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Abstract

By using the classical fixed point theorem for operators on cone, in this article, some
results of one and two positive solutions to a class of nonlinear first-order periodic
boundary value problems of impulsive dynamic equations on time scales are
obtained. Two examples are given to illustrate the main results in this article.
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1 Introduction

Let T be a time scale, i.e., T is a nonempty closed subset of R. Let 0, T be points in T,
an interval (0, 7)y denoting time scales interval, that is, (0, T)1: = (0, 7) N T. Other
types of intervals are defined similarly.

The theory of impulsive differential equations is emerging as an important area of
investigation, since it is a lot richer than the corresponding theory of differential equa-
tions without impulse effects. Moreover, such equations may exhibit several real world
phenomena in physics, biology, engineering, etc. (see [1-3]). At the same time, the
boundary value problems for impulsive differential equations and impulsive difference
equations have received much attention [4-18]. On the other hand, recently, the theory
of dynamic equations on time scales has become a new important branch (see, for
example, [19-21]). Naturally, some authors have focused their attention on the bound-
ary value problems of impulsive dynamic equations on time scales [22-36]. However,
to the best of our knowledge, few papers concerning PBVPs of impulsive dynamic
equations on time scales with semi-position condition.

In this article, we are concerned with the existence of positive solutions for the fol-
lowing PBVPs of impulsive dynamic equations on time scales with semi-position con-
dition

A0 +f(t,x(0(1)=0, te]:=[0,Tly, t#t, k=1,2,...,m,
x(ty) —x(t, ) = I(x(t,)), k=1,2,...,m, (1.1)
x(0) = x(a (1)),
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where T is an arbitrary time scale, 7 > 0 is fixed, 0, T e T, fe C (J x [0, o), (oo,
), I € C([0, =), [0, =)), tx e (0, T), 0 <t; < ... <t,, <T, and for each k = 1, 2,..., m,
x(t)) = limy_ o-x(t + h) and x(t;,) = limy_o-x(t. + h) represent the right and left limits
of x(¢) at t = t;. We always assume the following hypothesis holds (semi-position
condition):

(H) There exists a positive number M such that

Mx —f(t,x) > 0 forx € [0,00), te]0,Tlr.

By using a fixed point theorem for operators on cone [37], some existence criteria of
positive solution to the problem (1.1) are established. We note that for the case T = R
and [i(x) =0, k = 1, 2,..., m, the problem (1.1) reduces to the problem studied by [38]
and for the case [i(x) =0, k = 1, 2,..., m, the problem (1.1) reduces to the problem (in
the one-dimension case) studied by [39].

In the remainder of this section, we state the following fixed point theorem [37].

Theorem 1.1. Let X be a Banach space and K € X be a cone in X. Assume Q;, Q,
are bounded open subsets of X with 0 € @; ¢ Q; € @, and @: KN (Q,\Q;) - K is a
completely continuous operator. If

(i) There exists uy € K\{0} such that u# - ®u # g, u € KN o Qy, A= 0; Du # 11,
e KNnoQ, t>1,o0r

(ii) There exists uy € K\{0} such that u - ®u = Auy, ue€ KN Qy, A> 0; Du = i, u €
KNoaQy, > 1.

Then @ has at least one fixed point in K N (2,\Q1)-

2 Preliminaries
Throughout the rest of this article, we always assume that the points of impulse #; are
right-dense for each k = 1, 2,...,m.

We define

PC={xe€[0,6(T)lr > R:x, € C(Jr,R), k=0,1,2,...,m and there exist
x(t;) and x(t;, ) with x(¢, ) = x(t), k=1,2,...,m},

where x; is the restriction of x to Jx = (tx tisa1lT € (0, 6(T)]T, k = 1, 2,..., m and ] =

[0’ tl]T: tm +1 = G(’T)-
Let

X={x:xePC, x(0)=x(c(T))}

with the norm [lx]| = sup,cjo,o (1)), |x(t) , then X is a Banach space.

Lemma 2.1. Suppose M > 0 and %: [0, 7]t — R is rd-continuous, then x is a solution

of
o(T) "
0= [ GUIHIAs+ Y G, €10, (Dl
0 =1
em(s t)em (o (T), 0)
,0<s<t<o(T)
where G(t,5) = { M (e‘;((?io) -1

em(o(T),0)—1" 0<t<s=<o(T),
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if and only if x is a solution of the boundary value problem

x2(6) + Mx(o(t)) =h(t), te]:=[0,Tly, t#t, k=1,2,...,m,
() —x(t, ) = L(x(t,)), k=1,2,...,m,
x(0) = x(o (T)).

Proof. Since the proof similar to that of [34, Lemma 3.1], we omit it here.
Lemma 2.2. Let G(¢, s) be defined as in Lemma 2.1, then

1 em(o(T),0)

en(o(1),0)—1 = D= o o(r), 01 foraltts (ool

Proof. It is obviously, so we omit it here.
Remark 2.1. Let G(t, s) be defined as in Lemma 2.1, then foﬁm G(t,s)As = [\1/1
For u € X, we consider the following problem:

x2(6) + Mx(o (1)) = Mu(o (t)) = f(t,u(o(t)), te€[0,Tly tFt k=1,2,..., m,
[x(tk) —x(t;) = h(x(t;)), k=1,2,...,m, (2.1)
x(0) = x(a (1))
It follows from Lemma 2.1 that the problem (2.1) has a unique solution:
o(T) m
x(t) = / G(t, s)hy(s)As + Z G(t, i) k(x(t)), te[0,0(T)]r.

0 k=1

where h,,(s) = Mu(o(s)) - fis, u(o(s))), s € [0, T]r.
We define an operator ®: X — X by

o(T) m
®(u)(t) = / Gt () As + > Gt ) Ik(u(t)), ¢ € [0,0(T)}r.
0 k=1

It is obvious that fixed points of @ are solutions of the problem (1.1).

Lemma 2.3. ®: X — X is completely continuous.

Proof. The proof is divided into three steps.

Step 1: To show that ®: X — X is continuous.

Let {un}32; be a sequence such that u,, — u (n — ) in X. Since fi¢, ) and [i(«) are

continuous in x, we have
|hun (£) = hu(8)] = [M(un — 1) = (F(t, un) = f(t,4))| = O(n — 00),
| B (un (1)) = Le(u(t))| — 0(n — o).
So
|® (1) (1) — P (u)(?)]

o(T)

/ G(t, 5)[h, (5) — hu(s)] As + Z G(t, te) [T (un (1)) — Te(u(tie))]

em(o(T),0)

= w0 (T),0) — 1 0/ |hu" (s) - hu(s)| As + kXﬂ: |Ik(u,,(tk)) — Ik(u(tk))| — 0(n — 00),

which leads to ||®u,, - Pu|| — 0 (n — ). That is, ®: X — X is continuous.
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Step 2: To show that ® maps bounded sets into bounded sets in X.

Let B € X be a bounded set, that is, 3 r > 0 such that V u € B we have ||u]| < r.
Then, for any u € B, in virtue of the continuities of iz, ) and (), there exist ¢ > 0,
¢ > 0 such that

fw|<e || <c k=12...,m

We get
o(T) .
[@(u)(1)] = / G(t, $)hu(s)As + > G(t, 1)l (u(1e))

0 k=1
o(T) .

=< / G(t, 5) |hu(5)| As + Z G(t, tk) |Ik(u(tk))‘
0 k=1

em(o(T),0) m
“em(o(T),0) -1 |:G(T)(MT+ c) + ;Ck] )

Then we can conclude that ®u is bounded uniformly, and so ®(B) is a bounded set.
Step 3: To show that ® maps bounded sets into equicontinuous sets of X.
Let e (tlo tk+1]T n [0! O-(T)]T) ue By then

[@u) (1) — @(u)(12)]

a(T)

< / |G(t1,5) — G(t2,5)| [hu(s)] As+ D" [Gltr, ) — G(ta, )| [T (u(n))]
0 k=1

The right-hand side tends to uniformly zero as |¢; - £,| — 0.

Consequently, Steps 1-3 together with the Arzela-Ascoli Theorem shows that ®: X
— X is completely continuous.

Let

K={ueX:u(t)=68lul, tel0,o(T)lt}

where 8 = € (0, 1). It is not difficult to verify that K is a cone in X.

1
em(a(T), 0)
From condition (H) and Lemma 2.2, it is easy to obtain following result:
Lemma 2.4. ® maps K into K.

3 Main results

For convenience, we denote

L, . 2
f° = lim sup max I u), £ = lim sup max Ut u),
u—0* te[0T]y U U—>00 e[0Ty U
t, . . . L
fo = lim inf min Ut u), foo = lim inf min Ut u)
u—0+ te[0, T, U U—00 te[0,T], U
and
I I
Ip = lim k(u), I = lim k(u)

u—0* U u—oo U
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Now we state our main results.

Theorem 3.1. Suppose that

(Hy) fo > 0, f° < 0, I = 0 for any k; or

(Hy) f. >0, 2 <0, L. = 0 for any k.

Then the problem (1.1) has at least one positive solutions.

Proof. Firstly, we assume (H;) holds. Then there exist ¢ > 0 and  >a > 0 such that

f(t,u)>=eu, t€]0,Tlr, ue (0« (3.1)
m(o(T),0)—1
I(u) < [ZA/E:HEZM)(G ()T), 0])8 u,u € (0,«], foranyk, (3.2)
and
f(t,u) < —eu, te€]0,Tlr, wuelB, o0). (3.3)

Let Q; = {u € X: ||u]| <ri}, where r; = o. Then u € K n 9Qy, 0 <o = 0 ||ul|| < u(t)
< o, in view of (3.1) and (3.2) we have

a(T)

m
D(u)(t) = / G(t,s)hu(s)As+ZG(t, ) (u(t))
0 k=1
T " feu(e(1),0)~ 1]
epm\o , — &
< G(t,s)(M — A G(t, t {]
= [ cus - o e)ass D61 et 0) ")
0 -
—& em(o(T),0 " lem(o(T),0) —1]e
LM o) N0 1k
M em(o(T),0) —1 = 2Mmey (o (T), 0)
3
M —
- ( ° ) lul
< lull,t€[0,0(T)]r,
which yields ||®(u)|| < ||u]].
Therefore
duFtu, ueKnNo,, t>1. (3.4)
On the other hand, let Q, = {u € X: ||u|| <ry}, where r, = ’g
Choose uy = 1, then uy € K\{0}. We assert that
u—duFruyg, ueKNa, rN=>0. (3.5)

Suppose on the contrary that there exist it € KN 32, and X > 0 such that

u— du = '}_\uo.
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Let ¢ = mine(o,o(1)),%(t), then ¢ > § ||t|| = 81, = B, we have from (3.3) that

i(t) = d(@)(t) +

o(T) m
= / G(t, $)ha(s)As + > G(t, i)l ((tr)) + %
0 k=1
o (1)
> / G(t, s)ha(s)As + X
0
M _
> Me) s 00D
M
Therefore,
. _ M+¢) -
= t) = N ,
te[ﬁgl(r%mu( )z 5y erhes

which is a contradiction.

It follows from (3.4), (3.5) and Theorem 1.1 that ® has a fixed point
u* € KN (2,\Q1) and u* is a desired positive solution of the problem (1.1).

Next, suppose that (H,) holds. Then we can choose ¢’ > 0 and 3’ >’ > 0 such that

f(tu)>ée'u, te[0,Tlr, uelB, ), (3.6)
les(o (T), 0) — 1]¢’ /
I(u) < IMmen (o (T), 0) u, uc€][p,o0) foranyk, (3.7)
and
f(t,u) <—cu, tel0,Tly, ue(0d] (3.8)

Let Q3 = {u € X: ||u|| <rs}, where r3 = &’. Then for any u € KN 0Q3, 0 <0 ||u|| < u
(@) < [lul| = o
It is similar to the proof of (3.5), we have

u—duFiuy, ueKnNos, r>0. (3.9)

Let Q4 = {u € X: ||u|| <r4}, where ry = i/. Then for any u € K N 0Qy, u(t) = 0 ||u|]
= ory = 8, by (3.6) and (3.7), it is easy to obtain
QuFtu, ueKNay, t>1. (3.10)
It follows from (3.9), (3.10) and Theorem 1.1 that ® has a fixed point
u* € KN (Q4\Q3) and u* is a desired positive solution of the problem (1.1).

Theorem 3.2. Suppose that

(H3)f0 < O’f < 0;
(Hy) there exists p > 0 such that

min{f(t,u) —ult € [0, T]r, dp <u<p}>0; (3.11)

les(o (1), 0) — 1] <u<p, foranyk. (3.12)

W) = w0 (1), 0) v PSS

Page 6 of 9
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Then the problem (1.1) has at least two positive solutions.
Proof. By (Hjz), from the proof of Theorem 3.1, we should know that there exist ”
>p >0” > 0 such that

u—dufruy, ueKnNaQs, r=>0, (3.13)

u—®duFrug, ueKnNoQls, r=>0, (3.14)
"
where Q5 = {u € X: ||u|| <rs}, Qs = {ue X: ||u|| <re}, r5 =, 16 = 5
By (3.11) of (Hy4), we can choose ¢ > 0 such that
ftu)=(1+&)u, te]0,Tlr, Sp<u<p. (3.15)

Let Q; = {u e X: ||u|| <p}, for any u € KN 9Qy, dp =0 ||u|| < u(®) < ||u|| = p, from
(3.12) and (3.15), it is similar to the proof of (3.4), we have

dutu, ueKno,;, t=>1. (3.16)

By Theorem 1.1, we conclude that ® has two fixed points u** € K N (£26\927) and
u*™* e KN (27\Rs5), and u** and u*** are two positive solution of the problem (1.1).

Similar to Theorem 3.2, we have:

Theorem 3.3. Suppose that

(Hg) fo>0,f.>0,1p=0, I, = 0;

(Hs) there exists p > 0 such that

max{f(t,u)|t € [0, T]r, dp <u<p}<O.

Then the problem (1.1) has at least two positive solutions.

4 Examples
Example 4.1. Let T = [0, 1] U [2,3]. We consider the following problem on T

B0+ [ r(o () =0, te[0,3] 17,
()60
x(0) = x(3),

where T'= 3, fit, x) = x - (¢ + 1)a%, and I(x) = x>
Let M =1, then, it is easy to see that

Mx —f(t,x) = (t+1)x* > 0 forx € [0,00), t € [0,3]r,
and
fo=1, f*=-00, andIy=0.

Therefore, by Theorem 3.1, it follows that the problem (4.1) has at least one positive

solution.
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Example 4.2. Let T = [0, 1] U [2,3]. We consider the following problem on T

B0+ fLr(o () =0, t<[03h, '
()o()6(0)

where T = 3,f(t,x) = del 4 x — (t+ 1)x%e™* and I(x) = x%e™,

1
Choose M = 1, p = 4¢? then § = 22 it is easy to see that
e

Mx — f(t,x) = x(1 — 4e" ™) + (t + 1)x%¢ " > 0 forx € [0,00), ¢ € [0,3]r,
fo > 4ol o 0, foo> 4e' 74 > 0, In=0 ,I,=0,
and
max(f (¢, u) |t € [0, Ty, 8p < u < p} = max{f(t, u)| ¢ € [0,3]r,2 < u < 46’} = 166> (1—¢) < 0.

Therefore, together with Theorem 3.3, it follows that the problem (4.2) has at least

two positive solutions.
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