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1 Introduction, definitions and preliminaries
In the past two decades, the widely investigated subject of fractional calculus has remark-
ably gained importance and popularity due to its demonstrated applications in numerous
diverse fields of science and engineering. These contributions to the fields of science and
engineering are based on the mathematical analysis. It covers the widely known classical
fields such as Abel’s integral equation and viscoelasticity. Also, including the analysis of
feedback amplifiers, capacitor theory, generalized voltage dividers, fractional-order Chua-
Hartley systems, electrode-electrolyte interface models, electric conductance of biological
systems, fractional-order models of neurons, fitting of experimental data, and the fields of
special functions, etc. (see, for example, [1-4]).

In this paper, we apply the Laplace of the fractional derivative and the expansion coeffi-
cients of binomial series to derive the explicit solutions to homogeneous fractional differ-
ential equations.

We present some useful definitions and preliminaries as follows.

© 2013 Lin and Lu; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2013/1/137
mailto:shyder@cycu.edu.tw
http://creativecommons.org/licenses/by/2.0

Lin and Lu Advances in Difference Equations 2013, 2013:137
http://www.advancesindifferenceequations.com/content/2013/1/137

Definitions
1. The fractional derivative of a causal function f(¢) (cf. [3, 4]) is defined by

g A0
dt* I(n—a) JO (t—x)@—n+l dt

ifn-1l<ac<n,

d"‘f(t)z {f(”)(t) ifa=neN,

where the Euler gamma function I'(-) is defined by
I'(z) = /000 tletdt (R(z)>0).
2. The Laplace transform of a function f(¢), t € (0, 00) is defined by
L[f(O](s) = F(s) = /OOO e f(t)dt (seC).

3. The Mittag-Leffler function (¢f [5, 6]) is defined by

o k

z
Eyp(2) = ,g(): Tk h) (z,, B € C,R(e) > 0).

4. The simplest Wright function (cf. [7, 8]) is defined by

¢, B52)= Yy ——— — (za,B€C).
g C(ak+pB) k!

5. The general Wright function ,W,(z) (cf. [7, 8]) is defined for z € C, complex
a,bjeC,andreal o, ;e R (i=1,...,p;j=1,...,q) by the series

(ai i1, [T5, D(a; + k) 2F
W, (2) = )W z
g q(Z) P |:(b], ﬂj)lq :| g 1 1 (b + ,3/ ) k'

where z,a;,b; € C, ;, i €R,i=1,2,...,pand j=1,2,...,q.
6. The Riemann-Liouville fractional derivatives D%, y and D}_y of order o € C
(M(a) 2 0) are defined by

1 a\" [* d
(Df;y)(x):r,(n_a)(%) ; % (n=[R)]+Lx>a) (1.1)

and

1 d\" [* y)dt

DS =—\-—— —_— =N 1; b), 1.2

0= () [ g e B@l s, 02)
respectively, where [i(«)] means the integral part of R(e).

7. The Pochhammer symbol (or the shifted factorial, since (1), = n! for
neNy=1{0,1,2,...}) (¢f [9]) given by

()\') _ 1 (n:()),
"TA+1) - (h+n-1) (neNy/{0}).
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8. The binomial coefficients are defined by

A Mo M -D10- n+1)
()

n r-n) n!
where A and # are integers. Observe that 0! = 1, then

L

r=0 r=

Preliminaries
L Lp(a, B:01(5) = {Eap(3) (@ > -1, B € C;R(s) > 0).
2. The Laplace transform of the generalized Wright function is given by

(ﬂi: ai)l,p 1 (1! 1): (ﬂi; ai)l,p 1
L1,V - =2, -z
{” "[(b;,ﬂj>l,q t“(s) 5P ‘{ (b B s]

(N(s)>0),i=12,...,pandj=1,2,...,q.
3. LID*F@®)I(s) = s*[LF(D](s) = D p_y s**F*D(0) (cf [10]), whereaw >0, n—1<a <n
(neN),f(¢) eC"(0, oo),f )(t) € L1(0, b) for any b > 0.

Remark 1.1 By appropriately appealing to Definition 2, it is not difficult to prove Prelim-
inary 3 by the technique of integral transform as follows

Llf0)o - [ e pro]a
o 4 (n)
:/ e_St . 1 f (C)
0

Fn-a) (t— )“‘”+1

o [ e L
a)/ f (C)/ —s(u+¢) nvzldud;-
- m / e f"(¢) / e u" " dudg

_sg (n) l’l a)
r(n_ > / ooy =) g,

=5 / e de =L 0)]06)
0

de dt

=" L[f()] - 5" (0) =2 (0) = -+ = £"71(0))
=s“L[f ()] - s*7(0) - s*72f(0) - - - - — s> f " (0)

=s"L[f(6)] = > s 4.

k=1

The interchange of the order of integration in the above derivation can be justified by
applying Fubini’s theorem.
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2 Solutions of the fractional differential equations
Throughout this section, we let y(¢) be such that for some value of the parameter s, the

Laplace transform L[y] converges.
Theorem 2.1 Letl <« <2 and a,b € R. Then the fractional differential equation

y'(£) +ay®(t) + by(£) = 0 2.1)
with the initial conditions y(0) = ¢y and y'(0) = ¢; has its solution given by

(=)t S T(r+ k + 1) (—at>@)"
k! Y T2 -a)r+2k+1]r!

¥(t) = co Z

(- b)ktZ"*1 2 T(r+k +1)(—at>)
+¢ IZ 1
= (2 —a)r+ 2k +2]r!

Z (- b)kt2k a2 2 T(r+k +1)(—at®>)
*aco L T[2—a)r + 2k—a +3]r]

—b)kg2k-a+3 2 DP(r 4k + 1) (—at>®)"

(
”’Clkg K = T(@-ar+2k-a+alr

(2.2)

Proof Applying the Laplace transform (see Preliminary 3) and taking into account, we

have
szﬁb’] —cos—cp +as*L[y] - acos”™ —acis** + bL =0 23
Equation (2.3) yields
CoS + €1 + aces® ! + acys*?
»CD/] = 2 o
s2+as*+b
s > lk+r
B X 7 (a=2)r—2k-1
= - -
DICEO M2
k=0 k=0
00 00
ray oty (17 )earsera
k=0 k=0
o9 o k
+ acy Z (-b)f Z ( ' ") st
k=0 k=0
00 00 /
k=0 k=0
since
1 5 s
2 T «
s2+as*+b ¥ +a+bs (82a+“)(1+52a+a)

P il ( b)k —ak—a o (_b)ks—2k—2

k
T 2w Z( 2—a ) Z 2-a k1 Z —2\k+1
s¥+a i\ +a (82 + a) Py 1+ as*2)
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:i( b)k 2k22 <k+}”)
_ i bk i (k : r) (—a) s@-2r-2k-2, 2.5)
k=0

Thus, from Equation (2.4), we derive the following solution by the inverse Laplace trans-

form to Equation (2.2):

ad b k 20 (k + V)‘ ) t(2—a)r+2k
£ =
o= COXO: k! rZF[(Z ar+2k+1] 7!
( b)k 00 (k + r) ( 61) t(2—a)r+2k+1
+CIZ ZI‘[(2 ar+2k+2] r!
( b)k i (k + r)!( a)r t(2—a)r+2k—a+2
+acoZ Z T[C-a)r+2k—a+3] "
X (b & (k +r)l(-a)" (2-0)r+2k-a+3
+aclk2=0: Kl ;r[(z_a)r+2k—a+4]- r!
i Z (- b)kt”‘ 2 T(r+ k +1)(—at>@)
- LT[ —a)r+ 2k + 1]7
N L\ (=D)F R T (r + k + 1) (—at?> )
“ o k! = C[(2 - a)r + 2k + 2]r!

(- b)kt2k 02 X0 (4 k + 1) (—at? )
Q2 -ao)r+2k—oa+3]r!

+ dcy E
+dc E

Example 2.1 The fractional differential equation of a generalized viscoelastic free damp-

r=0

t2" —or+3 i L@+ k +1)(—at?@)"
o T2 -a)r+2k—a+4]r" O

ing oscillation (cf. [1])
Y'(0)+ ayD(0) + by(t) = 0 (2.6)

with the initial conditions ¥(0) = ¢ and y'(0) = ¢; has its solution given by

(=b)kgk & (r+/<+1)(—at%)r
(t)—COZ k! rX:o: F[%r+2k+l]l’!

(- 19)"t2’<+1 > T(r+k+1)(= at2)’
F[§r+2k+2]r!

+C Z
r=0

—btz"+ T(r+k+1)(~at?)
+ﬂCoZ 22 r+k+1)(-at2)

1 3
=0 F[§r+2k+ i]r‘

s (_b)kﬂk’f% >\ T(r+ k + 1) (—at> )

+ dc; Z i ‘
k=0 k! “~ T2 -a)r+2k+3]r!

(2.7)
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In particular, if @ = +/3 and b = 8, then the equation
)
Y'(t) + /392 (8) + 8y(t) = (2.8)

with the initial conditions ¥(0) = ¢y and y'(0) = ¢; has its solution given by

k 42k Y
t)—CoZ( 8)k¢2 C(r+ k +1)(=/33)

= F[§r+2k+1]r!
X (<8) 2K (4 k + 1)(=/382)
ra), k! T[Lr+ 2k + 2]
0 i 0 §r+ + r.
(- 8)kt2k+2 T(r+k+1)(=/32)

+\/—C()Z

k=

I‘[%r+ 2k + %]r!

3
2

Me 10

+ 3¢ Z( 8)](132"+ F(r+k+1)(—\/§t%)"

(2.9)
r 5
o —~  Tlz+2k+3]r!
Theorem 2.2 Let1 <« <2 and a,b € R. Then the fractional differential equation
y(8) +ay (¢) + by(t) = 0 (2.10)
with the initial conditions y(0) = ¢y and y'(0) = ¢; has its solution given by
(- b)k T (r + k + 1)(—a) gl Drrak
y(t) =
)= COZ Z (o -7+ ak +1]r!
2\ (D) S T(r + k + 1)(—a)r gl Dr+ak+l
”lg kKl Z Tl = 1)r + ok + 2]7!
[o¢] o0
bk F k 1 ru1r+ak+a1
+thoZ( ) (r+ k+ D(a)'t (2.11)

k! [(a =17+ ak +a]r!
k=0

r=

Proof Applying the Laplace transform (see Preliminary 3) and taking into account, we
have

s“L[y] —s*719(0) — 5*72y/(0) + asL[y] —ay (0) + bL[y] =

That is,

(s +as+b) LIyl = cos®™ +c18* 7> + aco. (2.12)
Equation (2.12) yields

- cos® 1+ 15272 + acy

s*+as+b

i b)k Z (k + I”)( a)rsr—ar—ak—l
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> k - k+r r r—ar—ak-2
ray (-b) Z —a)'s
k=0
o0 [o¢]
+ aco Z(—b)k Z < ) )rsr—ar—ak—a’ (213)
k=0 k=0
since
1 57! st
s?+as+b  s*l+a+bs! (sal+a)(1+sa 1;)
1 00 -1 k
s bs
- -1)F
s“-1+oz§( ) (Sa—l_',a)

k —k-1 S (_b)ks—ak—a

Z (s2-1 +a)k*1 B — (1 + asl-@)k+l

= i(—b)ks’“k’“ i (k : r) (—aslfa)r
k=0

r=0

i Z (k + r) ) sk (2.14)
k=0 r=0

Thus, from Equation (2.13), we derive the following solution by the inverse Laplace trans-

form to Equation (2.11):

o b) © T(r+k+1)(-a) ple=Dr+ak
() —COXO: k' rX: Ta-Lr+ak+1] 7!

( b)k o F(r+ k + 1 ( u)r t(a—l)r+ak+1
+Cl§ ZI‘[(oz Dr+ak+2] r!

00 b)k 00 T r+k+ 1 ( )r t(a—l)r+ak+a—1

+"C°Z k! ZF[(&—I)r+ak+a] r!

k=0 r=

This solution can be expressed by the Wright function as

2 (- b)kt“" (k+1,1) w1
o) = Z |:(ak +1La-1) i i|

k=0
o b ktotk+1 k 1,1
+C Z 7( ) 1‘111 ( " ) ‘—dta_l
— k! (ak +2,a —1)
b)kt""”“ -1 (k+1,1) 1
—at* ™ |.
+acoz ¥ (ok + o, — 1) . O

Example 2.2 If weleto = %, a=-1and b = -2 in Theorem 2.2, then the equation

YD) -y (8) - 29(8) = 0
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has a solution

00 o) r,3
R ST (r+k+1)ez+2k

y(t) =Co E " § 3
= kK= (5 +5k+1)r!

2k & D+ k + 1)¢h+3k+1
+CIZ_!Z T+ 2k+2)r
k=0 " r=0 2t2 :

i ok i T(r+ k +1)¢h+3k+3
—Co I7] v 3, .3 .
=0 S F(E + §k+ 5)7"

Theorem 2.3 Let 0 <« <1 and b € R. Then the equation

yOUt) — by(t) =

with the initial condition y(0) = co has its solution given by

[e¢]

Z tOl)k
pary ak +1)
= COEa,l (bta).

Proof Applying the Laplace transform to Equation (2.15), that is,

s L[y] — cos® ™ —bL[y] =0

we have
cos®! s~ > >
L — 0 _ -1 § : _ E :bk —ak—l’
bl o —b 1- bs“" - s pary - - s
= (bt“)k
t) = E E,1(bt%).
Wt =co < T(ak+1) 1(6)

Remark 2.1 If a = 0 in Equation (2.10), then the equation

Y @) +by(t) =0, l<a<2

with the initial conditions y(0) = ¢ and y'(0) = ¢; has its solution given by

o a\k
ORI B Z =0e)
k=0

I'(ak +2)

= COEa,l (—bta) + CltEa'z (—bta).

Theorem 2.4 A nearly simple harmonic vibration equation (cf. [1])

Y@ +wy(t) =0, l<a<2

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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with the initial conditions y(0) = ¢y and y'(0) = ¢; has its solution given by
W(8) = CoEon (~WPtY) + crtEg o (-w*t*). (2.20)
Proof We complete this proof by putting b = w? in Equation (2.17). d

In fact, by applying the Laplace transform to a linear fractional differential equation with
the initial conditions, we can easily derive its solutions as the previous forms in this paper.
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