Hu et al. Advances in Difference Equations 2013, 2013:74
http://www.advancesindifferenceequations.com/content/2013/1/74

® Advances in Difference Equations

a SpringerOpen Journal

RESEARCH Open Access

New identities involving Bernoulli, Euler and
Genocchi numbers

Su Hu', Daeyeoul Kim? and Min-Soo Kim?*"

“Correspondence:
mskim@kyungnam.ac.kr
3Division of Cultural Education,
Kyungnam University, 7
(Woryeong-dong)
kyungnamdaehak-ro,
Masanhappo-gu, Changwon-si,
Gyeongsangnam-do 631-701,
Republic of Korea

Full list of author information is
available at the end of the article

@ Springer

Abstract

Using p-adic integral, many new convolution identities involving Bernoulli, Euler and
Genocchi numbers are given.
MSC: 11B68; 11580

Keywords: Bernoulli numbers; Euler numbers; sums of products; fermionic p-adic
integral; Volkenborn integral

1 Introduction
The study of the identities involving Bernoulli numbers and polynomials, Euler numbers
and polynomials has a long history. More than 250 years ago, Euler discovered the follow-

ing sums of products identity involving Bernoulli numbers:

n-1
@’Z)BNBM_H —@n+1By (151 (L)

=1

(see [1]).

This identity has been extended by many authors in different directions (see [2-21]).
Recently, Kim and Hu [22] obtained an analogy of Euler’s sums of products identity for
Apostol-Bernoulli numbers.

In 1978, Miki [23] obtained the following well-known identity, which is now known as
Miki’s identity:

n-2 BB, _« _g n\ BiB,_k _9 ﬁ
P k(n k) P k) k(n—-k) "n

N

for everyn=4,5,...,where H,=1+1/2+--- + 1/n.
In 1997, Matiyasevich [24] found another identity of this type

n-2 n-2
2
(n+2) E BiB,_ —2 E (n ;r )BkB,,_k =n(n+1)B,
k
k=2 k=2

forany n=4,5,....

In 2004, Dunne and Schubert [25] obtained the convolution identities for sums of prod-
ucts of Bernoulli numbers motivated by the role of these identities in quantum field theory
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and string theory. In 2006, Crabb [26] showed that Gessel’s generalization of Miki’s iden-
tity [27] is a direct consequence of a functional equation for the generating function. Dur-
ing the same year, Sun and Pan [28] established two general identities involving Bernoulli
and Euler polynomials, which imply both Miki and Matiyasevich’s identities.

According to statement by Cohen in the first paragraph of [29, Chapter 11], the p-adic
functions with nice properties are powerful tools for studying many results of classical
number theory in a straightforward manner, for instance, strengthening of almost all the
arithmetic results on Bernoulli numbers.

For example, in Exercises 2 and 3 of [29, Chapter 11], Cohen demonstrated a method to

prove the following reciprocity formula for Bernoulli numbers using p-adic integral:

“ n+j+1 m+/+1
=—Byin
on(m 1)‘(/+1)‘ Z(ﬂ J)'(/+1)'

(see Exercise 3(c) of [29, Chapter 11]).

Recently, using p-adic integral, Kim et al. [8] proved several identities on Bernoulli and
Euler numbers. More comprehensive coverage can be found in the monographs by Chio
et al. [2], Kim et al. [4], Kim et al. [5], Kim et al. [6], Kim et al. [7], Kim and Kim [9], Kim
et al. [13], Lee and Kim [14].

In this paper, following the methods of [8], we shall further provide many new convolu-
tion identities involving Bernoulli, Euler and Genocchi numbers.

Let B,(x), E,(x) and G,(x) be the nth Bernoulli, Euler and Genocchi polynomials, re-
spectively. In what follows, we use E, to denote the special value of E,(x) at 0, that is,
E, = E,(0).

Let 8;; be the Kronecker symbol defined by §;; = 1 and §;; = 0 for i #;.

In fact, the following identities are shown in this paper:

2n+1 w41
> < ; )an_MEl =—80, (Theorem 3.3), 1.2)
1=0
2m+12n+2
2 1\ /2 2
Z ( e )( n; )BZm—k+1E2n—l+2Ek+l =0 (Theorem 3.4), (1.3)
k=0 (=0
2m+2 2n+1 ) w41
Z / Boym—k+2Eon-1:1Ex1 = 2BoymiaEon (Theorem 3.4), (1.4)
k=0 =0

2n+2

2 2
3 ( " 1+ )Ez,qm(El “2E,1)=0 (Corollary 3.5), (L5)
1=0
2m+1

2m+1
> ( ' )Bm_k+1(Ek+2 ~Exn)=0 (Corollary 3.5), (16)
k=0
2m

2m

( X >Bzmk(Ek —2Ek1) =2By,, (Corollary 3.5), (1.7)

k=0
2n+1

2n+1

( / )E2n—l+l(El —6E,1 + 6E;,3) =2Ey,.1  (Corollary 3.5), (1.8)

1=0
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_

n+ 2 1
< n; )EM_MEI =2E,,,1 ifn € N (Remark 3.6), 1.9)
1=0
“ ‘ " (MBYE ifn+ta=0 (mod?2),
(-1)'B@(i) = Yo (1)B,CE: @ ( ) (1.10)
Py 0 ifn+az£0 (mod 2) (Theorem 4.2),
o n n\ (o) 5 —
) _ EVE ifu+a=0 (mod?2),
(—l)lEf,,a)(l) — ZZ—O (l) -1l ( ) (111)
0 0 ifn+az#%0 (mod 2)(Theorem 4.3),
> (-1)BYGHEL )
i=0
Yo S (M(BY  ECE ifm+n+a=0 (mod 2),
=40 ifm+n+az£0 (mod?2) (L12)
(Theorem 4.4),
> (-1YBY ()G (i)
i=0
e X () (DBYLG, Bk ifm+n=0 (mod 2), w13)

0 ifm+n=£0 (mod 2) (Section 5).

This paper is organized as follows. In the next section, we recall the fundamental results
between p-adic integral and Bernoulli and Euler numbers. Then using these results we
prove new identities (identities (1.2), (1.3), (1.4), (1.5), (1.7), (1.8), (1.9)) involving Bernoulli
and Euler numbers in Section 3, prove new identities (identities (1.10), (1.11), (1.12)) in-
volving higher-order Bernoulli and Euler numbers and polynomials in Section 4, and also
prove a new identity (identity (1.13)) involving both Bernoulli, Euler and Genocchi num-
bers in the final section.

2 p-adic analysis
In this section, we recall the fundamental results between p-adic integral and Bernoulli
and Euler numbers, and we see that the properties of p-adic integrals may imply most well-
known facts on Bernoulli numbers and polynomials, Euler numbers and polynomials.
We assume p is an odd prime number. The symbols Z,, Q, and C, denote the rings
of p-adic integers, the field of p-adic numbers and the field of p-adic completion of the
algebraic closure of Q,,, respectively. N denotes the set of natural numbers and Ny denotes
Nu{o}.
Let UD(Z,) be the space of uniformly (or strictly) differentiable function on Z,. Then
the Volkenborn integral of f is defined by

PN-1
1
I(f(2)) = / fl@)du(z) = lim — fl(a) (2.1)
(f ) Zp N—o0 pN ;
and this limit always exists when f' € UD(Z,) (see [30, p.264]). For such functions we have

1(h) - 1(f) =f(0), (2.2)
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where f/(0) = (df (z)/dz)|.-0 and fi(z) = f(z + 1). By (2.2), we have the following Volkenborn

p-adic integral representation of the generating function of Bernoulli polynomials B,,(x):

t = "
(x+2)t\ _ XL _ —
1(e+ )_<et_1)e _;Bn(x)n!, 2.3)
which is equivalent to
I((x +2)") = Bu(x) (2.4)

(see [12]).
Setting x = 0 in (2.4), we obtain the Volkenborn p-adic integral representation of the nth

Bernoulli numbers
B, =B,(0)=1(z") (2.5)

(see [12, 30]).
Thus from the binomial theorem and (2.4), we get
" (n " (n
_ ny _ ! n-l\ _ )
B,,(x)-]((x+z) ) —Z<l>x I(Z ) _Z<l)xB”‘l’ (2.6)

=0 1=0

where

(n)_n(n—l)---(n—l+1) 2.7)

l n

The recurrence formula of B, is given by

1, n=1,
By =1, (B+1)"-B,= (2.8)
0, n>1,

with the usual convention of denoting B” by B,,.
By (2.6) and (2.8), we have

Bo=1, B,(1)-B,=68,, ifneN. (2.9)

The fermionic p-adic integral I_;(f) on Z, is defined by

PN-1
L(@) = [ f@dua@ = lim 3 f@-1y, (2.10)
P a=0

where f € UD(Z,). This integral was introduced by Kim [12] in order to derive useful
formulas involving the Euler numbers and polynomials. It has also been defined inde-

pendently by Shiratani and Yamamoto [31] in order to interpolate the Euler numbers
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p-adically. Osipov [32] gave a new proof of the existence of the Kubota-Leopoldt p-adic
zeta function by using the integral representation

PN

1) - [ f@du@ = i 3 @ @)
P a=0

where f € UD(Zy), ek =1,e #1, (k,p) =1,and k | (p' —1). Note that when k = 2, I.(f) is the
fermionic p-adic integral I_; (f) on Z,. Recently, the fermionic p-adic integral I_;(f) on Z,
has been used by the third author to give a brief proof of Stein’s classical result on Euler
numbers modulo power of two [10]; it has also been used by Maiga [33] to give some new
identities and congruences concerning Euler numbers and polynomials.

From the definition of I_;(f), we have

Li(f) + L1(f) = 2£(0), (212)

where fi(z) = f(z + 1) (see [12, Lemma 1]). Thus from induction, we have the following
fermionic p-adic integral equation:

a-1

Li(fe) + () a() =2 (-D)* (), (2.13)
i=0
where @ € N and
Jo(2) =f(z+ ) (2.14)

(see [12, Theorem 2]).
Using formula (2.12), we have the following fermionic p-adic integral representation of
the generating function of Euler polynomials E,(x):

2 = "
(x+2)t\ _ Xt _
Lie ) = = = ;En(x)a, (2.15)
namely
1_1((x + z)”) =E,(x) (2.16)

(see [34, Proposition 2.1]).
Setting x = 0 in (2.16), we obtain the fermionic p-adic integral representation of the nth

Euler numbers
E, = E,(0)=14(z") (2.17)

(comparing with (2.5)).
Therefore, by the binomial theorem, (2.16), and (2.17), we have

n

E,(x) = Z (lz)xll_l (z"_l) = Z (7)9615,_1. (2.18)

1=0 =0
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The recurrence formula of E,, is given by
Ep=1, (E+1)"+E,=0 ifneN, (2.19)

with the usual convention of denoting E” by E,,.
By (2.18) and (2.19), we have

E,(1) +E, =28y, ifneN,. (2.20)

The p-adic integral also implies the following reflection symmetric relations for the
Bernoulli and the Euler polynomials (see formulas (2.12) and (2.13) in [34]):

B,(x) =(-1)"B,(1-x), wheren e Ny, (2.21)
E,(x)=(-1)"E,(1-x), wheren e Ny. (2.22)

3 ldentities involving Bernoulli and Euler numbers
In this section, we prove new identities involving Bernoulli and Euler numbers.

Lemma 3.1 For [ € Ny, we have
Li(A %)) =2+ E - 250,
Proof Putting f(x) = (1 -x)! in (2.12), by (2.17), we have
Li(A-2") =2 -1,((—)") =2+ (-)""E,. (3.1)
By (2.22), with x = 0, and (2.20), we obtain
(-1)'Er = (-1)'E:(0) = E(1) = 260, ~ Ei,
substituting it to (3.1), we have the desired result. O

The following well-known fact on Euler polynomials may also be established using
p-adic integral. We refer to Corollary 1.1 in [35] for another proof.

Theorem 3.2 E;, =0 forn >1.

Proof We prove our result following the method of the proof for Theorem 2.1 in [8].
By (2.17) and (2.18), we have

LiE) =Y (’;)En_zl_l () = (’;)En_z&. (3.2)
1=0

1=0
On the other hand, using (2.18), (2.22) and Lemma 3.1, we obtain
L1(Ea(#)) = (~1)'Ly (Eo(1 - )

= (-1 (7)‘5"-11—1((1 - %))
=0
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&Y (’1’>En_l(2 + E—280))

=0

= (_1);42(2 <7>En—l _En> + (_l)n (7)En—lElr (33)
=0

=0

where 8¢, is the Kronecker symbol.
Comparing (3.2) and (3.3), then using (2.18), with x = 1, and (2.20), we have

(1) Y (’1’>En_zEl - (—1)"2(i (’Z>En_l —En>

1=0 1=0
= (-1)"2(Ea() - E»)
= (=1)"4(8¢,, — E,) ifn e N,. (3.4)
Putting # = 0 on the left-hand side of (3.4), we have 0 =1 — Ey, hence E, = 1. Replacing »
by 2n (1 > 1), the right-hand side becomes E;,, = 0, which completes the proof. O

Theorem 3.3 For n € Ny, we have

2n+1

2n+1
Z / Boy_11E1 = =00 .

1=0

Proof The proof goes the same way as in the above theorem.
By (2.5) and (2.6), we have

n

Li(Bu) =Y (’Z)Bn_zl_l () = (’Z)BHE;. (3.5)
=0

1=0

On the other hand, using (2.6), (2.21) and Lemma 3.1, we obtain

L1 (Bu®)) = (<1 Ly (B(1 - )

-3 () Bita(a-)

=0

n

=0 (’Z)Bn_l(z + Ey—2380))

=0

_ (_1)"2(2 (';)Bn_, - Bn) +(-1y" ('Z)Bn_,El. (3.6)
=0

1=0
Comparing (3.5) and (3.6), then using (2.6), with x = 1, and (2.9), we have

(L 1) 3 (’l’>Bn_zEz - (—1)"2<2nj (’;)Bn_z —Bn)

1=0 =0
= (-1)"2(B,(1) - By)
= (-1)"281,5.

Letting n = 2m + 1 (m > 0) in this identity, we get our result. O

Page 7 of 15
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Theorem 3.4 For m,n € Ny, we have

T2 om 1\ (21 +2
Z Z X ] Bom-ks1Ean-142Ek+1 = 0, (3.7)
k=0 [=0
2m+2 2n+1 ) w41

Z k / BZm—k+2E2n—l+1Ek+l = 2B2m+2E2r1+1' (38)
k=0 [=0

Taking m = 0, n = 0 in (3.7) and (3.8), respectively, we obtain the following corollary.

Corollary 3.5 For m,n € Ny, we have

2n+2

2n+2
YT, BB~ 2E) = 0, (3.9)
1=0
il 2m+1
YT Bk Bra ~ Een) =0, (3.10)
k=0 <
2m

2m
> ( . )Bzmk(Ek ~2E4,1) = 2By, (3.11)
k=0 <
L (2n+1
27, BBl 6B + 6E12) = 2Enn. (3.12)
1=0

Proof of Theorem 3.4 We prove our result following the method of the proof for Theo-
rem 2.3 in [8].
Putting x = 1 in (2.6), (2.18), and using (2.9), (2.20), we get

n

n
B,(1)=Y ( z)B’” =B+ 81

=0 (313)

n

En(l) = Z (7)En—l = 280,;’1 _En'

=0

By the linear property of p-adic integral and (2.17), we have the following fermionic p-adic
integral representation of the product of Bernoulli and Euler polynomials:

>( ) kBt L1 (£

m n m n
L1 (Bu(x)E,(x)) = Z Z ( kJ\1 B
k=0 [=0
m m n
) B E B 3.14
> L l) kEn-1Ek+1 (3.14)

22 (0

0 /=0

Further, by (2.21), (2.22), Lemma 3.1 and (3.13), we have
L1 (Bu(®)En(x)) = L1 ((-1)"*"B,,(1 = x)E, (1 - x))

= (1Y (’Z) (’Z)Bm_kfsn_zl_l(u - )

k=0 [=0

Page 8 of 15
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n
B kEn-i(2 + Exi — 280 k+1)

)Bm_kEn_; +(-1)"*"*12B,,E,

~

i m
+ (=1 ( k) (7) By—kEn-iExs1
k=0 1=0

= (<12 <Z (m Bm_k> (Z (”)En_z> +(-1)""12B,, E,
k=0 k 1=0 !
+ (_1)m+n Z Z (};:) <7>Bm—kEn—lEk+l

= (=1)""2B,,(1)E,(1) + (-1)"*"*'2B,,E,

+ (- 1)’“*”22( )( ) -k EniEks1. (3.15)

k=0 =0
Comparing (3.14) and (3.15), then using (3.13), we have

(1+(- 1)’””‘*1 ZZ( )( > m—kEn-1Ek+1

k=0 [=0
= (=1)"*"2B,,(1)E, (1) + (-1)"*"*'2B,,E,,
= (_1)m+n2(Bm + 81,m)(280,n _En) + (_1)m+n+IZBmEn

= (—1)m+n2(2Bm50'n — ZBW,EV, + 281,,"80,,, —E,,Sl,m). (316)

Replacing m by 2m + 1 and n by 2# + 1 in (3.16), respectively, we have

2m+l n

2m+1
1 + ( 1) Z Z < )( )BZm k+1En lEk+l
k=0 [=0
= (_1)n+12(232m+180,n - 2B2W1+1En + 251,2m+150,n - En81,2m+1) (317)

and

m 2n+l m+1
(1+(-1)" Z ( )( ; )Bm—kE2n—l+1Ek+l
k=0 =0

= (_1)m2(23mE2n+1 + E2n+181,m)~ (318)

Finally, replacing # by 2n + 2 in (3.17) and m by 2m in (3.18), using Theorem 3.2, we get
our result. 0

Remark 3.6 Putting # = 0 in (3.17), we recover Theorem 3.3. Setting m = 0 in (3.18), we
obtain

2n+1
2n+1 .
Z < )EZn—l+lEl =EypnEo + EouEy + -+ - + E\Eyy +EoEgpi1 = 2E5,1 ifneN.

- [
=0 (2n-1)-terms
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This identity is trivial, because by Theorem 3.2, the (2# — 1)th terms are identical to

Zero.

4 Identities involving higher-order Bernoulli and Euler numbers
In this section, we prove new identities involving higher-order Bernoulli and Euler num-
bers and polynomials.

The higher-order Bernoulli polynomials Bi,a)(x) and the higher-order Euler polynomials
E)(x) are defined by the following generating functions:

¢ “ Xt _ = () ¢
(et_1) e _an () — (4.1)
and
2 “ xt = () "
(et+1) e :nZO:En (x)a, (42)

respectively. For n € Ny, we have BY = B9(0) and E¥ = E(0), where B and E de-
note the higher-order Bernoulli and Euler numbers, respectively (see [20, Section 1.6] and
[21, (16), (17)]). Moreover, from (4.1) and (4.2), we have

B¥ )= (7)355’3,#, (4.3)

=0
B9 (x) = (-1)"B“) (a - x), (4.4)
o - n o
E9(x) = ZXOj ( Z)Ei)zx’, (4.5)
E9(x) = (-1)"E® (o - x). (4.6)

Lemma 4.1 Fora € Nand | € Ny, we have

a-1

Li((@—%)) = (-1)*(280, — E) + 2 Y _(-1)'(e - i)".

i=0

Proof Letting f(x) = (o« — x)! (o« € N) in (2.14), we have f, (x) = (-x)".
By (2.13), we have

a-1
Li((@=#»') = (-D*La((=0') + 2 ) (1))
i=0
a-1
= (DU CD'E+2) (-1 —i). (4.7)
i=0

By (2.20), (2.22) with x = 0, we have (-1)'E; = Ej(1) = 280, — E;, and we obtain the assertion

of the lemma. O

Page 10 of 15
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Theorem 4.2 For « € N and n € Ny, we have

i(—l)iB(“)(i) I P (NBYE ifn+a=0 (mod2),
-0 " 0 ifn+a#£0 (mod 2).

Proof From (2.17), (4.3) and the linear property of p-adic integral, we obtain the following
fermionic p-adic integral representation of the higher-order Bernoulli polynomials:

o — (n () — (n (@)
I, (qu >(x)) = Z <Z>Bn,1_1 (xz) = Z (Z)BnlE,. (4.8)
1=0 1=0
On the other hand, by (4.4) and Lemma 4.1, we have

L) = 1Y () -9

1=0

n a-1
="y (’;)Bff), ((—1)“(280,1 —E)+2) (-1)(e- i)’)
=0 i=0

n a-1
= (-1)™2B@ + (-1)"2) ('Z)Bff_), > (e —i)f
=0 i=0
NEEY (’l‘) B“E,. (4.9)

=0
Clearly,
a-1
D Vi~ Z( 1), (4.10)
i=0

Comparing (4.8) and (4.9), then using (4.10) and (4.3) with x = i, we obtain

1+ ()Y (7)32‘”,15,

=0

n a-1

= (<128 + (-1)"2) (7)35;’_)1 > D - i)
=0 i=0

= (-1)"2B® + (-1)"2) (7)32“‘_)1 > (1
1=0 i=1

= (=128 + (-1)"2 ) (-1)*" (Z (’l‘)sggil)

i=1 =0

= (-1)"2B + (-1)"2 Y "(-1)*"BY (i)

i=1

=(- 1)"“*2( +Z( 1)’BY l)) (4.11)

Page 11 of 15
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Since B = B¥)(0), therefore, by (4.11), we have
" (n
n+a22 tBoz) 1+( 1)n+a)Z<Z>qua)1El7
1=0

which is the required result. O

Theorem 4.3 For « € N and n € Ny, we have

i(_l)iE(a)(i) _ > lo (y;)Eixa—)lEl ifn+a=0 (mod 2),
=0 ’ 0 ifn+a#0 (mod 2).

Proof This follows from the same process as in the proof of Theorem 4.2 by using (2.17),
(4.5), (4.6) and Lemma 4.1. O

Theorem 4.4 For m,n € Ny and a € N, we have

Y (D' BYGDER )

i=0
Yo 2o (V:) (7)B$1kE£1a—)lEk+l ifm+n+a=0 (mod 2),
0 ifm+n+a#£0 (mod 2).

Proof First we have the following fermionic p-adic integral representation of the product
of higher-order Bernoulli and Euler polynomials:

L1 (B9 )E® (x ii( )( ) BY (EV L (x)

k=0 [=0

=y ( >(> B9 E“ Ep. (4.12)
k=0 1=0

On the other hand, by (4.4), (4.6), Lemma 4.1, by (4.3) and (4.5) with x = i, we have

L1 (B (x)E® (x))
= L1 ((-1)""BY (1 - x)E® (1 - x))

S () (et

k=0 1=0

= (=) iZ( < )B< LEn (280,k+z ~Egar + 22":(_1)%1)

k=0 1=0 i=1

n
2B
0 /=0

o
- (4)’”*““2(353)55,“) +) (1)

i=1

NE

x>~
I
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el SfS ) E0)
i=1 k=0 =0 !

)m+n+o¢ Z Z ( ) ( )B(Ot E a_)lE/H—l
k=0 [=0
_ (_1)m+"+a2( DE 4 Z ()E (z))
_1)mne Z Z ( ) < ) E Ek+l (4.13)

k=0 1=0

Comparing (4.12) and (4.13), and also noticing that BY = BY(0) and E¥ = E(0), we
have

(1+ (_1)m+n+a Z < >( ) Sn kE Ek+l

k=0 1=0

= (-1 Z(—l) BW@HEY (i),

i=0

which is the assertion of the theorem. O

5 Further remarks and observations
In this section, we show that the same methods as in Sections 3 and 4 can be used to obtain
a new identity involving both Bernoulli, Euler and Genocchi numbers.

The higher-order Genocchi polynomials G (x) are defined by the generating function

2t ¢ Xt - (o) ¢
(et+1) =) Gl (5.1)

n=0

The Genocchi polynomials G,(x) are given by G,(x) = Gﬁ,l)(x). For x = 0, we have the
Genocchi numbers G,, i.e., G, = G,(0). Letting x = 0, we also have fo’) = fo')(O), where
G denotes the higher-order Genocchi numbers.

The generating function of Genocchi polynomials is similar to those of Bernoulli and
Euler polynomials, so it may be expected that the Genocchi numbers also satisfy similar
identities as those established in Sections 3 and 4.

From the generating function (5.1), it is easy to deduce that

G(x)=) ('Z) Gy, (5.2)

1=0

GW(@) = (1) G (@ - x). (5.3)

Therefore, by the fermionic p-adic integral representation of Gﬁ,a)(x), (5.2) and (5.3), we
have

1+ (-1)") (’Z) GYE = (-1)"2) (-1)'G¥(). (5.4)
0
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For n# 0 (mod 2), by (5.4), we have Z?ZO(—I)"fo)(i) = 0. From (5.4), it is easily seen that

2n o

2n o i ~a) s
> :( 1 )G;,},E, =Y (-1)GEG), meN. (5.5)
=0 i=0

Also, by the fermionic p-adic representations of Bg,a)(x) and Gg,a)(x), we have

e o (1) () Beeia

k=0 (=0
= (-1™"2 ) (-1)'BY ()G, (5.6)
i=0

which is equivalent to

o

> (-1YBY ()G

i=0

> k0 im0 (7:) (7)B(maszfqoi)1Ek+l itm+n=0 (mod 2),
0 ifm+n#£0 (mod 2),

where m,n € Nj.
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