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Abstract

By using Mawhin’s coincidence degree theory, this paper establishes a new criterion
on the existence of four periodic solutions for a food-limited two-species Gilpin-Ayala
type predator-prey system with harvesting terms on time scales. An example is given
to illustrate the effectiveness of the result.

1 Introduction

The theory of calculus on time scales was initiated by Hilger [1] in order to unify continu-
ous and discrete analysis, and it has become an effective approach to the study of mathe-
matical models involving the hybrid discrete-continuous processes. Since the population
dynamics in the real world usually involves the hybrid discrete-continuous processes, it
may be more realistic to consider population models on time scales [2].

In recent years, some researchers studied the existence of periodic solutions for some
population models on time scales under the assumption of periodicity of the parameters by
using Mawhin’s coincidence degree theory (see [3—7]). To our best knowledge, few papers
deal with the existence of multiple periodic solutions for population models with harvest-
ing terms on time scales. The main difficulty is that the techniques used in continuous
population models with harvesting terms are generally not available to population mod-
els with harvesting terms on time scales. Indeed, almost all papers involving continuous
population models with harvesting terms used Fermat’s theorem on local extrema of dif-
ferentiable functions in real analysis; for example, see [8—11]. However, Fermat’s theorem
is not true in time scales calculus.

In this paper, we consider a food-limited two-species Gilpin-Ayala type predator-prey
system with harvesting terms on time scales:

Arg) _ 1 _ Oru(t) _ Orun(t)] _ Hi(®)
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Apy— 1 Oru1(t) _ baus (1)) _ Ha(®)
uy (£) = PEPYEYEIG (a2 (2) + an(t)e axy(t)e 1- 220

(1.1)

In system (1.1), let x;(¢) = exp{u;(¢)}, i = 1,2. If the time scale T = R (the set of all real
numbers), then system (1.1) reduces to

#(0) = sl () - an (0% (0) — an (0% (0] - H (@),
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X)(t) = T2 [ar(t) + an (Ox) (£) — an (£)x7 (1)] - Ha(2),

(1.2)
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where x; and x;, denote the prey and the predator, respectively; a;(¢) (i = 1,2), a;(¢) (i = 1,2),
H;(t) (i = 1,2) are all positive continuous functions denoting the intrinsic growth rate, the
intra-specific competition rates and the harvesting rates, respectively; ai(t) is the preda-
tion rate of the predator and ay;(¢) represents the conversion rate; k;(¢) (i = 1,2) are the
population numbers of two species at saturation, respectively. 6; (i = 1,2) represent a non-

linear measure of interspecific interference. When ¢;(¢) #0 (i = 1,2), kfé(c?(t) (i=1,2) are
the rate of replacement of mass in the population at saturation (including the replace-
ment of metabolic loss and of dead organisms). In this case, system (1.2) is a food-limited
population model. For other food-limited population models, we refer to [12-17] and the
references cited therein. When 6; #1 (i = 1,2), system (1.2) is a Gilpin-Ayala type pop-
ulation model. Gilpin-Ayala type population models were firstly proposed by Gilpin and
Ayala in [18]. For some recent work, we refer to [17,19-22]. When ¢;(£) = 0,6, =1 (i =1,2),
system (1.2) was consider by Zhao and Ye [9].

Motivated by the work of Bohner et al. [3] and Chen [8], we study the existence of mul-

tiple periodic solutions of (1.1) by using Mawhin’s coincidence degree.

2 Preliminaries from calculus on time scales

In this section, we briefly present some foundational definitions and results from the cal-
culus on time scales so that the paper is self-contained. For more details, one can see
[1, 23, 24].

Definition 2.1 [23] A time scale T is an arbitrary nonempty closed subset of the real
numbers R.

Let w > 0. Throughout this paper, the time scale T is assumed to be w-periodic, i.e., £ € T
implies ¢ + w € T. In particular, the time scale T under consideration is unbounded above
and below.

Definition 2.2 [23] We define the forward jump operator ¢ : T — T, the backward jump
operator p : T — T, and the graininess u : T — R* = [0, +00) by

o(t):=inf{se T:s>t}, p(t):=sup{seT:s<t}, ut)=o@)—t forteT,

respectively. If o(¢) = t, then ¢ is called right-dense (otherwise, right-scattered), and if
o(t) = t, then ¢ is called left-dense (otherwise, left-scattered).

Definition 2.3 [23] Assume that f: T — R is a function, and let ¢t € T. Then we define
f2(t) to be the number (provided it exists) with the property that given any ¢ > 0, there is
a neighborhood U of t (i.e., U = (¢t — §,t + §) N T for some § > 0) such that

’[f(o(t)) —f(s)] —fA(t)[o(t) —s]| < 8‘0(1&) —s| foralls e U.

In this case, f2(¢) is called the delta (or Hilger) derivative of f at t. Moreover, f is said to
be delta or Hilger differentiable on T if f*(t) exists for all € T.

Definition 2.4 [23] A function F: T — R s called an antiderivative of f : T — R provided
F2(t) =f(¢) for all £ € T. Then we define

/Sf(f)At =F(s)—f(r) forr,seT.
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Definition 2.5 [23] A function f: T — R is said to be rd-continuous if it is continuous at
right-dense points in T and its left-sided limits exist (finite) at left-dense points in T. The
set of rd-continuous functions f : T — R will be denoted by Cy4(T).

The following notation will be used throughout this paper.
Let

T* - T\(p(supT),supT], if supT < +o0,
T, if supT = +o0,

K= min{[0,+oo) n T}, I, =K,k +w]NT, g" =supg(t), gl = inf g(¢),

tely tely
1 1 K+w
g= —/ g(s)As = —/ g(s)As,
@ 1y w Jy
where g € C,q(T) is a nonnegative w-periodic real function, i.e., g(t + w) = g(¢) forallt € T.
Lemma 2.1 [23] Every rd-continuous function has an antiderivative.

Lemma 2.2 [23] Assume that f :T — R is a function, and let t € T*. Then we have:
(i) Iff is continuous at t and t is right-scattered, then f is differential at t with

_fle®) -1

A
@) e

(ii) Iff is right-dense, then f is differential at t iff the limit

limf () = f(s)
s>t t—§

exists as a finite number. In this case,

fA(t) = lim

s—t

f@) - f(s)
P

N

Lemma 2.3 [3] Let ty,t, €l,andt € T.Ifg: T — R is w-periodic, then

a) <glt)+ / le@|as and g(t) = gltr) - / o) as.

Lemma 2.4 [6] Assume that {f,},cn is a function sequence on 1, such that
(D) {fu}nen is uniformly bounded on I,;
(ii) {f2}uen is uniformly bounded on I,

Then there is a subsequence of {f,,}nen converging uniformly on I,,.

3 Existence of multiple periodic solutions
We first briefly state Mawhin’s coincidence degree theory (see [25]).

Let X, Z be normed vector spaces, L : domL C X — Z be a linear mapping, N : X — Z
be a continuous mapping. The mapping L will be called a Fredholm mapping of index zero
ifdimKerL = codimIm L < +0co and Im L is closed in Z. If L is a Fredholm mapping of index
zero, then there exist continuous projectors (i.e., linear and idempotent linear operators)
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P:X — X and Q:Z — Z such that InP = KerL, ImL = Ker Q = Im(I — Q). If we define
Lp:domL NKerP — ImL as the restriction L|qomznkerp Of L to dom L N Ker P, then Lp is
invertible. We denote the inverse of that map by Kp. If Q2 is an open bounded subset of X,
the mapping N will be called L-compact on Q if QN () is bounded and Kp(I - Q)N : Q —
X is compact, i.e., continuous and such that Kp(I — Q)N() is relatively compact. Since
Im Q is isomorphic to Ker L, there exists an isomorphism J: Im Q — KerL.

For convenience, we introduce Mawhin’s continuation theorem [25] as follows.
Lemma 3.1 Let L be a Fredholm mapping of index zero, and let N : Q x [0,1] — Z be
L-compact on  x [0,1]. Suppose

(a) Lu # AN (u, ) for every u € dom L N 2 and every i € (0,1);

(b) QN(u,0) #0 for every u € 9Q2 NKerL;

(c) Brouwer degree degg(JQON(-,0)|kerr, 2 N KerL,0) # 0.
Then Lu = N(u,1) has at least one solution in domL N .

Set
c
hx)=b—ax* - -, x€(0,+00).
x

Lemma 3.2 [17] Assume that a, b, ¢, a are positive constants and

T+a
b>(1 +a)aﬁ (E) .
o

Then there exist 0 < x~ < x* such that

h(x’) = h(x*) =0, h(x)>0 forxe (x,x"),

h(x) <0 forxe (0,x7) U (x",+00)
and

h'(x_) >0, h’(x*) <0.

Set
In( 2L )™ a \"
Ni=—4 400 2),
' 6 w(’ﬁ)
a \u an \u ,01N1 u u
Nz:ln[(‘m) +(”22) ¢ ]+2a) D) pop( B o,
92 k2 k2

From now on, we always assume that:

(Hy) ci(t), ki), ai(t), Hi(t) (i = 1,2), a;(t) (i,j = 1,2) are positive continuous w-periodic
functions, 6; (i = 1,2) are positive constants.
1 u 0
1 ar\/ a Y a 0, H_ o
(Hy) W[(k—i) = (F2) e > L+ o) [(F) ] [5r] o
ay

(Hy) rocre > (L ) [(2) 78 (]
3 1+(;—§)ueN2> + 0% 2 ‘
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Set

1 m\  [an)" 0N an\” o, Hf
M [ (Y Rt T Bt Ny | 24 L
1) L+ (2)eeh [(/q) (kl) ¢ )Y T X

(Z_Z)l an» “ HY
Mylx) = — ' (%2) o T
)= T g <k2)x

oo (E) (% Hi
pl(x)—(ki) (ki)x » (i=1,2),

" () H!
(%) = S %xﬁ -
ky 1+(

RalNE x
u “ (&) H}
my(x) = (Z—j) + (%) MM _ b a2 2,

1
2y X
L+ (2102 + (L yeehd]

Lemma 3.3 Assume that (H1)-(Hs) hold. Then the following assertions hold:
(1) There exist 0 < u; < u] such that

M;(u;) = M;i(uf) =0, M;(x)>0 forxe (u;,ul)

M(x) <0 forxe (O, ’4;) U (u;',+oo),i =1,2.
(2) There exist 0 <x; <x} such that

pi(x;7) =pi(x}) =0, pi(x) >0 forxe (x7,x7),
pilx) <0 forxe (O,xi’) U (x;',+oo)

and
pi(x7)>0,  pi(xf)<0, i=1,2.
(3) There exist 0 < I; < I such that
mi([7)=mi(ly) =0,  mx)>0 forxe (I;,1})
and
mi(x) <0 forxe (0,1;) U (If,+00),i=1,2.
(4)

I <x; <u; <uf <xf <, i=12.
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Inuf <N; i=12.

Proof 1t follows from (H;)-(H3z) and Lemma 3.2 that assertions (1)-(3) hold. Noticing that
; ﬂ l_ @ ue92N2 < ﬂ < ﬂ u,
1+(%)”eN1 ki ki ki)~ \k
G _(an) _(an)"
1 CA\ul( %1 \u % /(1 - /(1 ’
()]

(Z_;)l < @ < @ u+ @ ue91N1

1+ (%)M€N2 k2 /(2 k2 ’

(%)l az; an) ¢
vl @ v s (@ L\ )=/
L+ (B2 + (yrenra]ts N0 2

a2

H;<H;<H' (i=12),
we have
M;(x) < pi(x) < my(x), i=1,2.

By assertions (1)-(3), assertion (4) holds.
It follows from M;(u}) = 0 (i = 1,2) that

u ! u !
an +1% 1 @ _ a2 02N 4
(k1> 4] <1+(%)"‘3N1[(/<1) (/q) ¢ “\x )’

an» “ ) (%)l a) !
(E) 4] <1+<;—g>ueNz<<E>‘
Therefore, we have

1

ﬂ_1)l gl u- AL
1 a 0
u < | <[(= <eM,
(@ u - a
k1 11
ﬂ_z)l GL u L
( 2 a 2
()" a

which implies that assertion (5) also holds. O

Now, we are ready to state the main result of this paper.

Theorem 3.1 Assume that (H1)-(Hs) hold. Then system (1.1) has at least four w-periodic
solutions.

Proof Take

X=Z= {u =(uy,u0)T cu; € Crd(’]I‘,Rz) and u;(t + w) = u;(t) forallt € T,i = 1,2},
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and define

2 3
flell = [Z(ItIéEIIX|Mi(t)’)2:| , ueX(orZ).

i=1

Equipped with the above norm | - ||, it is easy to verify that X and Z are both Banach
spaces.
Set
ki(t) + (1= A)er(t)enr®
At 2) = 1(8) + (L= A)ci(t)e
ki(£) + c1(2)e®

’

() an(®)e™O  rap@)e? 20 H(t)
[kl(t)_ RO k@ }‘eum

ky(£) + (1 = L)y (£)e2®
ko (2) + co(t)en2®) j|

|:ﬂ2(f) . Lay (£)efrm® B ﬂzz(t)egzum)} Hy(2)
ka(t) ka(2) ka(2)

Az(l/l, t, }\.) = |:

T e
Define the mappings L: X — Z, N : X x [0,1] > Z,P: X — X and Q: Z — Z as follows:

N( )\)— Al(u,t,)»)
)= Ao, t, 1))

MA 1 K+
Lu= IA , Pu = —/ u(t)At=Qu, wueX(orZ2).
w K

)

We first show that L is a Fredholm mapping of index zero and N is L-compact on  x [0,1]
for any open bounded set 2 C X. The argument is standard, one can see [3-5]. But for the
sake of completeness, we give the details here.

It is easy to see that KerL = {u € X : (uy(2), us(t))" = (hy,h2)T € R% fort € T}, ImL =
{fueX: fK“w u(t)At = 0} is closed in Z, and dimKer L = codimIm L = 2. Therefore, L is a

Fredholm mapping of index zero. Clearly, P and Q are continuous projectors such that
ImP=KerlL, KerQ=ImL =Im(/ - Q).

On the other hand, K, : ImL — dom L N Ker P, the inverse to L, exists and is given by

K,(u) = /Ktu(s)As— é KK+w/Knu(s)AsAn.

Obviously, QN and K,(I/ — Q)N are continuous. By Lemma 2.4, it is not difficult to
show that K,(/ - QN (€ x [0,1]) is compact for any open bounded set 2 C X. Moreover,
QN(Q x [0,1]) is bounded. Hence, N is L-compact on 2 x [0,1] for any open bounded set
QCX.

In order to apply Lemma 3.1, we need to find at least four appropriate open, bounded
subsets 1, €29, 23, 4 in X.
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Corresponding to the operator equation Lu = AN(u, 1), A € (0,1), we have

Ao [Ki(®) + A= 1) ()e®
0 )L[ ki (t) + 1 (t)en® ]

a(t)  an®O  dap()e2V7  AH(2) (31)
) [kl(t) k) k) }_ en® :
NP kz(t)"'(l—)t)cz(t)e”(t)
" (t)'k[ o(® + c2 (e ]

ar(t)  ran(8)e" O an(6)e™ 7 AH,(t) (3.2)
) I:kZ(t) ’ kZ(t) - kg(t) ] - ena(t) ” .

Suppose that (u;(£), u3(¢))7 is an w-periodic solution of (3.1), (3.2) for some A € (0,1). Since
u(t) = (u1(t), ua(t)) € X, there exist th, t" ek, k +w]NT,i=1,2,such that

u,-(th): max  u;(t),

telk,k+w]NT
wi(t)= min__u(t), i=12.

telk k+w]NT

By Lemma 2.2, it is easy to see that

up () <0,  ur(£")=0, i=12.

From this and (3.1), (3.2), we obtain that

0= [/q(t{”) +(1 —x)cl(zﬁ”)ew%]
L k@ +a@hen@

[al(t{") an (el mu(tﬁe&zuw{”)] Hi(£1) 53
x - - - ) .
ki (&) ke (£) Jey (211 (@
0> |:k2(t§/‘) +(1- A)cz(tgﬂ)euz(tév’)]
a ko (801 + cz(té"[)e“mﬁw)
a(8))  ran(@)e @) e 2@ Hy(e)
L@y " - I o (3.4)
ky(£57) k(8" ko (£3) ()
and
0 < |:k1(t1’”) +(1- )»)cl(tff)ezl(ff")]
a kl(t{n) + Cl(t{n)eul(tl )
x ai (") an(f" )1t ~ Aapy ()24 ~ Hl(tg), (3.5)
ki(8") k(") k() e
0< ["z(té") +(1- /\)cz(tz”)e:ﬂ%”)]
- kz(tgl) + Cz(tgn)eW(tZ )
ky(25") k(85" k(e )
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Claim A
a; “
k)’

146911\]]

ln(u“Tll)“

w
il

a: u a
In[(Z2)" + (Z2)

0,

I/tl(f{w) <N1 =

21

kz /(2

uz(l’g/[) <N2 = ] +20)(a2

From (3.1), we obtain that

/[ o

ay(t)

)+ (1= A)cy(t)en®
ki(2)

ki(®) + c1(t)en® ]
k@) + (1 - 1) (p)er®

At

an (e

e

Adio (t)ef)zuz(t)
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u
) P

Ja

I

ki(t) + ci(¢)ea® ki(t)

1)

eul(f)

/K+u}[
K
K+
+/
K

Therefore, we have

K+w
/ (o) At

a(t)  an(t)eim®

ki(t)

raiy (t)eézuz(t)

a

ki (t)

I

a(®) + (1 - 2y (e
ki) + c1(2)ea®

< / “‘”[kl(t) + (1= Ve ()e®
p 0

ki(t) + c1(t)en®
K+w Hl(t)
] o
K+w
= 2/ [
K
K+w t u
<2/ aﬂ)At<2w<ﬂ).
K kl

k(@)
By (3.5), we have

ay(2)
] PO

dl(t{"

dll(t{n)eelul(t‘m) B
kl(t{n) ’

k(")

which implies

u
m") a(4") < (ﬂ) .
an(t]") ~ \au

Therefore, we have

u (8]") <

From (3.7), (3.8) and Lemma 2.3, we have
ai

OIAf <« —41°
t)|At < Ay

u

(@) <m() e [ |

ki (t)

(3.8)

(3.9)
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From (3.2), we obtain that

o) + (1= Do @e o) an®dm9]
/K [ ko D) + c2(£)e2® Mkz(t)+ ko (0) }

e ky(t) + co(t)en2® k() eit2(0)

Therefore, we have

K+w
f |uy ()| At
K

/“w[kz(t) + (1= e (t)e? ] [ﬂz(t) s ha () ® .\ a ()2
p ka(t) ka(2) ks (t)

ka(t) + co(t)e2®

40 B (2)
+ f o At

[ Th®) + A= Ve )e 2O [ ax(t) | ran (e ®

_2/K |: ko (t) + ca(t)e2® ]|:/<2(t) T ]At

o g0 (8) )Lam(t)eﬁm(t)
<2fK [kz(f)+ o(0) }At

From this and (3.9), we have

K+w a u a u
/ |u(t)| At < 2 2) 202 M
K k2 k2

By (3.6), we have

an (t))e2 (1) . ax(ty') . Ay () e &)
ky(£5) ko (£57) k(22

’

which implies

ar)(t)  an (el ar \" an \"
692,42@5”)< 2(2) n 21(2)691N1< 2 n 21 e(’lNl_

an(ty’)  an(ty) ~ \an ann

Therefore, we have

In[(£2)% 4 (22L)uehM]
uz(tg’l) < a2 a2
&)

From (3.10), (3.11) and Lemma 2.3, we have

() () [ o]ar

az \u an \u ,01N1 u u
y 111[(“22) +(a22) € ] +2w(%) +2w<%) 801N1 Z=N2.

0, 2 2

Claim B

Inl; <u;(g") <Inlf, i=1,2.
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From (3.5) and noticing that

k(") k(") + (1= Mer (e @) .

ki (87) + ey ()1 @) k(&) + i (£ @)

we have

" 1
0< <ﬂ) B an(t") () _ H! '
ki) k() +a(@ead (&)

Therefore, by (3.8), we have

u an ! 1
0< (611> _ k+)le91u1(tf’) _ i
1+(

E c a s e’
(2L )]

From assertion (3) of Lemma 3.3 and the above inequality, we have
Inly <wuy(t") <Inff.
Similarly, from (3.6) and noticing that

ko (82 o (8]) + (1 = M)y (E)e*2 &)

ko (8]") + co () e2") ko (8]') + co()e*2 )

we have

u u 1
0< % + an N _ an(ty') m ) _ Hy .
ky ka Ko (8)") + co ()2 &) e

Therefore, by (3.11), we have

a u a u (@)l
() ()
2 2 [ @ 421 \u ,01 N1 10y
L+ (2)(2)" + (G )uehda]

a2

From assertion (3) of Lemma 3.3 and the above inequality, we have
Inly <uy(85') <Inlj.

Claim C
wi(6) >Inu  or w(£))<Inu;, i=12.

From (3.3), (H;) and noticing that

ka(8") _ k(@) + (- Ra (e
(@) +a@en@ k(@) + e (dhen@

Hy

PZICON

(3.13)

(3.14)
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we have

S R R o
kl(tiw) +Cl(t{v[)e”1(t{v[) k ki ky eul(t{VI)

Therefore, we have

1 a ! an \" 0N an \" 011y (M HY
0 a1y (%12 Ny | _ ( ZH () _ 1 3.15
1+ (7)) e [(lq) (lq ‘ k) e e

From assertion (1) of Lemma 3.3 and (3.15), we have

w (8" >Inu;  or w(8)) <Inu;. (3.16)

By a similar argument, it follows from (3.4) that

a2\l u u
0> —fj) - (@) e _ B (3.17)
L+ (2) el ky 2@

From assertion (1) of Lemma 3.3 and (3.17), we have
w (B >Inui  or uy(£') <Inu;. (3.18)
It follows from (3.9), (3.13), (3.16) and assertions (4)-(5) of Lemma 3.3 that

w (6") € (Inl;,Inuy) U (Inug, Ny), (3.19)

ui (") € (Ini,In k). (3.20)
It follows from (3.12), (3.14), (3.18) and assertions (4)-(5) of Lemma 3.3 that

us (8") € (Inly, Inuz) U (Inuj, Ny), (3.21)

uy (') € (Inl3,Ini3). (3.22)

Clearly, lii, uli (i = 1,2) are independent of A. Now, let us consider QN (u,0) with u =
(u1,u2)T € R2. Note that

__ . i
N, 0) = () = GO —at ).
(2)- (@) -
Therefore, it follows from assertion (2) of Lemma 3.3 that QN («,0) = 0 has four distinct
solutions:
. N T - N N\T
i = (Inxf,Inx})", i = (Inxf,Inx;) ", (3.23)

iis = (Inay,Inxy)’, iy = (Inag, Inay) " (3.24)
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Let

max;ey, #1(¢) € (Inu, max{Ini}, Ni}),
i t) e (nly,Inl}),

Q=du=(u,u)’ eX ming,, u(t) (n1+n1) +

maxqey, Us(t) € (Inug, max{Inl}, N,}),

minge;, Us(t) € (Inl;,Inly)

maxyey, #1(t) € (Inuf, max{Inlf, Ni}),
Q={u=@,m) X miney, #(t) € (Inly, Infy),
maxey, Us(t) € (Inly,Inuy),

minge, Uy (t) € (Inl;,Inl})

maxqej, #1(t) € (Inly, Inwuy),
i t) € (Inly,Inf),

Q={u=(,um) X mln‘EIwul()E(n1+n1) )

maxyey, Us(t) € (Inuf, max{Inl;,N,}),

mingey, Uy (t) € (Inl;,Inl})

maxey, 41(t) € (Inly, Inuy),

94 =du= (Ml,u2)T cX mintelw Ml(t) S (ln lf,lnlf),
maxyey, Us(t) € (Inly, Inuy),

mingey, up(t) € (Inl;,Inl3)

Then Q, ©2,, Q3, Q4 are bounded open subsets of X. It follows from assertion (4) of
Lemma 3.3, (3.23) and (3.24) that z; € ; (i = 1,2, 3,4). From assertion (4) of Lemma 3.3,
(3.19)-(3.22), it is easy to see that ;N ;=0 (i,j = 1,2,3,4, i #j) and €; satisfies (a) in
Lemma 3.1 for i = 1,2, 3,4. Moreover, QN (¢,0) # 0 for u € 3Q2; N Ker L. By assertion (2) of
Lemma 3.3, a direct computation gives

deg{/QN(,0),2; NKerL,0} =1,
deg{/QN(-,0),2; NKerL,0} = -1,
deg{/QN(,0), 23 NKerL,0} = -1,
deg{/QN(-,0),24 NKerL,0} =1.

Here, ] is taken as the identity mapping since Im Q = Ker L. So far we have proved that
Q; satisfies all the assumptions in Lemma 3.1. Hence, (1.1) has at least four w-periodic
solutions (¢! (t), b ()T (i = 1,2,3,4) with (u, u5)T € domL N Q;. Obviously, (ul(2), ub ()T
(i=1,2,3,4) are different. O
Example 3.1 In system (1.1), take

w=2, To ={0,0.5}U[1,2], T= {lf0+2k|t() ETQ,/(EZ},

where Z is the integer set. Clearly, the time scale T is w-periodic, i.e., t € T implies
t + w € T. In this case, we have

x =min{[0,+00) N T} =0, I, =[x,k +w]NT =T, ={0,0.5} U[1,2].
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Take

2 + sin(rrt)
9 :9 :0.5, H t =
1 =6, 1(2) 54,000

ki(t) = 100(2 + sin(m.‘)), ko (t) = 100(3 + sin(nt)),

2 +sin(we)

[2 + sin(t)]?

a(t)=[2+ sin(rrt)]z, an(t) = —
[2 + sin(t)]?
a(t) = 0.06)’
9(20 + 0.5¢0-06)¢(0.08+0.002606)
. 2 [3 + sin(7t)]? [3 + sin(7£)]?
t) = 3 t ) t) = _— t) = ,
ax(t) = [3 + sin( )] ax(t) 20 an(t) 200
2 + sin(r t) 3 +sin(re)
alt)=——5 () = o
ev [2 + 0.0560'06]26(0‘16+0'004e )
Then
w_ L w_ L
17 18,000’ 271,000’

ay l_ 1 a) u_ 3 an l_ 1 an u_ 3
k) 100’ k) 100’ k) 1,000 k) 1,000

ain M_ 1
k) 300(20 + 0.5¢9-06)(0.08+0.0026096)’

(
(
(©) -2 (©)-% (2)-m
(
(
(

an\"_ 1 an\"_ 1
, ) 500’ k, /] 10,000’
u u u
1
_1> 10, (2) _ 920, <@> _ L
an a a 20

1 u_ 1 (%) u_ 1
k)~ 100e012’ k) [20 + 0.50-06]2¢(0.16+0.004¢096)’

N;=2In10+0.12,  Np=2In[20 + 0.5¢"%°] +0.16 + 0.004¢*%°.

Therefore, we have
u az\l
1 [fa) (e Y IR -V
L+ (et [\ k ki 300’ 1+ (2)uel 100’
w oy [ 3 \3 1 \5 15
+01 + .
@+ (22 L S15 % X = ,
ki 6, 1,000 9,000 1,000

)

1 8 2 1
(1+6) an )" FE [ H 1+92=1.5>< 1 " Ly_.s )
ko 6, 500 500 1,000

Hence, all the conditions in Theorem 3.1 are satisfied. By Theorem 3.1, system (1.1) has at

least four 2-periodic solutions.
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