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Abstract

In this paper, we consider the following generalized quadratic functional equation
with n-independent variables in the spaces of generalized functions:

D (i +x)+Fg-x) =20-1) > fx).
i=1

1<i<j<n

Making use of the fundamental solution of the heat equation, we solve the general
solutions and the stability problems of the above equation in the spaces of tempered
distributions and Fourier hyperfunctions. Moreover, using the Dirac sequence of
regularizing functions, we extend these results to the space of distributions.
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1 Introduction
In 1940, Ulam [1] raised a question concerning the stability of group homomorphisms as

follows:

Let G; be a group and let G, be a metric group with the metric d(:,-). Given € > 0,
does there exist a § > 0 such that if a function % : G; — G, satisfies the inequality
d(h(xy), h(x)h(y)) < § for all x, y € Gy, then there exists a homomorphism H : G; — G,
with d(h(x), H(x)) < € forallx € G;?

The case of approximately additive mappings was solved by Hyers [2] under the assump-
tion that G, is a Banach space. In 1978, Rassias [3] generalized Hyers’ result to the un-
bounded Cauchy difference. During the last decades, stability problems of various func-
tional equations have been extensively studied and generalized by a number of authors
(see [4-6]).

Quadratic functional equations are used to characterize the inner product spaces. Note

that a square norm on an inner product space satisfies the parallelogram equality

e+ 317 + lloe = yI> = 201> + 211112
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for all vectors x, y. By virtue of this equality, the following functional equation is induced:

S+ y)+fx—y) =2f (%) + 2/ (9). (1.1)

It is easy to see that the quadratic function f(x) = ax? on a real field, where a is an arbitrary
constant, is a solution of (1.1). Thus, it is natural that (1.1) is called a quadratic functional
equation. It is well known that a function f between real vector spaces satisfies (1.1) if and
only if there exists a unique symmetric biadditive function B such that f(x) = B(x,x) (see
[4—7]). The biadditive function B is given by

B(x,y) = %(f(x +) = f(x - ).

The Hyers-Ulam stability for quadratic functional equation (1.1) was proved by Skof [8].
Thereafter, many authors studied the stability problems of (1.1) in various settings (see [9—
11]). In particular, the Hyers-Ulam-Rassias stability of (1.1) was proved by Czerwik [12].

Recently, Eungrasamee et al. [13] considered the following functional equation:

D (i) +f(xi —x) =20n=1) Y f(x0), (1.2)
i=1

1<i<j<m

where 7 is a positive integer with # > 1. They proved that (1.2) is equivalent to (1.1). Also,
they proved the Hyers-Ulam-Rassias stability of this equation.

In this paper, we solve the general solutions and the stability problems of (1.2) in the
spaces of generalized functions such as S’ of tempered distributions, ' of Fourier hyper-
functions and D’ of distributions. Using the notions as in [14—19], we reformulate (1.2)

and the related inequality in the spaces of generalized functions as follows:

Y (woAj+uoBy)=2mn-1)> uob, (1.3)

1<i<j<nm i=1

<e, (1.4)

n
Z (MOA,‘I'+MOBL‘}')—2(I’I—1)ZMOP[
i=1

1<i<j<n

where A;;, B;j and P; are the functions defined by

Ay, ..oxp) =%+, 1<i<j<n,
Bij(x1,...%0) =% —xj, 1<i<j<mn,

Pi(xlwnyxn):xir lflfl’l

Here, o denotes the pullback of generalized functions and the inequality ||v|| < € in (1.4)
means that |(v, )| < €||¢||;1 for all test functions ¢. We refer to [20] for pullbacks and to
[14—-17] for more details on the spaces of generalized functions. Recently, Chung [14,15,17]
solved the general solutions and the stability problems of (1.1) in the spaces of generalized

functions. As a matter of fact, our approaches are based on the methods as in [14-17].
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This paper is organized as follows. In Section 2, we solve the general solutions and the
stability problems of (1.2) in the spaces of S" and F’'. We prove that every solution « in F’
(or &) of equation (1.3) has the form

u =t1x2,

where a € C. Also, we prove that every solution # in S’ (or F”) of inequality (1.4) can be
written uniquely in the form

u=ax® + u(x),

2
where a € C and u is a bounded measurable function such that |||z~ < ”n;i’;le. Sub-

sequently, in Section 3, making use of the Dirac sequence of regularizing functions, we

extend these results to the space D'.

2 Stability in F’
We first introduce the spaces of tempered distributions and Fourier hyperfunctions. Here,
Ny denotes the set of nonnegative integers.

Definition 2.1 [20, 21] We denote by S(R) the set of all infinitely differentiable functions
¢ in R satisfying

I pllap = sup|a“dPo(x)| < 0o 21

forall o, 8 € Ny. A linear functional z on S(R) is said to be a tempered distribution if there
exists a constant C > 0 and a nonnegative integer N such that

[, @) <C Z sup|x*8” |
a,p<N *

for all ¢ € S(R). The set of all tempered distributions is denoted by &'(R).

If ¢ € S(R), then each derivative of ¢ decreases faster than ™ for all N > 0 as x — o0.
It is easy to see that the function ¢(x) = exp(—ax?), where a > 0 belongs to S(R) but v (x) =
(1 + x%)7L, is not a member of S(R). For example, every polynomial p(x) = > Agx®,

a<m

where a, € C, defines a tempered distribution by

(p(x), ) = A; pRe@ dx, ¢ eSR).

Note that tempered distributions are generalizations of L?-functions. These are very
useful for the study of Fourier transforms in generality, since all tempered distributions
have a Fourier transform, but not all distributions have one. Imposing the growth condi-
tion on || - ||4,p in (2.1), we get a new space of test functions as follows.

Definition 2.2 [22] We denote by F(R) the set of all infinitely differentiable functions ¢
in R such that

%8P o ()|
llollaz = sup

vy ARTBPIa1B1 (22)
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for some positive constants A, B depending only on ¢. The strong dual of F(R), denoted
by F'(R), is called the Fourier hyperfunction.

It is easy to see the following topological inclusions:
F(R) — S(R), S'(R) — F'(R). (2.3)

To solve the general solution and the stability problem of (1.2) in the space F'(R), we
employ the heat kernel which is the fundamental solution to the heat equation,

4w )2 exp(~|x|2/4t), xe€R,t>0,
E(x) = E(x, £) = (47t) p(—Ix|/4t)
0, xeR,t<0.

Since for each ¢ > 0, E(:, t) belongs to the space F(R), the convolution
ux, t) = (u*E)(x,t) = (uy,Et(x —y)), xeR,t>0

is well defined for all # € F'(R), which is called the Gauss transform of . It is well known

that the semigroup property of the heat kernel
(Et * Es)(x) = Et+s(x)

holds for convolution. The semigroup property will be very useful for converting equation
(1.3) into the classical functional equation defined on an upper-half plane. We also use the
following famous result, the so-called heat kernel method, which is stated as follows.

Theorem 2.3 [23] Let u € S'(R). Then its Gauss transform u is a C*-solution of the heat

equation
(a/0t — A)u(x,£) =0

satisfying the following:
(i) There exist positive constants C, M and N such that

i, 1) < CEM(1+12))" inR x (0,0). (2.4)

(i) #(x,t) > uast— 0% in the sense that for every ¢ € S(R),

(19) = lim / e, () d.

Conversely, every C*-solution U(x,t) of the heat equation satisfying the growth condition
(2.4) can be uniquely expressed as U (x,t) = u(x, t) for some u € S'(R).

Similarly, we can represent Fourier hyperfunctions as initial values of solutions of the
heat equation as a special case of the results as in [24]. In this case, the estimate (2.4) is
replaced by the following:
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For every ¢ > 0, there exists a positive constant C; such that
|Zt(x, t)| <C; exp(8(|x| + l/t)) inR x (0,6).

We are now going to solve the general solutions and the stability problems of (1.2) in the
spaces of §" and F'. Here, we need the following lemma which will be crucial in the proof
of the main theorem.

Lemma 2.4 Suppose that f : R x (0,00) — C is a continuous function satisfying
n
Z (f(x, + x}',ti + t/) +f(x,- —xj,t,- + f/‘)) = 2(1’1 - 1) E f (x,», ti) (25)
1<i<j<n i=1
forall xy,...,x, €R, t,...,t, > 0. Then the solution f has the form
flx,t) = ax® + bt

for some constants a,b € C.

Proof Define a function h(x, £) := f(x,£) — f(0,t) forallx € R, £ > 0. Then 4 satisfies /(0, £) =
Oforallt>0and

Z (l’l(x, + x}-,t,- + tj) + h(x, — X, t; + t]')) = 2(1/1 - 1) Zh(xi, ti) (26)
1<i<j<n i=1
forallxy,...,x, €R, fy,...,t, > 0. Putting x, = - - - = x,, = 0 in (2.6) gives
> hw, i+ 4) = (n— Dh(x, 1) (2.7)
j=2
forallx; €R, f,...,4, > 0. Letting t3 = - - - = £, — 0% in (2.7) yields

h(xy, 6+ ) = hx1, t)

for all x; € R, f,; > 0. This means that /i(x,t) is independent of ¢. Thus we can write
q(x) := h(x,1) = h(x, £). It follows from (2.6) that g(x) satisfies

n

D (g + ) + qloi - %)) =201 - 1) ) q(x) (2.8)
1<i<j<nm i=1

for all x,...,x,. Putting x5 = --- = x, = 0 in (2.8), we see that g(x) satisfies the quadratic

functional equation

q(x1 + x2) + q(x1 — x2) = 2q(x1) + 2q(x2)
for all x;,%; € R. Given the continuity, the function g has the form
2

q(x,t) = ax

for some constant a € C.

Page 5 of 15
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On the other hand, putting x; = --- =x, = 0 in (2.5) gives
Y FO,4+5)=(m-1)) f0,4) (2.9)
1<i<j<n i=1

forall t1,...,£, > 0. In view of (2.9), we see that

c¢:=limsupf(0,¢)

t—>07%
exists. In (2.9), let t; = t;, — 0" so that f(0,4) — c as k — 0o. Then we have

> fOti+t)=(n-Dec+(n-2)) f(0,t) (2.10)

2<i<j<n i=2

for all f,...,%, > 0. In the same way, in (2.10), let £, = £, — 0* so that f(0,%) — c as
k — 0o. Then we have

D fO,ti+t)=2n-3)c+(n-3) Y f(0,1) (2.11)
3

3<i<j<n i=

for all t3,...,¢, > 0. Applying the same way in (2.11) repeatedly, we obtain ¢ = 0. Setting
ty=---=t,=t;, — 0% in (2.9) yields

f(o; L+ t2) =f(01tl) +f(07 t2)

for all 1, £, > 0. Given the continuity, we must have £(0, £) = bt for some b € C. Therefore,
the solution f of (2.5) is of the form

f(x,t) = hx, t) + £(0,8) = ax® + bt
for some constants a,b € C. O

According to the above lemma, we solve the general solution of (1.2) in the spaces of &’

and F'. From the inclusions (2.3), it suffices to consider the space F' instead of S’.

Theorem 2.5 Every solution u in F'(R) (or S’(R) resp.) of the equation

> (woAj+uoBy)=2n-1)) uoP; (212)
i=1

1<i<j<nm

has the form
u=ax-,

where a € C.
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Proof Convolving the tensor product E; (x1) - - - E;, (x,,) of the heat kernels on both sides
of (2.12), we have

[(u OAL’/’) * (Etl (x1) -+ Ey, (xn))](&’ - &n)

= (bl OAij’Etl (gl —%1)- Etn (‘i:n Xn)

§
)
< /Et,(%'z Xi +x/)Et (f] Xj dx,>

Ey, (& + & — xi — %)E, (%) d;
= (1, By, % Ey) i+ — )
= (1, By (&1 + &~ 1)

=u(&+&,t+t),
[0 By)  (Ey (1) -+ Eyy ) (B, o ) = (8 ~ &5, + ),
[0 Py) o (En 1)+ Eo, (60)) |1 ) = (E 1),

where i is the Gauss transform of u. Thus, (2.12) is converted into the following classical

functional equation:

Z (it(xi + X, b+ ) + u(w — %, b + t, 2(n-1) Z u(x;, t;) (2.13)

1<i<j<m

for all x4,...,x, €R, t1,...,t, > 0. It follows from Lemma 2.4 that the solution # of (2.13)
has the form

i(x, t) = ax® + bt, (2.14)

where a,b € C. Letting ¢t — 0* in (2.14), we obtain

This completes the proof. g
From the above theorem, we have the following corollary immediately.
Corollary 2.6 Every solution u in F'(R) (or S'(R) resp.) of the equation

MOA12+MOBu=2LtOP1+2MOP2

has the form

u =ax2,

where a € C.
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We now solve the stability problem of (1.2) in the spaces of S’ and F’.

Theorem 2.7 Suppose that u € F'(R) (or S'(R) resp.) satisfies the inequality

n
Z (lxlOAl‘]‘-i'LlOB,'j)—2(}’l—1)ZMOPi

1<i<j=n i=1

<e. (2.15)

Then there exists a unique quadratic function q(x) = ax® such that

n-n-1
”u —q(x) ” <—5 ¢
n:-n
Proof Convolving the tensor product Ey (1) - - - E;, (x,,) of the heat kernels on both sides
of (2.15), we have

n

Z (f(xi +x L+ )+ f (o — %t + t,»)) -2(n-1) Zf(xi, L) <e (2.16)

1<i<j<m i=1

for all x,...,x, € R, #1,...,t, > 0, where f is the Gauss transform of u. Putting x; = - - - =
x, =0 in (2.16) yields

n

Y fOt+8) - (-1 f(0,1)

1<i<j<n i=1

=

(2.17)

N ™

forall ;,...,t, > 0. Then by the triangle inequality we have

|(n - 1)f(0,11)] s§+

Y fOt+8) - (-1 f(0,8)
i=2

1<i<j<m

forallfy,...,¢, > 0. It follows from the continuity of f and the inequality above that

c¢:=limsupf(0, )

H—0%

exists. Choose a sequence t1,, k = 1,2,..., of positive numbers, which tends to 0 as k — oo,

such that f(0,#,,) — cas k — oo. Letting t; = - - - = £, = f, — 0% in (2.17) gives
el < = (2.18)
n-n
Setting ty =t =t, 3 =--- =t, = 1, — 07 in (2.17) and using (2.18), we have
£(0,2¢) n-n-1
-f(0,t)| < ——— €. 2.19
‘ PR (219)

Using an induction argument in (2.19), we obtain

n?-n-1
-f(0, t)‘ = ﬁe (2.20)

sz%)
2k

Page 8 of 15
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for all k € N, ¢ > 0. From (2.20) we see that 27%f(0, 2¥¢) is a Cauchy sequence, and hence
h(t) := lim 27%f (0,25t
(8) = lim 27£(0,2)

exists. Replacing ¢; by 2X¢; in (2.17), i = 1,2,...,n, dividing by 2% and letting k — oo, we
have

Z hti+t)=(n-1) Zh(ti)

1<i<j<nm i=1

forall fy,...,t, > 0. As in the proof of Lemma 2.4, the function /4 satisfies
h(tl + tz) = h(tl) + h(tz) (221)

for all #1, £, > 0. Given the continuity, the function /4 is of the form /(t) = bt for some con-
stant b € C. Letting kK — oo in (2.20), we obtain

2 p— —
[f(0,8) = h(t)| < nnz—fnle (2.22)

for all £ > 0. It follows from (2.21) and (2.22) that

k n-n-1
47£(0,2¢) - 1-27Mh(t)| < ———— 2.23
D0~ (-0 < e @23
On the other hand, putting x; =x; =x,x3=---=x, =0and letting y =t, =¢, t3=--- =
t, — 0% in (2.16), we have
f(2x,2t)  £(0,2¢) n-n-1
—flx,t) < ———— 2.24
‘ e S| S S (2.24)
Using the iterative method in (2.24) gives
ko fmk ok ko , 2 -n-1)
L E) =47 f (2%, 2% t) — 47£(0,2¢t)| € ————— 2.25
(0,0) = 47 (2% );lf( )| = S0en (2:25)
Adding (2.23) to (2.25) and letting F(x, £) := f (x,t) — h(t), we obtain
n—-n-1
|F(x,t) - 47°F(2*%,2")| < ———e. (2.26)
n2-n
From (2.26) we see that 4 ¥F(2Xx, 2¥¢) is a Cauchy sequence, and hence
Gx,t) := klim 47*F (ka, 2k £)
exists. By the definition of G and (2.16), we have G(0,¢) = 0 for all £ > 0 and
D (Gl +xpti+ ) + Gl %, t + 1)) =201 = 1) Y Glasi, 1:) (2.27)

1<i<j<m i=1
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forall x1,...,x, €R, £1,...,¢, > 0. As in the proof of Lemma 2.4, we obtain
G(x,t) = ax?

for some constant a € C. Letting k — oo in (2.16) yields

nw-n-1
Lf(x,t)—axz—bt| <—5— € (2.28)
nt-n

for some constants a,b € C. Letting t — 0* in (2.28), we have

n-n-1
”l/l—de” < ﬁé.

This completes the proof. O

Corollary 2.8 Suppose that u € F'(R) (or S'(R) resp.) satisfies the inequality
[[£0Ay +uo By —2uoPy —2uolPy <e.

Then there exists a unique quadratic function q(x) = ax® such that

1
Ji-a] = 3e.

3 Stability in D’

In this section, we extend the previous results to the space of distributions. Recall that a
distribution # is a linear functional on C°(RR) of infinitely differentiable functions on R
with compact supports such that for every compact set K C R, there exist constants C > 0
and N € Nj satisfying

[, 0)| <C Y sup|d“g]

la|<N

for all ¢ € C2°(R) with supports contained in K. The set of all distributions is denoted by
D'(R). It is well known that the following topological inclusions hold:

CP(R) — S(R), S'(R) = D'(R).

As we see in [14, 16], by virtue of the semigroup property of the heat kernel, equation
(1.3) can be controlled easily in the space S’. But we cannot employ the heat kernel in the
space D'. Instead of the heat kernel, we use the function ¥,(x) := t’llﬁ(’—t‘), xeR, >0,
where ¥ (x) € C2°(R) such that

Y(x) >0, supp¥(x) C {x e R: |x| <1}, fw(x)dle.
For example, let

V) = Aexp(=(1=[x)7), |« <1,

0, ¥l = 1L,
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where

A- ( / el |x|2)_1)dx>_1,

then it is easy to see ¥ (x) is an infinitely differentiable function with support {x : [x| <1}.
Now we employ the function v;(x) := t 1 (x/t), £ > 0. If u € D'(R), then for each ¢ > 0,
(u % Yr) (%) = (1), Ye(x — y)) is a smooth function in R and (u * ¥;)(x) — u as t — 0" in the
sense of distributions, that is, for every ¢ € C*(R),

() = fim, [ (s v @) .

Theorem 3.1 Every solution u in D'(R) of the equation
n
> (woAj+uoBy)=2(n-1)) uoP (3.1)
1<i<j<m =1
has the form

u :uxz,

where a € C.

Proof Convolving the tensor product v, (&) - - - ¥, (£,) of the regularizing functions on
both sides of (3.1), we have

[0 Ay) s (Y (1) - - Vg, (%)) | €y -, E0)
u OAzp 1#:1 (%'1 x1) - W:n (%'n - xn))

< /wt, —Xi t Xj Wt}(‘i:j Xj dx]>

< /‘Ilft, (& + E] —Xi— x])wt (x/)dx}>

= (o6, (P, 5 )& + 5 — )

= (i,  Y)(E + 6),
[0 By) s (i, (e0) -~ Wy (6n)) (B ) = 0 W, 5 ) (6 = ),
[0 P s (W, (er) = Y, () ) v ) = (2% )80

Thus, (3.1) is converted into the following functional equation:

D (s, ) i+ 27) + (o P 5 P ) — ) = 20m = 1) ) (Y ) () (3.2)

1<i<j<nm i=1

forall xy,...,x, € R, t1,...,t, > 0. In view of (3.2), it is easy to see that

(&) = Tim sup(a % ) (x)
t—0t

Page 11 of 15
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exists. Puttingx; = - -- =x,, = 0 and letting ; =--- = ¢, — 0% in (3.2) yields f(0) = 0. Setting
X1 =%x,%=y,%3=---=x,=0andletting t, =t,t, =5,t3 =--- =t, — 0% in (3.2), we have
(v e 5 Prs) (x + ) + (w5 e % Prs) (o0 — 9) = 2(u 5 Pre) (%) + 2(u % P) (9) (3.3)

forallx,y € R, t,s > 0. Letting £ — 0% in (3.3) gives

(00 Pre) (x + ) + (0 W) (o — y) = 2 (%) + 20t Ys) () (34)

forall x,y € R, s > 0. Putting y = 0 in (3.4) yields
S ) = (u* W5) (%) — (% ¥)(0). 3.5)
Applying (3.5) to (3.4), we see that f satisfies the following quadratic functional equation:

SE+y)+f(x-y) =2f(x) +2f ()

for all x,y € R. Since f is a smooth function, in view of (3.5), it follows that f(x) = ax?,

where a € C. Thus, from (3.5), we have

(% P) () = ax® + (u % ¥5)(0). (3.6)

Letting s — 07 in (3.6), we obtain

This completes the proof. d
In a similar manner, we have the following corollary immediately.

Corollary 3.2 Every solution u in D'(R) of the equation
MOA12 +MOBu :2uoP1 +2MOP2

has the form

u =ax2,

where a € C.
We are now going to state and prove the main result of this paper.

Theorem 3.3 Suppose that u € D'(R) satisfies the inequality

n
Y (woAy+uoBy)-2(n-1)Y uoP

1<i<j<nm i=1

<e. (3.7)
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Then there exists a unique quadratic function q(x) = ax® such that

n-n-1
||u—q(x)|| < ﬁe.

Proof It suffices to show that every distribution satisfying (3.7) belongs to the space S'(R).
Convolving the tensor product ¥, (x1) - - - 4, (x,,) on both sides of (3.7), we have

D (s v, )i +257) + (o 5, ) (- %)) —2(n=1) D (w3 ) ()| < € (3.8)

1<i<j<n i=1

forall xy,...,x, € R, £1,...,t, > 0. In view of (3.8), it is easy to see that for each fixed x,

f(x) :=lim sup(u * ;) (x)
t—0"

exists. Putting x; = --- =, = 0 and letting t; = - - - = £, — 0" in (3.8) yields
€
IF0)] < ——. (3.9)
nt—n
Setting x1 =x, %y =y, x3=---=x, =0, letting t, = ¢, £, =s,t3=--- = £, — 0" in (3.8) and

using (3.9), we have

|Gt P ) (e ) + (0 o W) (= 9) = 200 W) () = 2(u 5 Y1) ()|

2 _ g
<2(11 n-1)

- . (3.10)
ne—-n

Putting y = 0 in (3.10) and dividing the result by 2, we obtain

|G s ) (%) = (10 % W) () — (w5 ) (0)] < %e. (3.11)
n-—-n
Letting ¢t — 0" in (3.11) gives
2_p-1
[ Y1) (6) =) — (% 9)(0)| = e (3.12)
n—n
From (3.10), (3.11) and (3.12) we have
2 _y_
o)+ =) -2 - 2709 = =D

for all x,y € R. According to the result as in [8], there exists a unique quadratic function
q:R — C satisfying

q(x +y) + qlx —y) = 2q(x) + 24q(y)

such that

2 pa— —
If &) - q(x)| < %e.

(3.13)
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It follows from (3.12) and (3.13) that

6(n>-—n-1
|5 1)) = ) — (% ) 0) | < %e. (3.14)
Letting s — 0* in (3.14), we have
6n*-6n-5
Ju—q)] < 22, (3.15)
ne—n

Inequality (3.15) implies that /(x) := u — g(x) belongs to (L')’ = L. Thus, we conclude that
u=qx) + hix) e S'(R). a

From the above theorem, we have the following corollary immediately.
Corollary 3.4 Suppose that u € D'(R) satisfies the inequality
||MOA12 +M0312 —2uoP1 —2MOP2|| <e€.

Then there exists a unique quadratic function q(x) = ax® such that

1
Ju—q@] = 2e.
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