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Abstract

In this paper, we study the exponential stability in the pth moment of mild solutions
to impulsive stochastic neutral partial differential equations with memory. Sufficient
conditions ensuring the stability of the impulsive stochastic system are obtained by
establishing a new integral inequality. The results obtained here generalize and
improve some well-known results.

1 Introduction

At present, the study of stochastic partial different equations in a separable Hilbert space
has become an important area of investigation in the past two decades because of their
applications to various problems arising in physics, biology, engineering etc. [1, 2]. The
existence, uniqueness and stability of solutions of stochastic partial differential equations
have been considered by many authors [2—12]. The stability of strong solutions of stochas-
tic differential equations also have been discussed extensively [13—15]. However, there
are a number of difficulties encountered in the study of stability by the Lyapunov second
method. By the Banach fixed point theory, [16] studied a linear scalar neutral stochastic
differential equation with variable delays and gave conditions to ensure that the zero solu-
tion is asymptotically mean square stable. Further [17] considered the stability of stochas-
tic partial differential equations with delays by using the Banach fixed point theory.

On the other hand, the impulsive effects exist in many evolution processes, in which
states are changed abruptly at certain moments of time, involved in such fields as medicine
and biology, economics, mechanics, electronics [18, 19]. In recent years, the investigation
of impulsive stochastic differential equations attracts great attention, especially as regards
stability. For example, [20] discussed the stability of impulsive stochastic systems. [21, 22]
discussed the exponential stability in mean square of impulsive stochastic difference equa-
tions by establishing difference inequalities. Jiang and Shen [23] discussed the asymptotic
stability of impulsive stochastic neutral partial differential equations with infinite delays.

As known, although the Lyapunov second method is a powerful technique in proving
the stability theorems, it is not so suitable in the non-delay case. A difficulty is that mild
solutions do not have stochastic differentials, so that one cannot apply the It6 formula
to them. Meanwhile, the difficulty of the method of the fixed point theory comes from
finding an appropriate fixed point theorem. Therefore, the techniques and the methods
for the stability of mild solutions should be developed and explored. In this present work,
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motivated by [21-23], we study the exponential stability of impulsive stochastic neutral
partial differential equations with memory by establishing a new integral inequality. The
results obtained here generalize the main results from [3, 6, 17] to cover a class of more
general impulsive stochastic neutral systems.

The rest of this paper is organized as follows. In Section 2, we introduce some prelimi-
naries. In Section 3 sufficient conditions ensuring the stability of the impulsive stochastic

system are obtained by establishing a new integral inequality.

2 Preliminaries

Throughout this paper, let (2, F, {F;}:>0, P) be a complete probability space with a normal
filtration {F;};>0 satisfying the usual conditions (i.e., it is increasing and right-continuous
while Fy contains all P-null sets). Moreover, let X, Y be two real separable Hilbert spaces
and let L(Y, X) denote the space of all bounded linear operators from Y into X.

For simplicity, we use the notation | - | to denote the norm in X, Y and || - || to denote
the operator norm in L(X, X) and L(Y, X). Let {-)x, (-)y denote the inner products of X, Y,
respectively. Let {w(t) : £ > 0} denote a Y-valued Wiener process defined on the probability
space (2, F, {F¢}i>0,P) with a covariance operator Q, that is, E(w(t),x)yE{w(s),y)x = (£ A
5){Qx,y)y, for all x,y € Y, where Q is a positive, self-adjoint, trace class operator on Y. In
particular, we denote by w(f) a Y-valued Q-Wiener process with respect to {F;};>o. We
assume that there exists a complete orthonormal system {e;} in Y, a bounded sequence
of nonnegative real numbers A; such that Qe; = L;e;, i =1,2,..., and a sequence {8;};>1 of
independent Brownian motions such that (w(¢),e) = Y - v/Ai(e, e)Bi(t), e€ Y, and F; =
F},where F} is the o -algebra generated by {w(s) : 0 <s < t}. Let LI = L,(Q"?Y; X) be the
space of all Hilbert-Schmidt operators from QY?Y to X with the inner product (u, £) 9=
tr[uQE]; see, for example, [2].

Suppose that {S(£), £ > 0} is an analytic semigroup with its infinitesimal generator A; for
literature relating to semigroup theory, we suggest Pazy [24]. We suppose 0 € p(A), the
resolvent set of —A. For any o € [0,1], it is possible to define the fractional power (-A)*
which is a closed linear operator with its domain D((-A)%).

In this paper, we consider the following impulsive stochastic neutral partial differential

equations with memory:

d[x(8) — u(t, x(t — p(0))] = [Ax(2) + f (&, %(t — T(2))] dt
+g(t,x( = 8(t))) dw(t), £=0,tFtr,

1
Ax(te) = x(t]) —x(ty) = L(x(t;)),  t=tik=12,...,m, g

x() = ¢ € Cx, ([-7,01,X),

in a real separable Hilbert space X, where u: R, x C([-7,0],X) = X, f: R, x C([-7,0],
X)— X,g:R, xC([-7,0],X) - L(Y, X) are all Borel measurable; p : R, — [0,7], T : R, —
[0,7], 8 : R, — [0, 7] are continuous; A is the infinitesimal generator of a semigroup of
bounded linear operators S(¢), t > 0, in X; I : X — X. Furthermore, the fixed moments of
time f; satisfy 0 < £; < - - - < £y < limy_ o0 £ = 00, x(£;) and x(¢;) represent the right and left
limits of x(£) at ¢ = f, respectively. Also, Ax(t;) = x(£;) — x(t;;), represents the jump in the
state x at time #; with I; determining the size of the jump. Let t > 0 and C = C([-7, 0]; X)

denote the family of all right continuous functions with left-hand limits 1 from [-7,0]
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to X. The space C is assumed to be equipped with the norm ||n||c = supyc|_, o; [7(0)]. Here
Cﬁ’fo ([~7,0],X) is the family of all almost surely bounded, F,-measurable, continuous ran-

dom variables from [-7,0] to X.

Definition 2.1 A process {x(£),£ € [0,T]},0 < T < 00, is called a mild solution of Eq. (1) if
(i) x(¢) is adapted to F;, t > 0 with foT lx(£)|P dt < 00 as.;
(i) »(t) € X has cadlag paths on ¢ € [0, T] a.s. and for each ¢ € [0, T], x(¢) satisfies the
integral equation

x(t) = S(¢) [gp(O) - u(O,x(—p(O)))] + u(t,x(t - p(t)))
+ /tAS(t —s)u(s,x(s - ,o(s))) ds
0

+ /[S(t—s)f(s,x(s— ‘L’(S))) ds + /tS(t—s)g(s,x(s—8(s)))dw(s)
0 0
+ St - I (x(5)) ()

O<tg<t
and xo(-) =g € C?O([—T»O],X)

Definition 2.2 Let p > 2 be an integer. Equation (1) is said to be exponentially stable in
the pth mean if for any initial value ¢, there exists a pair of positive constants A and Ky
such that

Elx(0)]” < KollglZe™ fort=>0. (3)
In particular, if p = 2, then Eq. (1) is said to be mean-square exponentially stable.

To establish the exponential stability of the mild solution of Eq. (1), we employ the fol-
lowing assumptions.
(H1) A is the infinitesimal generator of a semigroup of bounded linear operators S(¢),
t >0, in X satisfying |S(¢)| < Me™, ¢ > 0, for some constants M > 1 and
O<a€eR,.
(H2) The mappings f and g satisfy the following Lipschitz condition: there exists a
constant K for any %,y € X and ¢ > 0 such that

f(t,%) - f(t,)| <Klx-yl,  |g(t:x) - g(t,y)]| < Klx -yl

(H3) The mapping u(t,x) satisfies that there exists a number « € [0,1] and a positive
constant K such that for any x,y € X and ¢ > 0, u(t,x) € D((-A)%) and

| (A ut, %) — (—A)*u(t,y)| < Klx -,

(H4) There exists a constant g such that |Ix(x) — It (y)| < gxlx —y|, k =1,..., m, for each
xye€X.
Moreover, for the purposes of stability, we always assume that u(£,0) = 0, f(£,0) = 0,
g(t,0)=0,1x(0) =0 (k=1,2,...,m). Hence Eq. (1) has a trivial solution when ¢ = 0.
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Lemma 2.1 [24] If (H1) holds, then for any B € (0,1]:
(i) Foreach x € D((~A)P), S(t)(—A)Px = (~A)PS()x;
(ii) There exist positive constants Mg > 0 and a € R, such that ||(~A)PS(t)|| < Mgt Pe ™,
t>0.

3 Stability of mild solutions

In this section, to establish sufficient conditions ensuring the exponential stability in
p-moment (p > 2) for a mild solution to Eq. (1), we firstly establish a new integral inequal-
ity to overcome the difficulty when the neutral term and impulsive effects are present.

Lemma 3.1 For any y > 0, assume that there exist some positive constants «; (i =1,2,3),
Bi (k=1,2,...,m) and a function v : [-t,00) — [0, 00) such that

V() <oqe” forte[-t,0] (4)

and

t
V() <are” +ay sup Y(t+6)+as / e’ sup Y(t+6)ds
6el-1,0] 0 0el-1,0]

+ Y B Wy (1) (5)

tr<t

foreacht>0.If

a2+%+2ﬂk<l, (6)
VoA
then
Y () < Moe™  fort> -1, )

where A > 0 is the unique solution to the equation: aze’™ + ase’™/(y —A) + Y 1o; Bx =1 and
M, = max{a;, 28y 5 0.

azert

Proof Let ®(v) = ape”™ +aze’™/(y —v) + Y i, Bx —1, then by (6) and the existence theorem
of the root, there exists a positive constant A € (0, y) such that ®(A) = 0.
For any € > 0, let

—-A
M, = max{(oq + &), W} > 0. (8)
ager’t
To now prove the result, we only claim that (4) and (5) imply
V() <Mge? fort>-r. 9)

Clearly, for any ¢ € [-7, 0], (9) holds. By the contradiction, assume that there is a positive
constant £ such that

V() <M.e* fortel-t,b), Y(t) = Mee ™, (10)
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This, together with (5), yields (note that 0 < 1 < y)

5]
U(t) <are’ + oM, sup e @0y agMg/ eVl qup e g
6e[-1,0] 0 6e[-1,0]

+ M, Z lgkefy(tr'fk)e*?»tk

tr<ty
51
<oqe "t + M, e O{gME/ eV =9 g=6-T) go 4 A, E Bre M
0 tr<ty

asM.e'*

y—A

<aqe’h - e’y (o:zeM +

Olge)‘t m

+> Br | Mee. (11)
y-rho4g
By (8), we have

AT AT
asM,e e < et aze o (a1 +&)(y —A) .

) ) v 0. 12)

Olleiytl —

Hence, by (11), we obtain () < Me~*1, which contradicts (10). Therefore (9) holds.
Since ¢ is arbitrarily small, so (7) holds. This completes the proof. O

We can now state our main result of this paper.

Theorem 3.1 If (H1)-(H4) hold for some a € (1/p,1], p > 2, then the mild solution of Eq.
(1) is exponentially stable in the pth moment, provided

p
q

a1 -k + 87 1MY K a7 (T +qa-q)7 + 4 ' MPKPa'?

-1 2a(p-1) -4 -1 -1 ¢ !
+ 477\, MPK? ) ¢ a1 -k D
k=1

<al -« (13)
where c, = (p(p - 1)/2)2, k = K|(~A)™®| and M,_,, is defined in Lemma 3.1.
Proof From the condition (13), we can always find a number € > 0 small enough such that

4
q

a(1— k)P + 8711+ ey MY K al P (T(L+qa-q)7 + ¥ MPK?a'?

-1 2a(p -1) -4 -1 -1 - g -1
+47 " c,MPK? — 5 + 4P gMP(1 - k)P qu <a(l—«)y .
p- k=1

On the other hand, recall the inequalities |z —v|? < |u|?/e? +|v|P/(1—€)? and |u+v|P <

1+ e ulP + (1 +1/e)PL|v|P for u,v € X, € > 0. Then, for any xy, ..., xs,

1\
|1 + % + X3 + %4 + x5 + |7 < 4P (1 + —) e ” + 8771 (L + € (I l? + |axs]?)
€

+ 4PN xy |P + 4P xs|P + 477 a6 |P. (14)
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From (2) and (14),

1 1
E|x(t)|p < FE|u(t,x(t— p(t)))|p + mE‘x(t) - u(t,x(t— ,o(t)))’p

1 1
< i Elu(bx(t-p@))"+ g5 E

S@®)[(0) - u(0,x(-p(0)))]

+ /tAS(t - s)u(s,x(s - ,o(s))) ds + /tS(t —s)f(s,x(s - r(s))) ds
0 0

¢ »
+/o St - 9)g(s,x(s — 8(s))) dwl(s) + Z St - t) I (%(2))

O<ty<t

IA

LE|u(t x(t—p®))[" + TP p_1E|S(t) (O]
kPl ’ p 1 -k)pt € ¢

+ 877 1+ )P E[S(8)u(0,x(-p(0)))|”

+ 8711 + ey IE /tAS(t - s)u(s,x(s - p(s))) ds ’
0
t 12
+4771E / S(t - s)f(s,x(s — t(s))) ds
0
t p
+4771E / St - s)g(s,x(s - S(S))) dw(s)
0
+4PE] Y S -t (% (t)) p}
O<ty<t
1 1 6
= FF() + m ;Fl (15)

Now we compute the right-hand terms of (15). Firstly, by (H1) and (H3), we can easily
obtain

Fo<«? sup El|x(t+0)[, (16)
0el[-1,0]
1\
F, < 4Pt (1 + —) MPeP*E||p]||. (17)
€
and
E <87 L+ e ' MP|(-A)*Ellgllf.. (18)

By (H4) and the Hoélder inequality, for p > 2,1<g < 2,1/p +1/q =1, we have

Foz (3 s wlluele))

O<tg<t

p
< 4p—lE( Z Me—ﬂ(l—[k)qk’x(t]:)’)

O<t<t
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11 p
v awe( ¥ alafe ()]

O<ty<t
14
< 4P_1Mp< Z qk) ! Z qre P OE|x(t) [ (19)
O<ty<t O<tg<t

By (H3), Lemma 3.1 and the Holder inequality,
¢ p
Fy <871+ e)P-lE( / |(—A) S — ) (=A)"u(s, %(s - p(s>))|ds)
0

t E oot
<81+ ey MK (/ e e -1t dS)q | e OB (5= o) ds
0 0
V4
q

<811+ e)”’le_anal’p“ (F(l +qa — q))

X /Ote”(”)E}x(s— p(s))[” ds

QS

<81+ e MY K a7 (I(1 + qa - q))

t
x/ e 9 sup Elx(s +0)[" ds. (20)
0 fe[-1,0]

Similar to (20), by (H2) and the Holder inequality, we have

t
F, < ZLf*’_lM‘”K“’al_‘”/ e 9 sup E|x(s + 9)|p ds. (21)
0 fel-1,0]

By Da Prato and Zabczyk [2, Lemma 7.7, p.194], similar to (20), (H2) and the Hoélder in-

equality, we have

Es(t) < 4", MP </t(e‘“p(“s)E||g(s,x(s -3(1))) ||'Zo)% ds) ’
0 2

[SaS]

1-
< 4P_lcpMpr <M>

t
f e 9 sup E|x(s +0)|" ds, (22)
p-2 0

0el-1,0]

where ¢, = (p(p - 1)/2)""2.
Substituting (16)-(22) into (15) yields

1 1\
Elx®)f <« sup Ex(t+9)p+7{4p_l(1+—) MPe“E|gll}
j(2)] o | "+ T . c

+8771 (1 + e MP|(-A)“[Ellg]|Z
p
q

+8711+ e)”_le_al?pal_p"‘ (F(l +qo — q))

t
xf e 9 sup Elx(s+6)|" ds
0 6e[-1,0]

t
+ M‘lMpl(pal_p/ e sup Elx(s+0)[" ds
0 6e[-1,0]
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p
2a(p-1)\"2 [*

+4~plcpM”I(p(M> ‘/e’“(t’s) sup E|x(s+9)|pds
0

p-2 fe[-7,0]

+ 4”_1M1’< Z qk> ! Z qke’“(t’tk)E‘x(t,:)’p}. (23)

O<ty<t O<ty<t

This, together with Lemma 3.1 and (13), gives that there exist two positive constants M,
and A € (0,a) such that E|x(¢)[? < Moe™ for any ¢ > —7. This completes the proof. O

If p = 2, then we get the following corollary from Theorem 3.1.

Corollary 3.1 If (H1)-(H4) hold for some « € (1/2,1), then the mild solution of Eq. (1) is
mean-square exponentially stable, provided

aK|(-A) | (1= K|(=A) ) + 8M? K a2 T Qa - 1) + 4M*K?a™"

m 2
+ AMPK? + 4aM>(1 - k) (Z‘ qk) <a(1-K|(=A4)). (24)
k=1

Remark 3.1 Unlike earlier studies, ours does not make use of general methods such as
Lyapunov methods, fixed point theory and so forth. As we know, in general, it is impossible
to construct a suitable Lyapunov function (functional) and to find an appropriate fixed
point theorem for stochastic partial differential equations with memory, even for constant
delays, to deal with stability. In this work, we use the new impulsive integral inequality to
derive the sufficient conditions for stability.

Remark 3.2 Without delay and impulsive effect, Eq. (1) becomes stochastic neutral partial
differential equations, which is investigated in [3]. Without the neutral term and impulsive
effect, Eq. (1) reduces to stochastic partial differential delay equations, which is studied
in [6, 17]. Therefore, we generalize by the integral inequality the results to cover a class
of more general impulsive stochastic neutral partial differential equations with memory.
Moreover, unlike [6], we need not require the functions p(¢), 7(£), 5(¢) to be differentiable.

Remark 3.3 In Eq. (1), provided Ax(#) = 0, Eq. (1) becomes stochastic neutral partial
differential equations without impulsive effects, that is to say, our Theorem 3.1 is effective
for it.

4 Conclusion

In this paper, we discuss the exponential stability in the pth moment of mild solutions
to impulsive stochastic neutral partial differential equations with memory. By establish-
ing a new integral inequality, we obtain sufficient conditions ensuring the stability of the
impulsive stochastic system. The results generalize and improve earlier publications.
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