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1 Introduction
Let H and V be two real separable Hilbert spaces such that V' is a dense subspace of H.
We are interested in the following nonlinear differential control system on H:

x'(t) + Ax(t) = g(t, x:, ‘/Otk(t, s, x5)ds) + (Bu)(t), 0<t¢,

x(0)=¢° x(s)=0¢'(s) —-h=<s=<0,

(SE)

where the nonlinear term, which is a Lipschitz continuous operator, is a semilinear ver-
sion of the quasi-linear form. The principal operator A is assumed to be a single valued,
monotone operator, which is hemicontinuous and coercive from V to V* Here, V* stands
for the dual space of V. Let U be a Banach space of control variables. The controller B is
a linear-bounded operator from a Banach space L*(0, T; U) to L*(0, T; H) for any T >0.
Let the nonlinear mapping k be Lipschitz continuous from R x [- /, 0] x Vinto H. If the
right-hand side of the equation (SE) belongs to L*(0, T; V*), then it is well known as the
quasi-autonomous differential equation(see Theorem 2.6 of Chapter III in [1]).

The problem of existence for solutions of semilinear evolution equations in Banach
spaces has been established by several authors [1-3]. We refer to [2,4,5] to see the exis-
tence of solutions for a class of nonlinear evolution equations with monotone
perturbations

First, we begin with the existence, and a variational constant formula for solutions of the
equation (SE) on L*(0, T; V') n W>*(0, T; V*), which is also applicable to optimal control
problem. We prove the existence and uniqueness for solution of the equation by convert-
ing the problem into a fixed point problem. Thereafter, based on the regularity results for
solutions of (SE), we intend to establish the approximate controllability for (SE). The con-
trollability results for linear control systems have been proved by many authors, and
several authors have extended these concepts to infinite dimensional semilinear system

© 2011 Jeong et al; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution

L]
@ Sprlnger License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,

provided the original work is properly cited.


mailto:jmjeong@pknu.ac.kr
mailto:jmjeong@pknu.ac.kr
http://creativecommons.org/licenses/by/2.0

Jeong et al. Advances in Difference Equations 2011, 2011:27 Page 2 of 14
http://www.advancesindifferenceequations.com/content/2011/1/27

(see [6-8]). In recent years, as for the controllability for semilinear differential equations,
Carrasco and Lebia [9] discussed sufficient conditions for approximate controllability of
parabolic equations with delay, and Naito [10] and other authors [6-8,11] proved the
approximate controllability under the range conditions of the controller B.

The previous results on the approximate controllability of a semilinear control sys-
tem have been proved as a particular case of sufficient conditions for the approximate
solvability of semilinear equations, assuming either that the semigroup generated by A
is a compact operator or that the corresponding linear system (SE) when g =0 is
approximately controllable. However, Triggian [12] proved that the abstract linear sys-
tem is never exactly controllable in an infinite dimensional space when the semigroup
generated by A is compact. Thus, we will establish the approximate controllability
under more general conditions on the nonlinear term and the controller.

Our aim in this article is to establish the approximate controllability for (SE) under a
stronger assumption that {y : y(t) = (Bu)(¢), u € L*(0, T; U)} is dense subspace of L*(0,
T, H), which is reasonable and widely used in case of the nonlinear system. We show
that the input to solution (control to state) map is compact by using the fact that L*(0,
T; V) n W0, T; V*) furnished with the usual topology is compactly embedded in
L*(0, T, H), provided that the injection V € H is compact.

In the last section, we give a simple example to which the range conditions of the

controller can be applied.

2 Nonlinear functional equations

Let H and V be two real Hilbert spaces. Assume and V is dense subspace in H and the
injection of V into H is continuous. If H is identified with its dual space, then we may
write V' € H € V* densely, and the corresponding injections are continuous. The norm
on V (resp. H) will be denoted by || - || (resp. |- |). The duality pairing between the
element v; of V* and the element v, of V is denoted by (v, v,), which is the ordinary
inner product in H if v, v, € H. For the sake of simplicity, we may consider

Hull« < lul < llull, ueV

where || - ||+ is the norm of the element of V* If an operator A is bounded linear
from V to V* and generates an analytic semigroup, then it is easily seen that

T
H={xeV*: / [|Aex||2dt < oo},
0

for the time T >0. Therefore, in terms of the intermediate theory we can see that

(V,v')1 =H
2,2

K
where (V/V )5 5 denotes the real interpolation space between V and V*

We note that a nonlinear operator A is said to be hemicontinuous on V if
w— lim A(x+ty) = Ax
t—0
for every x, y € V where “w - lim” indicates the weak convergence on V* Let A : V —

V* be given a single-valued, monotone operator and hemicontinuous from V to V* such
that
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(A1) A(0) = 0, (Au - Av, u - v) = w; ||u - v||* - 0, |u - V|7,

(A2) [JAul]- < ws(]]u]] + 1)

for every u, ve V where w, € R and w;, w3 are some positive constants.
Here, we note that if 0 = A(0), then we need the following assumption:

(Au, u) > w1||ul|* — w2 |ul?

for every u € V. It is also known that A is maximal monotone, and R(A) = V* where
R(A) denotes the range of A.

Let the controller B is a bounded linear operator from a Banach space L*(0, T; U) to
LZ(O, T; H) where U is a Banach space.

For each t € [0, T], we define x, : [ -k, 0] - H as

x(s) =x(t+s), —h<s<O.
We will set
Il =1%(—h,0;V) and R* =0, 00).

Let £ and & be the Lebesgue o-field on [0, ) and the Borel o-field on [- /4, 0]
respectively. Let k: R" x R* x [[ — H be a nonlinear mapping satisfying the following:
(K1) For any x. € II the mapping (., -, x.) is strongly £ x 2 -measurable;
(K2) There exist positive constants K, and K; such that
k(t, s, x.) — k(t,s,y.)l < Killx. = y.lIn,
Ik(t,s,0)| < Ko

for all (¢ s) e R" x [ -k, 0] and «., y. € IL

Let g: R" x [1 x H— H be a nonlinear mapping satisfying the following;
(G1) For any x € [I, y € H the mapping g(- «., y) is strongly £ -measurable;
(G2) There exist positive constants Ly, L;, and L, such that

Ig(t, x.,y) — g(t, X, )| < Lillx. — X.|In + Laly — 7,
18(2,0,0)] < Lo

forallte R, x, . € I1, and y, € H.

Remark 2.1. The above operator g is the semilinear case of the nonlinear part of
quasi-linear equations considered by Yong and Pan [13].

Forxe L*(-h, T: V), T >0 we set

t
G(t, x) =g(t,xt,/ k(t, s, x5)ds).
0

Here, as in [13], we consider the Borel measurable corrections of x(-).
Lemma 2.1. Let x € L*(- b, T; V). Then, the mapping t — x, belongs to C([0, T ]; T1) and

xl20m) < VT2 Tv)- (2.1)

Proof. 1t is easy to verify the first paragraph and (2.1) is a consequence of the

estimate:

T T 0
el = [ Nlfhde< [ [ ls(ess) s

T T
< [ [ RS < TN
0 _
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Lemma 2.2. Let x € L*(- b, T: V), T >0. Then, G(, x) € L*(0, T: H) and

IGC, )20y < Lov/'T + LoKoT*2//3 2.2
+(L1\/T + L2K1T3/2/\/2)||x||L2(,hIT;V).

Moreover, if xi, x, € L*(- h, T; V'), then
IG( x1) — GCox2) 2oy < (VT + LK T2 /V2) %1 — 2ol vy (2-3)

Proof. 1t follows from (K2) and (2.1) that
1 Csaddsliioman < 11 [ K5, Oz
0 0
+ ||/ (R(-/ s, x5) — k(-,s,0))ds||r2(0,1;1)
0

T ot

<Kt 3 ([ 1 [ Kalladindsdn 2
o Jo

T t
< KoT??//3 +{/ Kft/ ||x5] 3 dsdr) /2
0 0

< KoT*?//3 + Ky T/N2|1x | 120,1:)
< KoT*//3 + Ky T3 /2| Ixl |12 (-n 1)

and hence, from (G2), (2.1), and the above inequality, it is easily seen that
NGC ) leo,mmy = 11G( O)I +11G(- x) — G(-, 0)]]
< Lov/T + Lil1x |20, + Lol /0. k(-,s, %5)dsl 12 (0,7:11)
< LoVT+ LivV/ Tl Iz 1v)
+ Ly (Ko T2 //3 + Ky T2 [ 2) x 112 (1))

Similarly, we can prove (2.3).
Let us consider the quasi-autonomous differential equation

() +Ax(t) =f(t), 0<t<T,

x(0) = ¢° *)

where A satisfies the hypotheses mentioned above. The following result is from
Theorem 2.6 of Chapter III in [1].

Proposition 2.1. Let ® ° ¢ H and f € L*(0, T; V*). Then, there exists a unique
solution x of (E) belonging to

C([0, T]; H) N L*(0, T; V) N W'2(0, T; V*)

and satisfying
()] + / lx(s)|2ds < C1 (16912 + / 1F()IPds), (2.4)
0 0
t dx t
/0 I d(j)nidrscl(w%% fo ()1 2ds) (2.5)

where Cy is a constant.

Page 4 of 14
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Acting on both sides of (E) by x(z), we have
1d 2 2 2
2 dt|x(t)| +w1|[x(0)[17 < @a|x(6)17 + (f(1), x(1)).

As is seen Theorem 2.6 in [1], integrating from O to ¢, we can determine the constant
C; in Proposition 2.1.

We establish the following result on the solvability of the equation (SE).

Theorem 2.1. Let A and the nonlinear mapping g be given satisfying the assumptions
mentioned above. Then, for any (@°, @) e H x L*(- h, 0; V) and fe L*(0, T; V¥, T
>0, the following nonlinear equation

x'(6) + Ax(t) = G(t, x) +f(t), O0<t<T,

x(0)=¢° x(s)=¢'(s), —h<s<0 20
has a unique solution x belonging to
L*(=h, T; V) N W'2(0, T; V¥) c C([0, T]; H)
and satisfying that there exists a constant C, such that
x| 2 (< rvynwrzorivey < Ca(1 +19°1 + 1@ 2 nowvy + 1If 12 (0,1v))- (2.7)

Proof. Let y € L*(0, T; V). Then, we extend it to the interval (-/, 0) by setting y(s) =
®'(s) for s € (-h, 0), and hence, G(-, y(-)) € L*0, T; H) from Lemma 2.2. Thus, by vir-
tue of Proposition 2.1, we know that the problem

x'(t) +Ax(t) = G(t,y) +f(¥), 0 <t

x(0)=¢° x(s)=0'(s) —-h<s<O0 (2.8)

has a unique solution x, € L*0, T; V') n W"*(0, T; V*) corresponding to y. Let us
fix T, >0 so that
w7 e T (Lyv/To + LK T [V2) < 1. (2.9)

Let x; i = 1, 2, be the solution of (2.8) corresponding to y;. Multiplying by x1(¢) - x,
(t), we have that

(31 () — x2(2), %1 (1) — x2()) + (Ax () — Axo(t), 21 (¢) — x2(1))
= (G(t,y1) — G(t, y2), x1(t) — x2(1)),

and hence it follows that

) dt'xl (1) = x2()1* + w1 ]lx1 (1) — x2(0)11°

< walx1(t) — x2(O)? + 11G(t,y1)) — G, y2)llllx1 (£) — x2(0) 1]

From Lemma 2.2 and integrating over [0,¢], it follows
1 2 ' 2
2|x1(t)—x2(t)| +or1 | |x1(s) — x2(s)|1°ds

0
1 [t 2
= 5 [G(s, y1) — G(s,y2)ll;ds
¢Jo

t t
+; / 11 (5) — %2(5)12dls + s / 1x1()ds — x3(s)ds|ds,
0 0
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where c is a positive constant satisfying 2w, - ¢ >0. Here, we used that

a b -1, -1
ab§P+q, p+q =11 <p<o00)

for any pair of nonnegative numbers a and b. Thus, from (2.3) it follows that
t
lx1(t) — x2 () + Qw1 — c)/ (121 (s)ds — x5 (s)ds||*ds
0
t
= ¢ (LiVTo + LK T3 V2) / PAORSAONE
0
t
+2a)2/ x1(5) — x2(s)|%ds.
0
By using Gronwall’s inequality, we get
To
lx1(To) — x2(To)I* + (2w1 — c)/ |1x1(s) — x2(s)1%ds
0
To
< ¢ (LiVTo + LK T3 V/2) 2 / ly1(5) = 2 (9)11ds.
0

Taking ¢ = wy, it holds that
1 — X2 llr20mvy < @7 e (Liv/To
3/2
+ LZKITO/ IN 2l = v2llizomv)-

Hence, we have proved that y = x is a strictly contraction from L*(0, Tp; V') to itself
if the condition (2.9) is satisfied. It shows that the equation (2.6) has a unique solution

in [0, To]
From now on, we derive the norm estimates of solution of the equation (2.6). Let y

be the solution of

(1) + A = , <t<T,,
g v

Then,
(1)~ Y(0) + (Ax(0) — Ay(D) = 6Lt ),

by multiplying by x(¢) - y(¢) and using the assumption (A1), we obtain

10 YO +oulle)) YOI

< oalx(t) — ()17 + 1IG(&, )11 lx(e) — p()]].
By integrating over [0, ¢] and using Gronwall’s inequality, we have
l1x = Yll2(o10v) < @7 '€ NG %) l12(0,105v4)
w7 e T (Lo/To + LaKo T * /N3
+ (LVTo + LK T3V 2) (Il 20,10y + 19! 12 nov)),

Page 6 of 14
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and hence, putting
N = wfleszU and L = L1«/To + L2K1T3/2/“/2:

it holds

N
[l |22 (0,10;v) < 1 — NL (Lov/To + L2K0T3/2/¢3)

! [yl NE g1l )
+ vy + 10
1 - NL VIL2(0,T0;V) 1 NL L2(—h,0;V

Lov/To + LoKo T2 /N3
= g oY To+ 12K Ty /V3) (2.11)
C
1 2%+ 1 llomvg)

NL
1 _NL||¢ L2(—n0v)

< Co(1+1¢°1 + 116 iz (-novy + IIfl12(0,70:v))
for some positive constant C,. Since the condition (2.9) is independent of initial
values, the solution of (2.6) can be extended to the internal [0, nT,] for natural number

n, i.e., for the initial value (x(nTy), x,T, ) in the interval [nTy, (n + 1)T}), as analogous
estimate (2.11) holds for the solution in [0, (7 + 1)Tp].

Theorem 2.2. If (@°, @) € H x L*(-h, 0, V) and fe L*(0, T; V*), then x € L*(-h,
T: V)n W0, T; V*), and the mapping
H x L*(=h,0; V) x L*(0, T; V*) 3 (¢% ¢',f) — x € L*(=h, T; V)) N W'2(0, T; V*)

is continuous.
Proof. 1t is easy to show that if (@ O ®dYe Hx L% -h 0, V)) and fe L0, T; V*) for
every T >0, then x belongs to L*(- i, T; V)nW"%(0, T; V*). Let

(90,9} f)) € Hx L*(=h,0; V) x L*(0, T1; V*)

and «; be the solution of (2.6) with (¢?, ¢}, f;) in place of (¢°, ¢!, f) for i = 1,2.
Then, in view of Proposition 2.1 and Lemma 2.2, we have

2 dt 1 (£) = x2(6) 1> + @1 11x1 (1) — x2 (D) 11

< wal0i (1) = O +1G(Lx1) = Gt %)l (1) — %0 (212
+f1() = L2 (O]l lx1 (£) — %2 (D)1

If w; - ¢/2 >0, we can choose a constant ¢; >0 so that
w1 —¢/2—¢1/2>0

and

f1(8) = f2 () 1llx1 (£) — x2(0)]] < ! W (6) = f2(112

- 261
c
+ 1 (0) ==l
Let T, < T be such that

201 — ¢ — 1 — ¢ PO (LT + LK T V2) > 0.

Page 7 of 14



Jeong et al. Advances in Difference Equations 2011, 2011:27
http://www.advancesindifferenceequations.com/content/2011/1/27

Integrating on (2.12) over [0, 7;] and as is seen in the first part of proof, it follows
Qo1 —c =)l = xallE2 o1,y < €7 1P — 931
1 2 1 2
+ c ||G(t,x1) — G(t’x2)||L2(O,T1;V*) + ¢l ||f1 _f2||L2(O,T1;V*)}
= l{ig) — ¢31°
1
+ (LVT1+ LKy T2 V2)2 11 = %ol o gy
1 2
+ ¢ If1 _f2||L2(O,T1;V*)}'

Putting that
Ni =201 — ¢ — ¢ — ¢ '@ N (LiVTy + LK T /v/2)?

we have

eszl o o 1
[lx1 — %2llr2(0,1v) < N2 (lp7 — &5l + c [If1 = f2lle2(0,1;v4))
1
1

3 (2.13)
cRex T (L /Ty + LKITY IN2) 0
+ N2 o1 — Do llL2(=no;v)-
1

Suppose that
(62, 8L, f1) = (¢°, 6", f) in H x L*(—h, 0; V)) x L*(0, T; V*),

and let x, and x be the solution (2.6) with (42, ¢}, f,) and (¢°, ¢!, f) respectively.
By virtue of (2.13) with 7 being replaced by T;, we see that

X, — x in L*(=h,Ty;V)) N W2(0, Ty; V*) € C(|0, Ty ]; H).

This implies that (x,(T1), (x,)1,) = (2(T1), x1,) in H x L* (-h, 0; V). Hence, the same
argument shows that

X, — x in  L*(Ty, min{2T;, T}; V) N WY2(T;, min{2Ty, T}; V*).
Repeating this process, we conclude that
X, — x in L*(=h, T;V)NW'2(0,T; V*).

Remark 2.2. For x € L*(0, T; V'), we set
t
G(t,x) = / k(t —s)g(s, x(s))ds
0

where k belongs to L*(0, T) and g : [0, T| x V — H be a nonlinear mapping satisfying
Ig(t,x) — g(t.Y)| < Lilx —yl|

for a positive constant L. Let xl L*(0, T; V'), T >0. Then, G(, x) | L*(0, T; H) and
NG ) li2qomm) < Lllliz 0,1y ¥ TlIxl 12 0,13v)-

Moreover, if xy, %, [ L*(0, T: V'), then

IG(-,x1) — G(x2)r20,0) < LRIV TIIx1 — Xall12(0,750) -

Page 8 of 14
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Then, with the condition that
w; e L) k|| To < 1
in place of the condition (2.9), we can obtain the results of Theorem 2.1.

3 Approximate controllability

In what follows we assume that the embedding V € H is compact, and A is a continu-
ous operator from V to V* satisfying (A1) and (A2). For k[ L*0, T: H) and let x;, be
the solution of the following equation with B = I

X (t) + Ax(t) = G(t,x) + h(t), 0<t, (3.1)
x(0)=0 x(5)=0 —h<s<0, '
where
t
G(t, x) = g(t, xt,/ k(t, s, xs)ds).
0
We define the solution mapping S from LZ(O, T; V¥ to LZ(O, T; V) by
(Sh)(t) = xn(t), h € L2(0, T; V*). (3.2)

Let A and G be the Nemitsky operators corresponding to the maps A and G, which
are defined by A(x)(-) = Ax(-) and G(h)(-) = G(-, xn), respectively. Then, since the solu-
tion x belongs to L*(-h, T; V') n W0, T; V¥ < C([0, T); H), it is represented by

xn(t) = /Ot (I +G — AS)h)(s)ds, (3.3)

and with aid of Lemma 2.2 and Proposition 2.1

[IShllL20,1:v)nwr2(0,1:v+) = [1xnll < C1lIG(+ x1) + hllL2(0,7:v4)

< Ci{LoV/T + LiKo T2 /N3 + (Li~/T + LaKy T2/ 2) 1l |12 0,139

+||hllL20,1:v)} (3.4)
< Ci{LoVT + LK T*?//3

+(LiVT + LK T2 )V/2) (1 + NAllz0,1:v4)) + IIAllL2(0,1vs) }-

Hence, if % is bounded in L? (0, T: V*), then so is x, in L0, T; V)nW (0, T: V*).
Since V is compactly embedded in H by assumption, the embedding LZ(O, T; V) n w2
(0, T; V¥) € L* (0, T; H) is compact in view of Theorem 2 of Aubin [14]. Hence, the
mapping & ~ Sh = x;, is compact from L2(0, T; V*) to L2(O, T; H). Therefore, G is a
compact mapping from L*(0, T; V*) to L*(0, T; H) and so is AS from L*(0, T; V*) to
itself. The solution of (SE) is denoted by x(T; g, u) associated with the nonlinear term
g and control « at time T.

Definition 3.1. The system (SE) is said to be approximately controllable at time T if
CUx(T; g, u): u e L*0, T; U)} = V* where Cl denotes the closure in V*.

We assume

(T) 1 — w; 'wze”” >0

(B) Cl{y : y(t) = (Bu)(t), a.e. u € L*0, T; U)} = L*(0, T; U)}. Here Cl is the closure in
L*(0, T; H).
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Theorem 3.1. Let the assumptions (T) and (B) be satisfied. Then,
Cl{(I — AS)h : h € L*(0, T; V*)} = L*(0, T; V*). (3.5)
Therefore, the following nonlinear differential control system
dx(t)
A =(B , 0 T,
P x(t) = (Bu)(t) <t< (3.6)
x(0) =xo

is approximately controllable at time T.
Proof. Let z| L*(0, T; V¥) and r be a constant such that

ze Uy ={xeL*(0,T;V*) : Ixlli2omv) < T}
Take a constant d >0 such that
(T+a)3 +N2|X0|)(1 —Nz)_l <d, (3.7)

where

N2 = wfla)gesz.
Taking scalar product on both sides of (3.1) with G = 0 by x(¢)
1d 2 2 2
2dtlx(t)l +orllx(D)1° < walx ()7 + [1h() ] x ()]
1 c
< w|x(1)* + 2C||h(t)||i + 2||3C(t)||2
where c is a positive constant satisfying 2m; - ¢ >0. Integrating on [0, t], we get
P o [ () Ids < Lol + ! | In) s
2 e ) =M T o0 ), *
c t t
+ f |1x(s) | %ds + a)Z/ |x(s)|ds,
2 Jo 0
and hence,
t l t
(O + @on =) [ OIS < o+ | [ 1hs) s
0 0
t
+2w2/ |x(s)|%ds.
0

By using Gronwall’s inequality, it follows that
T 1 T
x(T)I” + (201 = ¢) / llx(s)117ds =< 2" (Ixol” + f I1h(s)I13ds),
0 0

that is,

[1Shll12(0,1;v) = IIxll12(0,1v)

o _ _ (3.8)
< e T(2w1 — ¢) 72 (Ixol + V2 IIRlI2(0,1v)).

Let us consider the equation

z=(I— AS)w. (3.9)
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Let w be the solution of (3.9). Then z[ U, and taking ¢ = wy, from (3.7), (3.8)

w2 0,r:v+) < llzllz20,m:v+) + IASWI| L2 0,7:v+)
< 1+ o3([|ISwl|201ve) + 1)

< r+ws{o; e (Ixo] + wy P lwl]) + 1),
and hence
llwl] < (r+ w3+ Nalxol)(1 —Ny) ™! <d

it follows that w ¢ dU,; where ol stands for the boundary of U, Thus, the homo-
topy property of topological degree theory there exists w/ L*(0, T; V*) such that the
equation (3.9) holds. Based on the assumption (B), there exists a sequence {u,} [ L*0,
T; U) such that Bu, = w in L*(0, T; V*). Then, by the last paragraph of Theorem 2.1,
we have that x(; g u,) » %, in L0, T: V) n W0, T; V¥ < C([0, T); H). Hence, we
have proved (3.5). Let y[ V* Then, there exists an element u [ L*(0, T; U) such that

Y &
||T - (I — AS)Bu“LZ(O,T;V*) < \/T
Thus
T
[y = x(T)ll« = 1ly — fo ((I = AS)Bu)(s)ds| |+

T
Y
< [ 1) - - asB .
0
< ~/T||; — (I = AS)Bullpo:ve) < &
Therefore, the system (3.6) is approximately controllable at time 7.
In order to investigate the controllability of the nonlinear control system, we need to

impose the following condition.
(F) g is uniformly bounded: there exists a constant M, such that

18(t, %, y)| < Mg,

forall x, y[ V.
By (F) it holds that

NG( %)Lz 0,;m) < Mgv/T,
and for every hl L*0, T: V¥

NG (M) Ii2(omm) < MgV/T (3.10)
Theorem 3.2. Let the assumptions (T), (B), and (F) be satisfied. Then, we have

CH{(G +1— AS)h: h e L*(0,T; V¥)} = L*(0, T; V*). (3.11)

Thus, the system (SE) is approximately controllable at time T.
Proof. Let U, be the ball with radius r in L*0, T: V¥ and z[ U,. To prove (3.11), we
will also use the degree theory for the equation

z2=MG—-ASw+w, 0<ir<1 (3.12)

Page 11 of 14
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in open ball U, where the constant d satisfies
(r + w3 + N3 |xo] +Mg\/T)(1 —-Ny) ' <d (3.13)

where the constant N, is in Theorem 3.1. If w is the solution of (3.12), then z[ U,
and from Lemma 2.1
wlliz0mvs) < Izl + [ ASw|| + ||Gwl|
<7 +w3(||Sw|| + 1) + Mgv/T)

<1+ ws3{w; e (Ixol + o) Hwl]) + 1) + MgV/T,

and hence
llwl] < (r+ w3 + Nalxo| + Mgv/T)(1 = Ny) ™! < d

it follows that w ¢ all,. Hence, there exists w[ L*(0, T; V*) such that the equation
(3.12) holds. Using the similar way to the last part of Theorem 3.1 and the assumption
(B), there exists a sequence {un} | L*0, T: U) such that Bu,, » w in L*(0, T; V*) and x
(5 g ) Px, in L*(0, T; V') n W0, T; V¥ < C([0, T]; H). Thus, we have proved
(3.11), and the system (1.1) is approximately controllable at time 7.

4 Example
Let -A be an operator associated with a bounded sesquilinear form a(u, v) defined in V'
x V and satisfying Garding inequality

Rea(u,v) > collul|®> —cilul®>, ¢ >0, ¢ >0
for any u [ V. It is known that A generates an analytic semigroup in both H and V*.

By virtue of the Riesz-Schauder theorem, if the embedding V' © H is compact, then the
operator A has discrete spectrum:

o(A)={pn:n=1,2, ..}

which has no point of accumulation except possibly when y = oo. Let g, be a pole of
the resolvent of A of order k, and P, the spectral projection associated with ,,

1
P, = —A)Ydu,
n 27”-/rn(lu« ) M

where T',, is a small circle centered at y,, such that it surrounds no point of 6(A)
except u,. Then, the generalized eigenspace corresponding to y,, is given by

H, =P,H ={P,u:ue H},
and we have that from P2 = P, and H, © V; it follows that
P,V ={P,u:ueV}=H,.

Definition 4.1. The system of the generalized eigenspaces of A is complete in H if Cl
{span{H,, : n = 1, 2,..}} = H where Cl denotes the closure in H.

We need the following hypotheses:

(B1) The system of the generalized eigenspaces of A is complete.
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(B2) There exists a constant d >0 such that
llvll < d|Bv|l, v eL*(0,T;U).

We can see many examples which satisfy (B2)(cf. [8,11]).
Consider about the intercept controller B define d by

o0
(Bu)(t) = > un(), 4.1)
n=1
where
0, 0<t<
Uy, = T n
Pou(t), <t<T.
n

Hence, we see that u;(¢) = 0 and u,(¢) [ Im P,,.

First of all, for the meaning of the condition (B) in section 3, we need to show the
existence of controller satisfying Cl{Bu : ul L%0, T; U)} = L*(0, T; H). In fact, by com-
pletion of the generalized eigenspaces of A, we may write that f(t) = Y oo, Pof(t) for
eLZ(O, T; H). Let us choose fe LZ(O, T; H) satistying

T
/0 IPLf ()]t > 0.

Then, since
T T &
/0 1 (£) — Bu(o)] 2 - / S IPA(F(1) — Bu(e))] Pt

T T
> fo 1Py (F(2) — Bu(e))12dt = /O IPLf(0)|dt > 0,

the statement mentioned above is reasonable.
Let fe L*0, T; H) and o = T/(T - T/n). Then we know

f() = aKirymf(e( - —T/n)) in L*(0,T;H),
where K77/, is the characteristic of [T,7/un]. Define
o0
w(s) = > wa(s),  wals) = aKirzn B~ Puf ((s — T/n)).
n=1

Thus (Bw)(t) = Y o2, Paf(s), a.e. Since the system of the generalized eigenspaces of A
is complete, it holds that for every f[ L*0, T; H) and € > 0

Q) — anf(')||L2(O,T;H) = If(-) = Bwllr2(o,m;11y < €.

n=1
Thus, the intercept controller B define d by (4.1) satisfies the condition (B).
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