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Abstract

In this article, we first aim to give simple proofs of known formulae for the
generalized Carlitz g-Bernoulli polynomials B,,,(x, ) in the p-adic case by means of a
method provided by Kim and then to derive a complex, analytic, two-variable g-L-
function that is a g-analog of the two-variable [-function. Using this function, we
calculate the values of two-variable g-L-functions at nonpositive integers and study
their properties when g tends to 1.
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1. Introduction
Let p be a fixed prime. We denote by Z,, Q,, and C,, the ring of p-adic integers, the field
of p-adic numbers, and the completion of the algebraic closure of Q,, respectively. Let

v, be the normalized exponential valuation of C, with |P|p =p(") = p~1 When one

talks of a g-extension, g can be variously considered as an indeterminate, a complex
number g € C, or a p-adic number g € C,. If g € C, one normally assumes |g| < 1.
If g e C,, one normally assumes |1 - g, <pV® Y, 50 that ¢* = exp(x log,, q) for |x|, < 1.

Let d be a fixed positive integer. Let

X =Xg = lim(Z/dpNZ), X =1Z,,
N
)(>k = U a d Z ’
O<a<dp +apSy (1.1)

(a:p)=1

a+dNZ,={xeXlx=a (mod dp")},
where a € 7 lies in 0 < a <dp™. We use the following notation:

1—-4g*
X|g = . 1.2
[x]q 1—¢q (1.2)
Hence limg_,; [x], = x for any x € C in the complex case and any x with |x[, < 1 in
the present p-adic case. This is the hallmark of a g-analog: The limit as ¢ — 1 recovers
the classical object.
In 1937, Vandiver [1] and, in 1941, Carlitz [2] discussed generalized Bernoulli and

Euler numbers. Since that time, many authors have studied these and other related
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subjects (see, e.g., [3-6]). The final breakthrough came in the 1948 article by Carlitz [7].
He defined inductively new g-Bernoulli numbers f,, = 3,,(q) by

-
fol@) =1, @B+ 1" =~ ul) - { g igm 2 13

with the usual convention of 8’ by f;. The g-Bernoulli polynomials are defined by

m
Bl = @5+ )" = 3 (7 ) Aoty (14
i=0

In 1954, Carlitz [8] generalized a result of Frobenius [3] and showed many of the
properties of the g-Bernoulli numbers f3,,(q). In 1964, Carlitz [9] extended the Ber-
noulli, Eulerian, and Euler numbers and corresponding polynomials as a formal Dirich-
let series. In what follows, we shall call them the Carlitz g-Bernoulli numbers and
polynomials.

Some properties of Carlitz g-Bernoulli numbers ,,(q) were investigated by various
authors. In [10], Koblitz constructed a g-analog of p-adic L-functions and suggested
two questions. Question (1) was solved by Satoh [11]. He constructed a complex analy-
tic g-L-series that is a g-analog of Dirichlet L-function and interpolates Carlitz g-Ber-
noulli numbers, which is an answer to Koblitz’s question. By using a g-analog of the p-
adic Haar distribution (see (1.6) below), Kim [12] answered part of Koblitz’s question
(2) and constructed g-analogs of the p-adic log gamma functions G, ,(x) on C, \ Z,,.

In [11], Satoh constructed the generating function of the Carlitz g-Bernoulli numbers
F,(t) in C which is given by

Fo(t) =) qme™ (1 — g —q"t) = Zﬁm(q):n,, (1.5)
m=0 m=0 '

where ¢ is a complex number with 0 < |g| < 1. He could not explicitly determine F,
() in C,, see [11, p.347].

In [12], Kim defined the g-analog of the p-adic Haar distribution py.q.(a + ad Zy) =
1/pN by

pg(a+pNZp) = (1.6)

qﬂ
PN,

Using this distribution, he proved that the Carlitz g-Bernoulli numbers f3,,,(g) can be
represented as the p-adic g-integral on Z, by y,, that is,

Bu(a) = fz la]” dieq(a), 7)

and found the following explicit formula
= e () s)
N i) liv1], '

1
where m > 0 and g € C, with ¢ }1 _q| <p L
p

Recently, Kim and Rim [13] constructed the generating function of the Carlitz g-Ber-
noulli numbers F,(t) in C,, :
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[ | ( 1 )jtf
F =el—d _1] ’ .
(1) =e ?:OUHL,( ) 1-q) jt (1.9)

1
where g € C, with ¢ < |1 — q|p <p PL

This article is organized as follows.

In Section 2, we consider the generalized Carlitz g-Bernoulli polynomials in the p-adic
case by means of a method provided by Kim. We obtain the generating functions of the
generalized Carlitz g-Bernoulli polynomials. We shall provide some basic formulas for the
generalized Carlitz g-Bernoulli polynomials which will be used to prove the main results
of this article.

In Section 3, we construct the complex, analytic, two-variable g-L-function that is a g-
analog of the two-variable L-function. Using this function, we calculate the values of two-

variable g-L-functions at nonpositive integers and study their properties when ¢ tends to 1.

2. Generalized Carlitz g-Bernoulli polynomials in the p-adic (and complex)
case

For any uniformly differentiable function f: Z, — C,, the p-adic g-integral on Z, is
defined to be the limit [ﬂ;]q ZZ:; 'f (a)q* as N — oo. The uniform differentiability guar-

antees the limit exists. Kim [12,14-16] introduced this construction, denoted I,(f),
where |1 - ¢|, <p VD,

The construction of I,(f) makes sense for many g in C,, with the weaker condition |1 - g]
» < 1. Indeed, when |1 - g|, < 1 the function 4" is uniformly differentiable and the space of
uniformly differentiable functions Z,, — C,, is closed under multiplication, so we can make
sense of its p-adic g-integral I.(f) for |1 - g|, < 1.

Lemma 2.1. Forge C, with 0 < |1 - q|, < 1 and x € Z,, we have

N
-1
’ X

. 1 ax
$§&1—¢Nzgq 11—

—~

Proof. We assume that g € C, satisfies the condition 0 < |1 - g|, < 1. Then it is
known that

o0
X
=3 ()@=
m=0
for any w € Z, (see [[17], Lemma 3.1 (iii)]). Therefore, we obtain

N\ X
pN-1 1 _ (qi’> -1

= 1m
l—qu—>oo qPN—l

z
!
¢
!
B
L
{Q
5
|

]
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|
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This completes the proof.

Definition 2.2 ([12, §2, p. 323]). Let y be a primitive Dirichlet character with con-
ductor d € N and let x € Z,. For g€ C, with 0 < |1 - ¢|, < 1 and an integer m > 0,
the generalized Carlitz g-Bernoulli polynomials f3,,,,(x, q) are defined by

(o) = [ 2@l + aldng(a)
1 apN—1 (2.1)
l m _a
=gy, > x(@)[x+alyq
a=0
Remark 2.3. If y = x°, the trivial character and x = 0, then (2.1) reduces to (1.7) since
d = 1. In particular, Kim [12] defined a class of p-adic interpolation functions G,,,(x) of
the Carlitz g-Bernoulli numbers f3,,(¢) and gave several interesting applications of these
functions.
By Lemma 2.1, we can prove the following explicit formula of 3,,,,(x, g) in C,,.
Proposition 2.4. For g € C, with 0 < |1 - q|, < 1 and an integer m > 0, we have

i_i(x+k) i+1
By (x,q) = (1) ZX( )q Z( )( g [4(i + 1)],;.

Proof. For m > 0, (2.1) implies

d—1pN-1

. > x(k+da)x + ke +da]q"

IB‘ﬂ’lX(x’ q) [d] [PN]q k=0 a=0

k

[\};oo (1 m ) ZX( ) de Z (1 qx+k+du)m da

1 Zx(k)qkz( ) 1y

i=0
x lim S 1( )a(lﬂ)

N=eo 1- qd)pN a=0

S IZX()fI Z( )

(where we use Lemma 2.1).

This completes the proof.

Remark 2.5. We note here that similar expressions to those of Proposition 2.4 with y
= %° are given by Kamano [[18], Proposition 2.6] and Kim [12, §2]. Also, Ryoo et al.
(19, Theorem 4] gave the explicit formula of j,,,(0, g) in C for m > 0.

Lemma 2.6. Let y be a primitive Dirichlet character with conductor d € N. Then for
qe Cwith|q| <1,

oo d—1

1
Sxma™ =S k(g
m=0 1- q k=0

Proof. If we write m = ad + k, where 0 < k <d - 1and a = 0,1, 2,..., we have the
desired result.
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We now consider the case:

qgeQNnCy, 0<|ql <1, 0<|1—q|p<1. (2.2)
For instance, if we set

1
q= 1_pzeQﬁ(Cp

foreachz=0e Zandp >3, wefind0<|g] <1,0<|1-q|,<1
Let F,,(t, x) be the generating function of 3, ,(x, q) defined in Definition 2.2. From
Proposition 2.4, we have

[o.¢] tm
Fox(6x) =) Bny(xa) |

m=0
0 d—1 m .

1 k (m) i) B+ m (23)
= x(k C ) (=1 ]
%((1—@"’; ”"§ i) T i, ) me
=quX(t’x)+quX(t’x)’

where
SR S » (k)q"i(m)( ygen Lo
A X)) = m X - - .
" —(1-q)" & i\ i [d(i + 1)], m!
and
’ 1 X) = m X . - . .
" i (1—q)" = o\ i [d(i + 1)], m!
Then, noting that
t N A
— i 4t
e TI= a0y,
we see that
Py (4,%) i LS (k)q* ) m)( 1yigen a
) ! = m X . - .
" (11— q)" o\ i [d(i + 1)], m!
0 00 d—1 . .

1 t" 1 - j 1
= " D xRy : 2.4
2o—grn 2 qory 2O gy O

¢ 00 1 jd-1 ) ] t]
I - k (x+k)+k )
‘ q§<q—1>,§’“ T g e ), i



Kim and Kim Advances in Difference Equations 2012, 2012:44
http://www.advancesindifferenceequations.com/content/2012/1/44

Moreover, (2.4) now becomes

¢ 00 1 jd—1 ‘ 1 tj
P ) (t, x) —el-q ( ) X(k)q](x+k)+k . .
" ; q—1 ; 4G+ 1), G—1)!
t > 1 j o d-1 Clk(j+2) g+l
= elfq Z ( ) q(j+1)x Z X(k) - ‘
o \d—1 R A W L
12a - 1y (j+1)x - n(js2)
= el ) (g ) a2k ma
j=0 n=0
(where we use Lemma 2.6) (2.5)
. - n — [ —q"* Ty
= —tel—d +
WD M (N
n=0 j=0
t x> (=)t
= —te!=1 ) x(x)q" e 1
n=0
o
— Z X (x)qx+2ne[n+x]qt
n=0
(cf. [13,16,20]). Similar arguments apply to the case Q,,(% x). We can rewrite
CX 1 V& w10
t, - l—q k X+R)+R )
Quettn)=e s 3 (1) Sttt L 29
j=0 k=0 q
and
o0
Qq(t:x) = (1= q) ) x(n)g"ellt, 2.7)

n=0
Then, by (2.4), (2.5), (2.6), and (2.7), we have the following theorem.
Theorem 2.7. Let 4 € QNC,,0 < |g| <1,0 < |1 — q}p < 1 Then the generalized

Carlitz q-Bernoulli polynomials B, ,(x, q) for m < 0 is given by equating the coefficients
of powers of t in the following generating function:

C 1T VTTE e 1D
Fyp(tx)=el=0 ) ( ) 2 x (g d(j+1) '
- q—1 q — 17!
j=0 k=0 (2 8)
o .
=Y x(mqe ™t (1 — g — ).
n=0
Remark 2.8. If ¥ = x0, the trivial character, and x = 0, (2.8) reduces to (1.5).
3. g-analog of the two-variable L-function (in C)
From Theorem 2.7, for k = 0, we obtain the following
d k
purto) = (5, ) Furle0)
=0 (3.1)

=(1=@) ) x(m)q"[m+x]E = k> x(m)g*>"[m+x]i".

m=0 m=0
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Hence we can define a g-analog of the L-function as follows:

Definition 3.1. Suppose that y is a primitive Dirichlet character with conductor d €
N. Let g be a complex number with 0 < |g| < 1, and let L,(s, x, x) be a function of
two-variable (s, x) € C x R defined by

Lq(s,x,x)— Z x(m)q™ Zx(m)q’"”x (3.2)

[m x] o [m+x]i,

for 0 <x < 1 (cf. [11,13,14,21-25]).

In particular, the two-variable function L,(s, %, ) is a generalization of the one-vari-
able L,(s, ) of Satoh [11], yielding the one-variable function when the second variable
vanishes.

Proposition 3.2. For ke Z, k > 1, the limiting value lim, _,  L,(1 - s, x, ¥) = L, (1 -
k x, x) exists and is given explicitly by

1
Lo(1 =lox,x) = = Brx (%, 9).

Proof. The proof is clear by Proposition 2.4, Theorem 2.7 and (3.1).

The formula of Proposition 3.2 is slight extension of the result in [19] and [11, Theo-
rem 2].

Theorem 3.3. For any positive integer k, we have

1{ X+ l+l
i B (x,4) = lim. | mZX(k)‘f Z( )( " k)[d(i+l)]q
=Bk,x(x)r

where the By ,(x) are the kth generalized Bernoulli polynomials.

Proof. We follow the proof in [[26], Theorem 1] motivated by the study of a simple
g-analog of the Riemann zeta function. Recall that the ordinary Bernoulli polynomials
By(x) are defined by

Pogee boTlogd k(logq)
q— 1q1x - logq gi'o89 _ 1em o8 log ZB (x)i , (3.3)

where it is noted that in this instance, the notation Bi(x) is used to replace BX(x)

symbolically. For each m > 1, let
t
Zd("') (3.4)
Note that
B » - ik
_2():(—1)'"'<i)e’ _Z(Z<i>(—1)m ’z>k!. (3.5)
=

From (3.4) and (3.5), we obtain

m—i -k
qm - Yo (1) ( )hmik (3.6)
0, 0<k<m.
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It is also clear from the definition that d(O) 1, d(o) 0 and d;(lk) = k! for ke N. From
(2.3), (3.3), and (3.6), we obtain

- e m—i i) 1
s = Zx(k)q Z( (7 )a ]

, _q;xm_l i x (k) Z (=" (T)

d(m)logﬂ i d(l+1)108f1 1
ed(i+1) logg—1 legq

S ()

 d'- IZX(k)B <k+x> (logq)"!

n!

e B (1)

m+o—1

e (Mo m) 1 (logq)
+(q ; - < i )dm+ai(m+o_)! (q_ 1)m—l

R k+x
deﬂrlzx(k)BmH,( J )

k=0

Then, because

(a-1*

logg=log(1+(q—-1))=(q9-1) - =(-1)+0((q-1)%)

as g — 1, we find

(logq)™ _{1, o=0

0,0 >1,

lim 1
=1 (g—1)""

SO
K k+x
i ) = 0" 3 (808 () = B ),
k=0

where the B,, ,(x) are the mth generalized Bernoulli polynomials (e.g., [14,19]). This
completes the proof.
Corollary 3.4. For any positive integer k, we have

. 1
lim Ly (1~ kx, x) = =, Bus(®).

Remark 3.5. The formula of Theorem 3.3 is slight extension of the result in [[26],
Theorem 1].

Remark 3.6. From Theorem 2.7, the generalized Bernoulli polynomials B,, ,(x) are
defined by means of the following generating function [[27], p. 8]
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Fy(t,x) := %Ln} Fgx (t,%)

d oo
==ty Y x(a+d)el et

a=1 [=0

_Xdzx(a)te(mx)t
- et —1

a=1
[eS) m
= Z By, (%) o
m=0

Remark 3.7. If we substitute y = x°, the trivial character, in Definition 3.1 and Corol-
lary 3.4, we can also define a g-analog of the Hurwitz zeta function

£(s:%) = Z (m+x)

by

m+x o 2(m+x)

65, %) = Lo, x°) = q}: 2:hn+ﬂs

2 [m+xly !

and obtain the identity

lim ¢,(s,%) = £ s.%)

q—

for all s # 1, as well as the formula
lim ¢,(1 —k,x) = 1B (x)
q—>1§q ! - k k

for integers k > 1 (cf. [11,13,19,22,24,25]).
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