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1 Introduction

In 1940, Ulam [1] proposed the following stability problem: “When is it true that a function
which satisfies some functional equation approximately must be close to one satisfying
the equation exactly?. Hyers [2] gave the first affirmative partial answer to the question of
Ulam for Banach spaces. Aoki [3] presented a generalization of Hyers results by consider-
ing additive mappings, and later on Rassias [4] did for linear mappings by considering an
unbounded Cauchy difference. The paper of Rassias has significantly influenced the de-
velopment of what we now call the Hyers-Ulam-Rassias stability of functional equations.
Various extensions, generalizations and applications of the stability problems have been
given by several authors so far; see, for example, [5-24] and references therein.

The notion of intuitionistic fuzzy set introduced by Atanassov [25] has been used exten-
sively in many areas of mathematics and sciences. Using the idea of intuitionistic fuzzy set,
Saadati and Park [26] presented the notion of intuitionistic fuzzy normed space which is
a generalization of the concept of a fuzzy metric space due to Bag and Samanta [27]. The
authors of [28—34] defined and studied some summability problems in the setting of an
intuitionistic fuzzy normed space.

In the recent past, several Hyers-Ulam stability results concerning the various functional
equations were determined in [35—46], respectively, in the fuzzy and intuitionistic fuzzy
normed spaces. Quite recently, Alotaibi and Mohiuddine [47] established the stability of
a cubic functional equation in random 2-normed spaces, while the notion of random 2-
normed spaces was introduced by Golet [48] and further studied in [49-51].

The Hyers-Ulam stability problems of quadratic-additive functional equation

fa+y+2)+fx)+f0)+f(Q) =fx+y)+fy+2) +f(x +2)

under the approximately even (or odd) condition were established by Jung [52] and the
solution of the above functional equation where the range is a field of characteristic 0 was
determined by Kannappan [53]. In this paper we determine the stability results concerning
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the above functional equation in the setting of intuitionistic fuzzy normed spaces. This
work indeed presents a relationship between two various disciplines: the theory of fuzzy

spaces and the theory of functional equations.

2 Definitions and preliminaries
We shall assume throughout this paper that the symbol N denotes the set of all natural
numbers.

A binary operation *: [0,1] x [0,1] — [0, 1] is said to be a continuous t-norm if it satisfies
the following conditions:

(a) * is associative and commutative, (b) * is continuous, (c) a x 1 = a for all a € [0,1],
(d) @ *x b < c*d whenever a < cand b < d for each a, b, c,d € [0,1].

A binary operation < : [0,1] x [0,1] — [0,1] is said to be a continuous t-conorm if it
satisfies the following conditions:

(a) ¢ is associative and commutative, (b’) <> is continuous, (¢) a<>0 = a forall a € [0,1],
(d) a<>b < c&od whenever a < cand b < d for each a, b, ¢,d € [0,1].

The five-tuple (X, u, v, *,<) is said to be intuitionistic fuzzy normed spaces (for short,
IFN-spaces) [26] if X is a vector space, * is a continuous ¢-norm, <> is a continuous ¢-
conorm, and u, v are fuzzy sets on X x (0, 00) satisfying the following conditions. For
everyx,y € X and s, £ > 0,

(@) mlx o) +vxt) <1,
wx, t) >0,
u(x,t) =1ifand only if x = 0,
wlax, t) = plx, th) for each a # 0,
wx, t) = 1w(,8) < wlx +y,t +3),
u(x, ) :(0,00) — [0,1] is continuous,

)
)
)
)
)
(vil) limy_ oo i(x,£) =1 and lim;_ o u(x, £) =0,
) vix, ) <1,
) v(x,£) =0 ifand only ifx = 0,
) v(ox, t) = v(x, ﬁ) for each @ # 0,
) vix, ) O u(y,s) = v(x + 9, £ +5),
) v(x,-):(0,00) = [0,1] is continuous,

(xiii) limy_ o v(x,£) = 0 and lim;_o v(x,£) = 1.

In this case (u,v) is called an intuitionistic fuzzy norm. For simplicity in notation, we
denote the intuitionistic fuzzy normed spaces by (X, u, v) instead of (X, i, v, *,<). For ex-
ample, let (X, || - ||) be a normed space, and let a x b = ab and a<>b = min{a + b,1} for all

a,b €[0,1]. For all x € X and every ¢ > 0, consider

]
£+ [l

v(x, t):

nix, t) ==
£+
Then (X, p, v) is an intuitionistic fuzzy normed space.
The notions of convergence and Cauchy sequence in the setting of IFN-spaces were in-
troduced by Saadati and Park [26] and further studied by Mursaleen and Mohiuddine [30].
Let (X, 4, v) be an intuitionistic fuzzy normed space. Then the sequence x = (x) is said
to be:


http://www.advancesindifferenceequations.com/content/2013/1/203

Al-Fhaid and Mohiuddine Advances in Difference Equations 2013, 2013:203 Page3of 16
http://www.advancesindifferenceequations.com/content/2013/1/203

(i) Convergent to L € X with respect to the intuitionistic fuzzy norm (u, v) if, for every
€ >0and ¢t > 0, there exists kg € N such that u(xx — L,£) >1 —€ and v(xg — L, ) < €

for all k > kq. In this case, we write (u, v)-limux; = L or xi (u_v)) L as k — oc.

(i) Cauchy sequence with respect to the intuitionistic fuzzy norm (i, v) if, for every
€ >0and ¢t > 0, there exists ko € N such that p(x; —x¢, t) >1 — € and v(xg —xy, £) < €
for all k, £ > ko. An IFN-space (X, i, v) is said to be complete if every Cauchy
sequence in (X, i, v) is convergent in the IFN-space. In this case, (X, &, v) is called

an intuitionistic fuzzy Banach space.

3 Stability of a quadratic-additive functional equation in the IFN-space

We shall assume the following abbreviation throughout this paper:

Df(x,y,2) =f(x+y+2) = flx+y) = fy +2) = flx + 2) + f(x) +f(9) +f(2).

Theorem 3.1 Let X be a linear space and (X, i, v) be an IFN-space. Suppose that f is an
intuitionistic fuzzy q-almost quadratic-additive mapping from (X, i, v) to an intuitionistic
fuzzy Banach space (Y, ', V') such that

W (Df(x,y,2),s + £+ u) > ulx,s7) « u(y, t7) * u(z,u?) and

3.1
V/(Df (%,9,2),s + t + u) < v(x,57) S vy, t9) S vz, u?) 31)

forall x,y,z € X and s,t,u > 0, where q is a positive real number with q # %, 1. Then there
exists a unique quadratic-additive mapping T : X — Y such that

supy ., 14(x, (22)7¢) if g>1,
W (T(x) —f (%), 8) = | sup,, plx, (EZ2yapay if L g e,
supy, (%, (ZpT_AL)qt/q) if0<gq<i
and (3.2)
supy ., v(x, (32)7¢') if g>1,
V(T() —f(%),8) < { sup,, v(x, (EZEDyapay f L g1,
supy ., v(*, (ZPT%)qt/q) ifo<q<3,

forallx € X and all t >0 with ¢ € (0,t), where p = 1/q.
Proof Putting x = 0 = y = z in (3.1), it follows that

1/ (F(0),£) > (0, (¢/3)7) # 12(0, (£/3)7) # 12(0, (£/3)7) =1
and

V' (£(0),£) < v(0,(2/3)7) &> v(0,(£/3)7) > (0, (£/3)7) =0

for all £ > 0. Using the definition of IFN-space, we have f(0) = 0. Now we are ready to prove
our theorem for three cases. We consider the casesas g > 1, % <g<landO<g< %
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Case 1. Let g > 1. Consider a mapping J,,f : X — Y to be such that

1

T @) = 5 (47" (F(2"%) +/(=2"%)) + 27 (f (2"x) - f (-2")))
for all x € X. Notice that /of (x) = f(x) and

Df (Yx,Yx,-Yx) Df(-Yx,-2x,2x)

]lf(x) _]]+lf(x) = 2. 4j+1 + 2. 4j+1
. Df(2/x,;+/;c, ~2x) Df (—2’9; +—22’x’ 2x) (3.3)

for all x € X and j > 0. Using the definition of IFN-space and (3.1), this equation implies
thatif m + m > m > 0, then

(]mf(x) Fnonf @), nil ] @)] )

n+m-1 n+m-1 .
(- 3 )

j=m j=m

n+m-—

v

1
W (1w -, 520

=m

~.

v

’

"* (@ + 1)Df(Yx, Y, ~2x) 32+ 1)2P e
2 . 4j+1 2 . 4j+1

5

1— (ZNYDf(-Yx, -2x,2x) 3(J*! —1)2Pe?
e 24 T

= u(x 1) (3.4)

A%
=
—~
N
x
N
=

and

‘:\
_—
g
?
§

3

Ms

n

N W
D[R

\_/

\_/

IA
<_
/\
\\4
3
\\4

s
=
X
=
't?
,t
\_/

(@ 1)Df (2, 2k, ~2x) 3(2 + 1)2P e
2. 4j+1 ’ 2. 4j+1

IA
\:§

(1= (2 )Df(=2x, —2x,2x) 3(2* —1)2PtP
Qv 2. 4j+1 ’ 2. 4j+1
n+m-1
< [] v(@x2t) =v(x0) (3.5)

j=m
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forallx € X and ¢ > 0, where ]_[;’:1 aj = ay*kdy*- - xdy, ]_[;':1 aj=a1<0a, O - Oay.Lete >0
and § > 0 be given. Since lim;_, oo (%, £) = 1 and lim;_, », v(x, £) = 0, there exists £, > 0 such

that u(x, to) >1—€ and v(x, to) < € for all x € X. We observe that for some # > £, the series

1= 13.977%
Q/+1 tp 5

> 3'.2 t? converges for p = 1 < 1, there exists some 7y > 0 such that
j=0 oj+1 2 b=

for each m > ng and n > 0. Usmg (3.4) and (3.5), we have

n+m— 13 2jp
W (Tf %) = T (%), 8 )>u(]mf(x) = Jnemf (%), Z T )

> u(x,t) > pulx, ) > 1-€

and

n+m-1

V (f ) = Tpemf (), 8) < V' (Imf(x) Jwmf (%), Z

o t”) <v(xf) <vix ) <e

for all x € X and § > 0. Hence {J,f(x)} is a Cauchy sequence in the fuzzy Banach space

(Y, /', v'). Thus, we define a mapping T : X — Y such that T'(x) := (u/,v") — limy,— o0 i,/ (%)
for all x € X. Moreover, if we put m = 0 in (3.4) and (3.5), we get

W (%) = Juf (%), 1) > plx, nfiqu) and
G0 o) (3.6)
V(f(x) = Juf (x),8) < V(x,W)

j=0 oj+1 )1

for all x € X and ¢ > 0. Now we have to show that T is quadratic additive. Let x,y,z € X.
Then

W (DT(,9,2,1) > u/(<T—Jnf>(x+y+z>, %) ) u’((T—]nf)(x), %)
/ t / t
P ((T—Jnf)(y),§> u ((T—Jnf)(Z), %)
pf((lnf— T)(x +9), é) *M’((JJ— T)x +2), %)
’ t , 3t
* L ((],‘f— T)(y + z), %> * L (D],‘f(x,y,z), Z) (3.7)
and
V(DT (x,y,2),t) < v’((T T x+y+2), %) <>v’((T 1)), %)
i t i t
y ((T—]nf)(y),%> o ((T—JJ)(Z), %)
<>v/(<1nf— T)(x+9) %) <>v’((fnf— T)(x+2), %)

o <(Inf S T)y+2) %) o (D]J(x, 2) %) (3.8)
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for all £ > 0 and # € N. Taking the limit as # — 0o in the inequalities (3.7) and (3.8), we
can see that first seven terms on the right-hand side of (3.7) and (3.8) tend to 1 and 0,
respectively, by using the definition of T'. It is left to find the value of the last term on the
right-hand side of (3.7) and (3.8). By using the definition of J,f(x), write

3t
,U/, <D]r(f(xryr Z)’ Z)
/(Df(2”x, 2"y,2"z) 31?) ,(Df(—Z”x, =2y, —2"z) 31?)
S ARl iy P ot

2. 4 "16 2. 4 "16
Df(2"x,2"y,2"z) 3t Df(-2"x,-2"y,-2"z) 3t
o f (2"x,2"y Z)’_ . f (—2"x, -2y Z),_ (3.9)
2.2 16 2.2 16
and, similarly,
, 3t
v (D]}'Lf(x:yyz); Z)
,( Df(2"x,2"y,2"z) 3t ,( Df (=2"x,-2"y,-2"z) 3t
V| —— = |V )
24" 16 2 -4 16
Df(2"x,2"y,2"z) 3t ,( Df(=2"x,-2"y,-2"z) 3t
SV w,_ Sv f( x Y Z),_ (3.10)
2.2 16 2.2 16
forallx,7,z € X, t >0 and n € N. Also, from (3.1), we have
,( Df(£2"x,+£2"y, £2"z) 3t
2. 4n "16
3-4"¢t
=u <Df(:i:2”x, 2"y, £2"z), 2 )
e (X2 1 o (X't 1 oy (X't 1
x| — * | — * z,| —
ey V! 3 24 a2 3 2 3
> M(x» 2(2q—1)n—3qtq) * ’u(y,z(Zq—l)n—wtq) * ,U«(Z, 2(2q—l)n—3qtq) (3.11)
and
,( Df(£2"x, 2"y, £2"z) 3t
’ 2.2 '16
> M(x» 2(2q—1)n—3qtq) * M(y,z(Zq—l)w—fiqtq) * M(Z’2(2q—1)n—34tq) (3.12)

for all x,9,z € X, t >0 and n € N. Since g > 1, therefore (3.9) tends to 1 as n — oo with
the help of (3.11) and (3.12). Similarly, by proceeding along the same lines as in (3.11) and
(3.12), we can show that (3.10) tends to 0 as n — oco. Thus, inequalities (3.7) and (3.8)

become
W (DT (x,9,2),t) =1 and V'(DT(x,5,2),£) =0

for all x,y,z € X and ¢ > 0. Accordingly, DT (x,y,z) = 0 for all x,7,z € X. Now we approxi-
mate the difference between f and T in a fuzzy sense. Choose € € (0,1) and 0 < ¢’ < . Since
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T is the intuitionistic fuzzy limit of {/,f(x)} such that
wW(T®) —Jf(x),t-t)>1-€ and V(T(x)-Jf(x),t—-1t) <e
forallx € X, t >0 and n € N. From (3.6), we have

W(T @) = f(x),t) =/ (T(x) = Jof (), £ = &) 5 ' (Jof (%) = f (%), £')

£ 2-2)t\1
> (1—6)*#(96,@) Z(l—e)*,u(x,(T) )

j=0 oj+1

and

W (T) = f(%),£) <V (T@) = Juf @), £ = £) > (Tuf (6) — f(x), )

<a- e)<>v(x, ((2 —321’)t/>‘I>'

Since € € (0,1) is arbitrary, we get the inequality (3.2) in this case.

To prove the uniqueness of T, assume that 7’ is another quadratic-additive mapping
from X into Y, which satisfies the required inequality, i.e., (3.2). Then, by (3.3), for all
xe€XandneN,

T(x) ~JuT(x) = Y12 T ()~ T) = 0, } (3.13)

T'(x) = JuT'(%) = 10 U T (%) = Jjn T'(%)) = 0.

Therefore

W (T) = T'(x),t) = W' (JuT(x) = Ju T (%), 1)
> (M(x) @), %) * il (Jnf(x) T (), g)

/((T—f)(Z”x) t) /((f—T’)(Z”x) t)
= AR e — 2

2.4n '8 2.4 '8

,((T—f)(—2"x) 5)* ,((f—T’)(—2”x) 5)
’ 2.4 'g)"H 2.47 '8
(TS0 1 (U=D0 )

2.2n '8 2.2 8

/((T_f)(_znx) £>* /((f_T/)(_an) E)
H 2.on g)*H 2.2n

8
q
> sup <x, 2(@-1n-2q (ﬂ> t’q>
t'<t 3

>

and

V(T(x) = T'(x),8) = V' (Ju,T(x) = JuT'(x), )

<V <]n T(x) = Juf (%), %) SV </J(x) = JuT (%), %)
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5 V/<(T—f)(2"x), 5) <>V,<(f— @) 5)
24" 8 247 8

(T =f)(=2"x) ¢ S (f=T)(=2"x) t
() ()

(T -)(2"x) ¢t [ F=-T)(2") ¢t
(55 s) e ()

(T =f)(=2"x) ¢t S (f-T)(-2"x) t
v () ()

q
<supv (x, 2la-Dn-2q <ﬂ) ¢ )
t'<t 3

forallx € X, t >0 and n € N. Since g = 1/p > 1 and taking limit as # — oo in the last two
inequalities, we get p/(T'(x) — T(x),t) =1 and v'(T'(x) — T'(x),£) = 0 for all x € X and ¢ > 0.
Hence T'(x) = T'(x) for all x € X.

Case 2. Let % < g < 1. Consider a mapping /,f : X — Y to be such that

Yo (2) A(2)

for all x € X. Then Jof (x) = f(x) and

Df(-2x,-2x,2%x) Df(Yx,2x,-2x)
2. 4j+1 + 2. 4/’+1

1 X X —x -x -x X
-2 <Df(ﬁ’ﬁ’ ﬁ) —Df<ﬁ, ﬁ’ﬁ))
for allx € X and j > 0. Thus, for each n + m > m > 0, we have
n+m-1 j
3/2° 372V
n+ P tp
(]”‘f(x) Jromf Z( ( >+2P(ZP)> )

ol DF(Yx, Y, 21x) 3207 (Df(-Vx,~Vx, V) 320
2. 4j+1 7 9. 4+l 2. 4j+1 9. 40+

P 3 s
2 2/+1 2/+1 2/+1 2(}+1)P
, —x 3 Sy

2 W+l W+l 2/+1 2(j+1)1’

n+m-1 x ¢
{,u 2’x,2’t *M(Q/+1’ﬁ)}zﬂ(x’t) and
1

v'(]mf(x) ) %1(3(217) +%(§>1),¢p>

ol { (Df (Vx, Vx, 21x) 3. zth) ) (Df(—zfx,—zfx,zix) 3~2/’Ptp)

Jf &) =Jjf (%) =

>

j=m

*

=

*

=

<

2. 4j+1 7oL it 2. 4j+1 9. 40+

1:m

oA i x x —x\ 3.2
v (—2] Df<2/+1’ﬁ’%>’w
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. —x 3- 271
Ql) (21 Df(?/ﬂ 2/+1 2}+1) 2(j+1)P

n+m-1

X t
< L[ { 2’x,2’t <F’ ﬁ)} = V(x,t)’

where [] and | ] are the same as in Case 1. Proceeding along a similar argument as in
Case 1, we see that {J,f(x)} is a Cauchy sequence in (Y, x/,v’). Thus, we define T'(x) :=
(u/,v')-limy,— o0 Juf (x) for all x € X. Putting m = 0 in the last two inequalities, we get

W (x) = Juf (%), 2) > pu(x, ETED %t)f+%(§)/))q) and -
V' (f(x) = Jof (%), £) < v(x, 4 ) .

CrGE&EY+ 5 (S

forallx € X and ¢ > 0. To prove that ¢ is a quadratic-additive function, it is enough to show
that the last term on the right-hand side of (3.7) and (3.8) tends to 1 and 0, respectively, as
n — oo. Using the definition of J,f(x) and (3.1), we obtain

W (DM(x,y, 2, %)

L (DI@'%,2",2"2) 3¢\ (Df(-2"x,-2"y,~2"2) 3t
Df@'x2",2"2) 3t 3t
=H 2.4 16)"H 247 16

o ne x y z\ 3t on- -x -y 3t
w(m e (Gr ) w) (5 ) )

> M(x’2(2q—l)n—34tq) * M(y’z(Zq—l)n—Bqtq) * M(Z, 2(2q—1)n—3qtq)

* M(x, 2(1—q)n—34tq) * M(y’z(l—q>n—3qtq) * u(z,2(1“7)"‘3qt‘1) (3.15)
and
, 3t
v (D]}'Lf(x:yyz); Z)
, (Df(Z”x, 2"y,2"z) 3t> , (Df(—Z”x, -2"y,-2"z) 3t>
V| = O

2.47 16 2.4 ‘16
Xy oz 3t —x -y 3t
2}’1 lD jpud 2}1 lD

0”( f( 2") 16)<> ( f( 2”) 16

<v (x, 2(2q—1)n73qtq) S (y, 2(2q71)n—3qtq) Sv (z, 2(2q—1)n—3qtq)

O (o, 207073040) G (i, 20707 30) Gy (2, 2079 73044) (3.16)
foreach x,y,z € X, t>0and n € N. Since 1/2 < g < 1 and taking the limit as n — 0o, we see
that (3.15) and (3.16) tend to 1 and 0, respectively. As in Case 1, we have DT (x,y,z) = 0 for
all x, 7,z € X. Using the same argument as in Case 1, we see that (3.2) follows from (3.14).

To prove the uniqueness of T, assume that 7" is another quadratic-additive mapping from
X into Y satisfying (3.2). Using (3.2) and (3.13), we have

,LL/(T(X) - T/(JC), t) = /’L/(]n T(x) _]n T/(x)¢t)

= (me) @), %) i (mx) T (), g)
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4 )

. M,((T—f)(Z”x) t) *M,((f— T')(2"x) t)

247 '8 247 '8
,((T—f)(—2"x) 5)* ,((f—T’)(—2”x) 5)
H 2.4 'g)*H 2.4 8

/ n— t ) . / ;
* [ (2 1((T‘f)(%)), g) * [ <2 1((f— T)<2x_n)>’§)

/ n— — t ) " / ~ ,
e (034 (- 3)) )
= supu (w200 (2L DY)

and

V(T - T'(),0) < V’(]n T - Juf ) g) o v/<]nf(x) T, é)
- 1)/((T - (2"x) f) <>v/<(f - T')(2"x) f)

’

- 2-4" 8 2.4n 8
(T =f)(=2"x) t S (F-T)(-2"x) t
() ()

oA (0o ()
oA (02 ()

q
< supy (x 5Cq-D-2q ( (4 —27)(2F - 2)) t,,,)

<t 6

—_2P\(2P — q
<>supu<x,22(1‘q)”‘2‘1<7(4 2 )6(2 2)> t’q> (3.18)

t'<t

for all x € X, £ > 0 and n € N. Letting n — oo in (3.17) and (3.18), and using the fact that
lim,,_, o 22970724 = Jim,_, . 20-9"-24 = o0 together with the definition of IFN-space, we
get W (T(x) — T'(x),t) =1 and v'(T'(x) — T'(x),t) = 0 for all x € X and ¢ > 0. Hence T'(x) =
T'(x) for all x € X.

Case3.Let0<g< % Define a mapping /,,f : X — Y by

Juf @) = %(4”0(2“%) +f(-27) + 2" (f < > > a (‘g)))

for all x € X. In this case, Jof (x) = f(x) and

4j B B _
r-pats =3 (35 555) (5 30 57)

i1 X X —x -x —-x x
-2 <Df<ﬁ’ %, ﬁ) _Df(ﬁ’ W’ ﬁ))

Page 10 of 16
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for all x € X and j > 0. Thus, for each n + m > m > 0, we have

n+m-1 3 4 j
" (Jmf(x) i@ Y 5@) tp>

j=m

’

M @ D)Df (G ) 3@ 42
= 1_[ 2 2. 2U+P

j=m

*

41 ZI)Df( 2/+1’ 2/+1 ’ 2]+1) 3(4’1 21)tp
7990+

+

= 1_[ (2}+1 2}+1):’U“(x’t) and

(mx) Jmmf(x)nil 3( )j P)

I{U/(_ (4l + Zj)Df(jSlf ?jil: Q;ﬁ) 3(4J + 2f)t17)

2 7 9. 90+P

IA
- 3
s

Sv

’

, (4'l ZI)Df( 2]+1 ’ W*l ’ WH ) 3(4’1 - 21)tp
2 2 . 20+

=TT (i) = 6o

:WI

for all x € X and ¢ > 0. Proceeding along a similar argument as in the previous cases,
we see that {J,f(x)} is a Cauchy sequence in (Y, u’,v’). Thus, we define T'(x) := (u/,v") —
limy,—, o0 Jof (%) for all x € X. Putting m = 0 in the last two inequalities, we get

W) = Jof (), 0) = 1%, s ;) and

n-1 ERY
/ ®r- tff”"y) (3.19)
V(f(x) = Jf (%), £) < v(x, W)

for all x € X and ¢ > 0. Write
w (D]rzf (x,9,2), %)
(o325
*“/(%chf 2f 2n>’f_6t)
<(or(z55) %)
*“/(2}1_1Df<2f 2f 2%)’%)

> M(x» 2(1—2q)n—3qtq) * ,u(y 9(1-2g)n~ qtq) * M(Z,Q(I—Zq)n—Sqtq)

M(x, 2(1701)"*361,5&1) * M(j/, 2(lfq)nf3qtq) * M(Z,z(lfq)n%qtq) (3.20)
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and

3t
U/ (D]nf(x,y, Z), Z)
4" x y z) 3t 4" —x -y 3t
<[ ZIp i "(Zp o
—”<2 f(zn 2’ zn) 16><>U<2 f(zn o’ 2") 16)
y z\ 3t 1 -y —z\ 3t
27Ipfl =, =, = ), = 2"D————
Qv( f( 2"2”)16)0 < ATy T
<v (x, 2(1—2q)n—3qtq) o> v(y, 2(1—2q)n—3qtq) S (z, 2(1—2q)n—3qtq)

O (o, 2070773040) G (i, 20707 30) Gy (2, 209 73041) (3.21)

for all x,y,z € X, t >0 and n € N. Since 1/2 < g < 1 and taking the limit as n — oo, we
see that (3.20) and (3.21) tend to 1 and 0, respectively. As in the previous cases, we have
that DT (x,y,z) = 0 for all x,7,z € X. By the same argument as in previous cases, we can
see that (3.2) follows from (3.19). To prove the uniqueness of T, assume that 7" is another
quadratic-additive mapping from X into Y satisfying (3.2). From (3.2) and (3.13), for all
x € X and ¢ > 0, write

10~ T0.1) = 0,760,
> W (]n T(x) = Juf (%), %) 1/ (],J(x) —J.T' (%), %)
(e (3))5) (5 (0-m(3)

(&) (5

Aol o-n())

()02
(

P _ q
> sup M(xizu—zq)n—zq u> tq)
t'<t 3

and, similarly,

s (5(0n())e- (503

o

c\

/N

)

i

T~

i\]

|

> >
Ve N R

I\J|I

;R

N——

< supv(x 20-2an-2q
t'<t
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for n € N. Letting n — oo in (3.17) and (3.18), and using the fact that lim,,_, o, 2271722 =
lim,_, o 279724 = oo together with the definition of IFN-space, we get u'(T(x) —
T'(x),t) =1 and v'(T'(x) — T'(x),£) = 0 for all x € X and ¢ > 0. Hence T(x) = T"(x) for all
xeX. O

Remark 3.2 Let (X, 1, v) be an IFN-space and (X, i, v) be an intuitionistic fuzzy Banach
space (Y, /,v'). Let f : X — Y be a mapping satisfying (3.1) with a real number g < 0 and
for all ¢ > 0. If we choose a real number « with 0 < 3« < ¢, then

W (Df (x,,2),t) = 1/ (Df (%,5,2), 3t) > (i, 2%) * (3, a?) % pu(z,07) and
V'(Df (x,5,2),t) <V (Df(%,9,2),3a) < v(x,a?) Gv(y,a?) Sv(z,af)
forallx,y,z€ X, ¢ >0 and g < 0. Since g < 0, we have lim,_, ¢+ «? = co. This implies that
i N\-1= 1 7y = 1 q
i ) 1= i )< g ) s

: N _0= | ay _ 1 q
11m+v(x,oz )_O—ali)r¥)1+v(y,a )—all)lg+v(z,a )-

a—0

Thus, we have ' (Df (x,y,2),t) =1 and v'(Df (x,7,2),t) = 0 for allx,y,z € X and ¢ > 0. Hence
Df(x,y,z) = 0 for all x,7,z € X. In other words, if f is an intuitionistic fuzzy g-almost
quadratic-additive mapping for the case g < 0, then f is itself a quadratic-additive map-

ping.

Corollary 3.3 Suppose that f is an even mapping satisfying the conditions of Theorem 3.1.
Then there exists a unique quadratic mapping T : X — Y such that

W (T (@) £ (), £) = sup,., o, (E2E)7)  and

3.22
V(T() - £(%),£) < sup, ., vl (1510)7) 22

forallx e X and t >0, where p =1/q.
Proof Since f is an even mapping, we get
S@"%)+f(=2"%)

_ 2.47
W L@ (@) +f(-27"%) if0<q< i,

ifg> %,

for all x € X, where J,,f is defined as in Theorem 3.1. In this case, Jof (x) = f(x). Forallx € X
and j € NU {0}, we have

Df(YxYx~-Yx) | Df(-Yx-Yx2x) ifg> 1
R 41 ’
)lf(’l‘) ]1+1f( ): & ’ - —x x2 x x = : ’ 1
-5 (Df(_QM’ DR —2+1) +Df(_2f+1’ 7 el ) if0<qg< 2°

Proceeding along the same lines as in Theorem 3.1, we obtain that T is a quadratic-
additive function satisfying (3.22). Notice that T'(x) := (u/,v’) — lim,,—, o J,f (%), T is even
and DT'(x,y,z) = 0 for all x,y,z € X. Hence, we get

Tx+y)+T(x—y)-2T(x)-2T(y) =-DT(x,y,—x) =0

for all x,y € X. It follows that T is a quadratic mapping. d
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Corollary 3.4 Suppose that f is an even mapping satisfying the conditions of Theorem 3.1.
Then there exists a unique additive mapping T : X — Y such that

x x),t) > sup, x, (12221 and
(T (x) = f (%), £) = supy, pu( (|2sz\: )T (3.23)
V(T (x) = f(x),2) < sup,, vix, (F5-—)7)
forallx € X and t >0, where p =1/q.
Proof Since f is an odd mapping, we get

f@"x)+f(-2"x)

],lf(x) — 2n+1
2 L(F(277x) + f(=27"x)) if0<g<]1,

ifg>1,

for all x € X, where J,,f is defined as in Theorem 3.1. Here Jof (x) = f(x). For all x € X and
j € NU{0}, we have

Df@xYx~2x)  Df(-Vx~2x2x)

B0~ Jf@ =y 2" 7
_2]_1 (Df( 2/{1 ’ jSl ’ 2}+1 ) Df 2/+1 ’ 2/+l ’ 2}+1 )) lfo < q < 1

ifg>1,

Proceeding along the same lines as in Theorem 3.1, we obtain that T is a quadratic-additive
function satisfying (3.23). Here T'(x) := (i, V') —lim,,_, 0 J,,f (%), T is odd and DT (x, y, z) =
for all x,7,z € X. Hence, we obtain

T(x+y) - T()-T() = Df(x y’“;y,_x;y):o

for all x,y € X. It follows that T is an additive mapping. d
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