &k is negative. Thus, we can assume that L is so large that

201 <C14i<0, iefl,...,m}. (3.33)

In addition (compare (3.33) with (3.27)), as in the first part, one can estimate

el

|A§L+i|<Z¢ ie{0,L,...,m-1}, (3.34)
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=~ QA

[Crvi = Crajl < =5 6,7 €{0,1,...,m}, (3.35)

for some P, a > 0. Now the process from the proof of Theorem 4.1 in [5] shows that g is
negative for all k > L, because only (3.4), (3.17), (3.18), (3.32), (3.34), and (3.35) are used
therein. Hence, to complete the proof, it suffices to apply Lemma 3. d

We slightly improve Theorem 5 into the following form (more common in the literature).
In particular, we remove the requirement on sequence {si} that it has a positive mean

value.
Theorem 6 Let us consider the equation

Sk

A[;‘kcb(Axk)] + W

P (xx41) = 0, (3.36)

where the coefficients {Ti}ken,, {Sk}ken, be such that the mean values of sequences {7’,1(_q},
{5k} exist and {7} is bounded and positive. Let us denote

r=qg?[M>{77 N (3.37)

Equation (3.36) is oscillatory if M({sx}) > I'. Equation (3.36) is non-oscillatory if M({5x}) <
r.

Proof Considering Lemma 1 for {F,l(_q} and the boundedness of {7}, we know that

NP - , - e
0< inf 7 1< sup 7 T<o00, ie,00> sup7y> inf 7% > 0. (3.38)
keNa keNg keNg keNa

We use Theorem 5. Therefore, we assume that M({5;}) > 0.
We divide (3.36) by the constant value [M({?}(_q})]l‘p > 0 (see (3.38)). We obtain the
equation

=0, (3.39)

A[ Fr ®(Axy) ] Sk D (x441)
~1-g\\11— + ~1-q\\11—
M7 DIP L (k+ D@ M7 TH]P

which has the form of (2.9) with the coefficients

T Sk

TGy T

Especially, we have

~1-g
1- 7, ~1- -1 ~1-
M :M<{ [M({f"/ifq/;)](l_p)(l—q) }) = MR M) =1
where the identity

1-p)1l-g)=1 (3.40)

is used.
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According to Theorem 5, (3.39) is oscillatory if

ts) =m( | ) < (Y b (50)

[M({FD]-r

and non-oscillatory if
M((50) = (DT M) <

This fact implies the statement of Theorem 6 for any positive mean value of {si}.
Now, let M({sx}) <0. Then there exists a positive constant C such that

0<M({5}) + C=M({5k+ C}) <T.

We consider the non-oscillatory equation

- sk+ C
Al ®(Axy)] + mcb(xkﬂ) =0,

which is a majorant equation of (3.36). Thus, the proof can be completed by the applica-
tion of Theorem 3. O

Since the presented results are new also for linear difference equations (the case that
p = q =2), we mention the following direct corollary of Theorem 6.

Corollary 1 Let us consider the equation

SkXk+1 _
(k+1k

AlreAxy] + (3.41)
where the sequences {ri}ken, and {si}ken, have the properties that M ({r,;l}) and M({sx})
exist and {ry} is bounded and positive. Then (3.41) is oscillatory for

M({r (i) > 3

and non-oscillatory for

M({r YM(ise)) < 5. (3.42)

Based on results of [24] (see also [25, 26]), the conjecture is given in our previous paper
[5] that the border case M({r;'})M({s}) = 1/4 from Corollary 1 is not solvable for general
coefficients; i.e., in the border case, there exist oscillatory equations in the form of (3.41)
and, at the same time, there exist non-oscillatory equations in this form.

In addition, using the Sturm type comparison theorem, we get the next new result con-
cerning non-oscillatory half-linear difference equations when the coefficient in the differ-
ence term does not need to be bounded.

Theorem 7 Let us consider (3.36) and I' introduced in (3.37). Let the coefficients {7i}ken,
{Sk}ken, be such that the mean values of sequences {?};q}, {sk} exist and {7y} is positive. Then
(3.36) is non-oscillatory if M({5x}) < T.
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Proof The inequality M({3¢}) < T" can be trivially rewritten into the form
w(501) < [a([7 )] -5
for some § > 0. In particular, there exists & > 0 for which
M(5)) < g ?[M({777)) + 9] (3.43)
From Definition 2 and (3.40), it is seen that the sequence {Ri}xen, given by
Ri=(F7+9)'", keN,
satisfies
M([RZTY) =M ({777 +9)) =M([777)) + 9 > 0. (3.44)

In addition, sequence {R;} is bounded. Thus, we can apply Theorem 6 which guarantees
that the equation
A[Rc@(Axy)] + g—k<1>(xk+1) =0 (3.45)
(k+1)@
is non-oscillatory (see (3.43) and (3.44)). Of course, (3.45) is a majorant of (3.36) because
Ry < 7 for all considered k (see again (3.40)). Finally, it suffices to use Theorem 3. O

Again, from the theorem above, we obtain a new result in the linear case. The linear
version of Theorem 7 reads as follows.

Corollary 2 Let us consider (3.41) with the coefficients {ri}ien, and {si}ren, such that
M({r,;l}) and M({sx}) exist and {r} is positive. Then (3.41) is non-oscillatory if (3.42) is
valid.

4 Examples

In this section, we give some simple examples of oscillatory and non-oscillatory equa-
tions whose oscillatory properties do not follow from any previously known oscillation or
non-oscillation criteria. To illustrate Theorems 5, 6, 7 and Corollaries 1, 2, we mention
Examples 1, 2, 4 and Examples 3, 5, respectively.

Example 1 Let a,b > 0 be arbitrary. The equation

al|sink| + bcosk

i ) =0 @)

A[D(Ax)] +
has evidently the form of (2.9). Since

M({al sink| + bcosk}) = aM({|sink|}) + bM({cosk}) = 271—61,

(4.1) is oscillatory for 2a > g #7 and non-oscillatory for 2a < g 7x.

Page 15 of 18
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Example 2 Let A, 1 € R be arbitrarily given, where || > |A|. Let us consider the equation

p
C Bk+Dm e A+ (=D

A[ sin —5 O(Axy) | + T@(?C]ﬂ.l) =0, (4.2)

which has the form of (3.36) for
p

- . Bk+1)m |4 . c 1 (k+ 1)@

7k = |sin ———| Sk = [A +(=1) ,u] 0
Since

Bk+1)m
9

3k +
9

- [ B )5

1. =w .2 4 2( . 7 .2
=—|sin— +8in— +sin— | = —| sin — + sin —
3 9 9 9 3 9 9

and
M((5)) = M({A+ (<1 }) = 2,

considering Theorem 6, we know that (4.2) is oscillatory for

T2/ . 7 . 2m\1v?
A>T :=qg?| =|sin— +sin —
3 9 9

and non-oscillatory for A < T'.

Example 3 Let Kj, L1, K3, Ly > 0. We define the sequence {ri}ren by the formula

Ki+L;, ke{2";neN}
K, ke N\ {2";ne N},

T =

and the sequence {si}ken by

Ky + (-1)"L,, ke{3%neN}
K, ke N\ {3";ne N}

Sk =

If we consider these functions as the coefficients in (3.41), then this equation is oscillatory
for

M({r )(tsd) = 3> 5

and non-oscillatory for K; > 4K,. Indeed, we can apply Corollary 1.

Example 4 Let y > 0. We use Theorem 7 for the following equation:

A[ ! A ] R R (4.3)
1+cosk-sin(v2k) VIA%l] yv/i& ol '
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where p =3/2 (i.e.,, g = 3) and

3 1 . (k+1)BP
Ik = ’ Sk=—""F7——
1+ cosk - sin(+/2k) y/k3

for all large k € N. One can easily verify that

M({72}) = M({[1+ cosk - sin(ﬁk)]z})

=1+M({cos*k - sinz(«/ik)}) =

IS

and that

g 1. (k+1)B2 1
M({5¢}) = — lim —— = —.
( ) Y k—o0 VK3 y

Thus, (4.3) is non-oscillatory if 2y > 34/15.

Example 5 For any c < 1/4, the linear equation

Axy
1+ cos k?

¢ -0 (4.4)
] Tk DkT '

satisfies all assumptions of Corollary 2. It is seen that
1
M({re M ({se}) = M({1 + cos k* )M ({c}) = c < 7

which means that (4.4) is non-oscillatory.

Now we briefly explain why the oscillatory problems in the above examples are not cov-
ered by any previously known results (see also Theorem 1). In both of Examples 1 and 2,
the second coefficient changes its sign. In Example 3, the coefficients are not asymptoti-
cally almost periodic. In Example 4, the coefficient in the difference term is not bounded.
In the last example, the first coefficient is not asymptotically almost periodic and, at the
same time, it is not bounded.

As a final remark, we focus our attention on the denominators of the potentials con-
sidered in Examples 2 and 4, where (k + 1)® and (k + 1)®/? is replaced by k®) and /A3,
respectively. In fact, all presented results remain true if we replace the coefficients {s;} or
{5k} by {fx - sk} or {fx - 5k} for any sequence of real numbers f; satisfying limg_, » fx = 1. In-
deed, the existence of M({/}) implies that M({/y - gr}) = M({hr}) whenever limg_, o, gk = 1
(consider Definition 2 and Lemma 1). Note that we consider the denominator (k +1)® due
to the form of previously known results (see Section 1).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that the research was realized in collaboration with the same responsibility and contributions. All
authors read and approved the final manuscript.



Hasil and Vesely Advances in Difference Equations (2015) 2015:210 Page 18 of 18

Acknowledgements

The first author is supported by Grant P201/10/1032 of the Czech Science Foundation. The second author is supported
by the project 'Employment of Best Young Scientists for International Cooperation Empowerment’
(CZ.1.07/2.3.00/30.0037) co-financed from European Social Fund and the state budget of the Czech Republic.

Received: 25 February 2015 Accepted: 17 June 2015 Published online: 09 July 2015

References
1. Kelley, WG, Peterson, AC: Difference Equations: An Introduction with Applications. Academic Press, San Diego (2001)
2. Naiman, PB: The set of isolated points of increase of the spectral function pertaining to a limit-constant Jacobi matrix.
Izv. Vyss. U¢ebn. Zaved., Mat. 1(8), 129-135 (1959) (in Russian)
3. Luef, F, Teschl, G: On the finiteness of the number of eigenvalues of Jacobi operators below the essential spectrum.
J. Differ. Equ. Appl. 10(3), 299-307 (2004). doi:10.1080/10236190310001641227
4. Hasil, P, Vesely, M: Critical oscillation constant for difference equations with almost periodic coefficients. Abstr. Appl.
Anal. 2012, Article ID 471435 (2012). doi:10.1155/2012/471435
5. Vesely, M, Hasil, P: Oscillation and non-oscillation of asymptotically almost periodic half-linear difference equations.
Abstr. Appl. Anal. 2013, Article ID 432936 (2013). doi:10.1155/2013/432936
6. Kneser, A: Untersuchungen Uber die reellen Nullstellen der Integrale linearer Differentialgleichungen. Math. Ann.
42(3),409-435 (1893). doi:10.1007/BF01444165
7. Gesztesy, F, Unal, M: Perturbative oscillation criteria and Hardy-type inequalities. Math. Nachr. 189, 121-144 (1998).
doi:10.1002/mana.19981890108
8. Schmidt, KM: Oscillation of perturbed Hill equation and lower spectrum of radially periodic Schrodinger operators in
the plane. Proc. Am. Math. Soc. 127(8), 2367-2374 (1999). doi:10.1090/50002-9939-99-05069-8
9. Kriger, H: On perturbations of quasiperiodic Schrédinger operators. J. Differ. Equ. 249(6), 1305-1321 (2010).
doi:10.1016/j,jde.2010.06.018
10. Krlger, H, Teschl, G: Effective Prifer angles and relative oscillation criteria. J. Differ. Equ. 245(12), 3823-3848 (2008).
doi:10.1016/jjde.2008.06.004
11. Krlger, H, Teschl, G: Relative oscillation theory for Sturm-Liouville operators extended. J. Funct. Anal. 254(6),
1702-1720 (2008). doi:10.1016/j,jfa.2007.10.007
12. Schmidt, KM: Critical coupling constant and eigenvalue asymptotics of perturbed periodic Sturm-Liouville operators.
Commun. Math. Phys. 211(2), 465-485 (2000). doi:10.1007/5002200050822
13. Elbert, A: Oscillation and nonoscillation theorems for some nonlinear ordinary differential equations. In: Ordinary and
Partial Differential Equations (Dundee, 1982). Lecture Notes in Math., vol. 964, pp. 187-212. Springer, Berlin (1982)
14. Elbert, A: Asymptotic behaviour of autonomous half-linear differential systems on the plane. Studia Sci. Math. Hung.
19(2-4), 447-464 (1984)
15. Hasil, P: Conditional oscillation of half-linear differential equations with periodic coefficients. Arch. Math. 44(2),
119-131 (2008)
16. Dosly, O, Funkova, H: Euler type half-linear differential equation with periodic coefficients. Abstr. Appl. Anal. 2013,
Article ID 714263 (2013). doi:10.1155/2013/714263
17. Dosly, O, Hasil, P: Critical oscillation constant for half-linear differential equations with periodic coefficients. Ann. Mat.
Pura Appl. 190(3), 395-408 (2011). doi:10.1007/510231-010-0155-0
18. Hasil, P, Vesely, M: Oscillation of half-linear differential equations with asymptotically almost periodic coefficients. Adv.
Differ. Equ. 2013, 122 (2013). doi:10.1186/1687-1847-2013-122
19. Vesely, M, Hasil, P: Conditional oscillation of Riemann-Weber half-linear differential equations with asymptotically
almost periodic coefficients. Studia Sci. Math. Hung. 51(3), 303-321 (2014). doi:10.1556/55cMath.51.2014.3.1283
20. Vesely, M, Hasil, P, Mafik, R: Conditional oscillation of half-linear differential equations with coefficients having mean
values. Abstr. Appl. Anal. 2014, Article ID 258159 (2014). doi:10.1155/2014/258159
21. Agarwal, RP, Bohner, M, Grace, SR, O'Regan, D: Discrete Oscillation Theory. Hindawi Publishing Corporation, New York
(2005)
22. Dosly, O, Rehak, P: Half-Linear Differential Equations. Elsevier, Amsterdam (2005)
23. Rehék, P: Hartman-Wintner type lemma, oscillation, and conjugacy criteria for half-linear difference equations.
J.Math. Anal. Appl. 252(2), 813-827 (2000). doi:10.1006/jmaa.2000.7124
24. Vesely, M: Construction of almost periodic sequences with given properties. Electron. J. Differ. Equ. 2008, 126 (2008)
25. Vesely, M: Almost periodic homogeneous linear difference systems without almost periodic solutions. J. Differ. Equ.
Appl. 18(10), 1623-1647 (2012). doi:10.1080/10236198.2011.585984
26. Vesely, M: Construction of almost periodic functions with given properties. Electron. J. Differ. Equ. 2011, 29 (2011)


http://dx.doi.org/10.1080/10236190310001641227
http://dx.doi.org/10.1155/2012/471435
http://dx.doi.org/10.1155/2013/432936
http://dx.doi.org/10.1007/BF01444165
http://dx.doi.org/10.1002/mana.19981890108
http://dx.doi.org/10.1090/S0002-9939-99-05069-8
http://dx.doi.org/10.1016/j.jde.2010.06.018
http://dx.doi.org/10.1016/j.jde.2008.06.004
http://dx.doi.org/10.1016/j.jfa.2007.10.007
http://dx.doi.org/10.1007/s002200050822
http://dx.doi.org/10.1155/2013/714263
http://dx.doi.org/10.1007/s10231-010-0155-0
http://dx.doi.org/10.1186/1687-1847-2013-122
http://dx.doi.org/10.1556/SScMath.51.2014.3.1283
http://dx.doi.org/10.1155/2014/258159
http://dx.doi.org/10.1006/jmaa.2000.7124
http://dx.doi.org/10.1080/10236198.2011.585984

	Oscillation constants for half-linear difference equations with coefﬁcients having mean values
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Results
	Examples
	Competing interests
	Authors' contributions
	Acknowledgements
	References


