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Abstract

Equations driven by fractional Brownian motion are attracting more and more
attention. This paper considers fractional stochastic differential equations with
distributed delay. With the variation-of-constants formula, an explicit expression and
asymptotic behavior of the solution are provided, sufficient conditions are derived to
guarantee the pth moment exponential stability and almost surely exponential
stability.
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1 Introduction
Fractional Brownian motion (fBm) was first studied in 1940 by Kolmogorov [1], who de-
fined it in a Hilbert space and named it a Wiener helix. Until 1968, Mandelbrot and Van
Ness [2] provided the stochastic integral representation of fBm in terms of a standard
Brownian motion, the name fBm was then introduced. As an extension of classic Brow-
nian motion, fBm can give a better description to model natural situations like the tem-
perature at a specific place as a function of time and so on [3]. Because of their extensive
applications in finance, economics, biology, etc., fBm is attracting more and more atten-
tion.

An fBm with Hurst index H € (0,1) is a continuous and centered Gaussian process
{BM(£),t > 0} with covariance function

E[B"()B"(s)] = %(tZH + 2 — |t — 5.

For H = %, the fBm is exactly the standard Brownian motion without memory. For H # %,
it is usually divided into two cases, 0 < H < % and % < H <1. The case for H > % is called a
long memory process, while H < % is called a short memory process.

It is known that fBm shares something with Brownian motion, but the critical difference
is that the increments of fBm are dependent while that of Brownian motion are indepen-
dent. Therefore, fBm is neither a Markov process, nor a semimartingale, and the theories
of stochastic differential equations (SDEs) driven by standard Brownian motion are in-
valid in the case of fBm. Recently, there are some studies on existence, uniqueness, and
stability of the solutions for fractional SDEs. Ferrante and Rovira [4] proved the existence
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and uniqueness for a stochastic delay differential equation driven by a fractional Brow-
nian motion with Hurst parameter H > 1/2. Ferrante and Rovira [5] gave a proof of the
existence and uniqueness for stochastic delay differential equations with hereditary drift
driven by a fractional Brownian motion with Hurst parameter H > 1/2. Caraballo et al. [6]
investigated the existence, uniqueness, and exponential asymptotic behavior of mild solu-
tions to stochastic delay evolution equations perturbed by a fractional Brownian motion
with Hurst parameter H > 1/2. Based on the research of [6], Boufoussi and Hajji [7] gave a
proof of the existence and uniqueness of mild solutions for a neutral stochastic differen-
tial equation with finite delay, driven by a fractional Brownian motion in a Hilbert space.
Dung [8] gave a sufficient condition for the exponential asymptotic behavior of solutions
of a general class of linear fractional SDEs with time-varying delays. However, to the best
of our knowledge, fractional SDEs with distributed delay have not been considered till
now. In this paper, SDEs driven by an fBm with distributed delay will be introduced and
asymptotic behavior of the solution will be analyzed.
In [2], Mandelbrot and Van Ness discussed the following integral representation:

1

H o pH
B O=80+ 51

(Zt + /t(t —g)f-172 dW(s)), t>0,
0

where

0
Zt — / [(t _S)H—1/2 _ (_S)H—I/Z] dW(S),
-0
W(¢) is a standard Brownian motion, I" represents the gamma function, and 0 < H <1 is
the Hurst parameter. There are also several other stochastic integral representations for
fBm [3].
As to the presentation introduced by Mandelbrot and Van Ness [2], the integral form

wWH(t) = /t(t—s)H’l/ZdW(s)
0

is called the Riemann-Liouville fractional integral. There is a relation between the
Riemann-Liouville fractional Brownian motion (RLfBm) and fBm [9]. Considering that
the process Z; has absolutely continuous trajectories, it suffices to consider the term W*(t)
instead of B (¢) [10], thus, B (¢) will be denoted by W(¢) along our paper.

This paper is organized as follows: In Section 2, the explicit form of solution to the
retarded SDE with an fBm is given. In Section 3, asymptotic behavior of the solution is
provided, and sufficient conditions are derived to guarantee the pth moment exponential
stability and almost surely exponential stability.

2 Preliminary and explicit solution
In the following sections, we consider retarded SDE driven by an fBm in the form:

0
dx(t) = ( / X(t+ 0)p(d9)> dt + o () dWH (), >0 2.1)

with the initial value X(¢) = £(¢), t € [-7, 0], where W (¢) is a RLfBm with Hurst parameter
H> %, p(:) is a finite signed measure defined on [-7,0].


http://www.advancesindifferenceequations.com/content/2014/1/321

Tan Advances in Difference Equations 2014, 2014:321
http://www.advancesindifferenceequations.com/content/2014/1/321

In order to give the explicit form of (2.1), we first consider the following deterministic
retarded differential equation:

0
dY(t) = (/ Y+ 9)p(d9)> de (2.2)

T

with the initial value Y (£) = £(¢), t € [-7, 0]. It is easy to see that the characteristic equation
of (2.2) is

h(A) = A — /0 " p(do) = 0.

T

Denote Z(t) as the fundamental solution of (2.2) with initial value Z(0) = 1 and Z(0) = 0,
0 € [-1,0). By the variation-of-constants formula (see, e.g., [11]), the solution of (2.2) has
a unique explicit form:

0 (0
Y(t) = Z(£)£(0) + [ /9 Z(t+0 —s)E(s)dsp(d9), t=>0.

According to Hale [12], for any « > oy := max{Re(A) : h(A) = 0}, there exists k, > 0 such
that the fundamental solution Z(¢) satisfies the inequality

’Z(t)| <kye¥, t>-1.

Before we introduce the explicit representation of (2.1), we first present a lemma that is
useful in later parts.

Lemma 2.1 [13] Forevery e >0, denote by § = H — %, define
t
wie(t) = / (t—s+e)f dW(s).
0
Then {WH<(t)} >0 is a semimartingale with the following decomposition:
t
wWHe) =P W) + / ¢(s)ds, (2.3)
0

where ¢€(s) = f; B(s + € —w)?L AW (u). Furthermore, W (t) converges to W (t) in L*(Q)
uniformly with respect to t € [0, T] when € — 0.

Theorem 2.2 There is a unique strong solution {X(t)};>o to (2.1) which reads
0 /0
X(t) = Z(t)£(0) + / / Z(t + 0 —s)&(s)dsp(dO)
-7 J6
t
+ / Z(t-s)o(s)dWH(s), ¢>0, (2.4)
0

where Z(t) is the fundamental solution of (2.2) with initial value Z(0) = 1 and Z(6) = 0,
0 € [-7,0).
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Proof According to Dung [8], the solution X(¢) of (2.1) can be approximated by solving
the following equation:

0
dx(t) = (/ Xe(t+ 9),0(d9)> dt + o (6)dW<(t), t>0

with the initial datum X¢(¢) = £(¢), t € [-7, 0]. By the decomposition (2.3), we can rewrite
the above equation as

0
dXe(¢) = (/ X (t+0)p(do) + a(t)df(t)) dt+o@ePdW (@), t>o0.

Multiplying this equation by e/, Re A > ¢ sufficiently large, integrating from 0 to oo, de-
noting by -Z(X¢)(1) the Laplace transform of X*(t), we obtain

0 0 o9
h(0).ZL(X) (1) = £(0) + / / () dep(do) + / e Mo ()¢ (¢) de
—_rJo 0
+/ e o)’ dW ().
0
An application of the Laplace inversion theorem (see, for example, [12]) yields

0 0
X€(t) = /( )eﬂh-l(x)[g(on / / 0D (1) dep(do)
C -1 J0

> —At € * —At B
+/0 eMo(t)p (t)dt+/(; e Mo(t)e dW(t)]dA.
Note that
L(Z)N) =h (),

where Z¢(¢) is the fundamental solution of

0
dy<(s) = (f Ye(t+ 9),0(d9)> d

T

with the initial value Z¢(0) =1 and Z¢(#) = 0, 0 € [-7,0).
With the definition of a convolution of the Laplace transform, we get

0 (0
X(t)=Z¢ 0 A 60— dsp(do
0= 2050+ [ T /9 (¢ +0 - 5)£(5) dsp(do)
‘ €(r € ‘ €(r B
+/0 Z(t —s)o(s)p (s)ds+/0 Z(t —8)o(s)e” dW (s).
Therefore, by (2.3), it follows that
0 (0
X<(t) =Z¢ 0 A 60— dsp(d8
0= 2050+ [ T /9 (t+6 - 9E(5) dsp(d6)
+/tZ€(t—s)o(s)dWH’E(s), t>0.
0

Let € — 0, the representation of X(¢) is obvious. 0
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3 Exponential behavior
The following two theorems provide the pth moment exponential stability and almost sure
exponential stability of the solutions to (2.1).

Theorem 3.1 Assume that oo < 0, and there exists y > 0 such that

/ ezJ/s‘cr(s)’2 ds < o0, (3.1)
0

then there exist positive constants K and p such that for each p > 0, and the solution of
(2.1) satisfies

EIX(@®)] <K||&|2.e ", t=>0,

where ||{ |0 := SUP_;<g<0 [£(©)].

Proof According to the explicit form (2.4), along with the inequality |2 + b + c|? < k,(|al? +
|bI” + |c|P), p,ky > 0, it is easy to get

0 (0
]E’X(t)‘p =E‘Z(t)§(0)+/ /e Z(t+ 60 —5)&(s)dsp(dO)

t P
+ / Z(t - s)o (s) dWH(s)
0

»

0 (0
//Z(t+9—s)§(s)dsp(d(9)
-7 J0

)

t
< Kie | &|2, + ka‘/ Z(t - s)o (s) dWH (s)
0

< ka<|Z(t)$(O)|p +

+

/t Z(t - s)o (s) dWH (s)
0

4
. (3.2)

Denote by

»
I(t) := k,E

/tZ(t —s)o(s)dWH(s)
0

We should remind the reader that fBm is a centered Gaussian process. So, before consid-
ering I(t), we can give an estimation on | fot Z(t - s)o (s) dW!(s)|? first. Applying (2.3), we
obtain

/tZ(t—s)a(s)dWH(s)

0
- lim /0 2t — )0 () AW (s)
o[ [ ze- ~u)f AW (1) ds
ﬁA‘A (- 8)0(5)(s - ) AW (w)

:ﬂfot/utZ(t—s)a(s)(s—u)’gldde(u).
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By the It6 isometry formula and the Hélder inequality, we have

2

E /I:Z(t —s)o(s)dWH(s)

0
t t 2
_ 32 _ -1
B /()(/u Z(t—s)o(s)(s—u) ds) du
2 (" tZ B 2, ﬁld)( ! _ ﬂ1d5>d
sﬂ‘4<l|(tswwﬂu w1 ds Au W) ”

t t
B _ 2B 28 B 2
<t /0|Z(t s)o(s)| sPds<¢ /O|Z(t s)o(s)|”ds
t

Skitw/ 6_2"‘“_5)|0(s)|2ds.
0

By virtue of [8, Lemma 3.1] and condition (3.1), letting 31 = & A y, we have

2

]E’/tZ(t —98)o(s)dWH(s)
0

o0
_ 2 _
<I2t*e 2)’”/ ezys|a(s)| ds < KZe ™,
0

where K3 = k2P e [[¥ e*|o(s)|*ds, y2 = 371. Therefore, the Gaussian property leads
to I(t) < K5e72P'. An application of I(¢) on (3.2) yields

E[X@0)|" < KlI§ e, t=0,
where i = @ A 5. This completes the proof. d

Theorem 3.2 Assume that (3.1) is satisfied, then there exists a positive constant v such
that the solution of (2.1) has the property

lim sup 1log|X(t)| <-v.

t—oo L

Proof Forn—1<t<mn,n>1, X(¢) can be represented as
n-1 T

t 0 ¢
X(t):X(n—1)+/ (/ X(s+9)p(d0)>ds+/la(s)dWH(s).

With the inequality |a + b + ¢|> < 3(|a|? + |b|? + |c|?), we derive from (3.2) that

2 2 [0 2
]E(n_?i?SJX(t)' ) < 3E[X(-D|" + 3E( / ) ( /_ X+ 9)p(d9)> ds)
)

< Gl|E |2, e7 20D 4 Cre 7 4 3](2),

+3E< sup /t o (s)dWH(s)
a1

n-1<t<nm

where J(£) = E(sup,,_i .-, | [1_, o (s) dWH(s)|?).
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Next, by the Burkhold-Davis-Gundy inequality, (2.3) and (3.1), we arrive at
)

n n 2
<af ( / a(s)ﬂ(s—u)ﬁ-lds) du < Cye ),
n-1 u

](t)fE( sup /t o (s)dwH(s)
-1

n-1<t<m

Let y3 = u Ay, we see that

]E( sup |X(t)|2> < Ce™ 23",

n-1<t<m

Then, with the Chebyshev inequality, for any y4 < ys,

P( sup | X(0)|* > 6_2””) < ezy“”E( sup |X(t)|2> < Ce 2rs—valn,

n-1<t<nm n-1<t<nm

Since Zzozl e 2sran o 5, by virtue of Borel-Cantelli lemma, there exists an ( € Q2 with
P(€20) = 1 such that for every w € Q, there exists an integer ny(w), for n > no(w), n -1 <

t<m,
|X(1f)|2 < e 2 < gm2ral,

The desired conclusion is satisfied with v = y;. O

Remark 3.1 This provides a method to ensure the exponential stability of SDEs driven by
an fBm, and it can be generalized to fractional SDEs of neutral type.
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