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In 2009, Kim et al. gave some identities of symmetry for the twisted Euler polynomials of higher-
order, recently. In this paper, we extend our result to the higher-order twisted g-Euler numbers
and polynomials. The purpose of this paper is to establish various identities concerning higher-
order twisted g-Euler numbers and polynomials by the properties of p-adic invariant integral on
Zy. Especially, if g = 1, we derive the result of Kim et al. (2009).

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, the symbols Z, Z,, Q,,C, and
C, will denote the ring of rational integers, the ring of p-adic integers, the field of p-adic
rational numbers, the complex number field, and the completion of the algebraic closure
of Q,, respectively. Let N be the set of natural numbers and Z, = N{J{0}. Let v, be the
normalized exponential valuation of C, with |p|, = p~%®) = 1/p.

When one talks of g-extension, g is variously considered as an indeterminate, a
complex g € C, or a p-adic number q € C,. If g € C, one normally assumes that |g| < 1.
If g € C,, then we assume that |q — 1|, < p™/ ") so that g* = exp(xlog q) for each x € Z,,. We
use the following notation:

Vx € Zp. (1.1)
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For a fixed positive integer d with (p,d) =1, set

lims7Z
X = X S — P X = Z ’
d dan 1 4
X* = U (a+dpZy,),
O<a<dp,
(ap)=1

a+dp"Z, = {x € X |x=a(moddp")},

where a € Z satisfies the condition 0 < a < dp”. Forany n € N,

n q’
pq(a+dp"Zy) = T
q

(see [1-13]) is known to be a distribution on X.

(1.2)

(1.3)

We say that f is a uniformly differentiable function at a € Z, and denote this property

by f € UD(Z,) if the difference quotients

e - L2210

have a limit f'(a) as (x,y) — (a,a).
For f € UD(Zy), the fermionic p-adic invariant g-integral on Z, is defined as

1 g .
L) = [ F0dpeyo) = Jim o3 o0 (-0
p —q x=

(see [14]). Let us define the fermionic p-adic invariant integral on Z, as follows:

p"-1
L4(7) = lim Ly (F) = | Fe)dpa ) = i IWEICH

(see [1-12, 14-20]). From the definition of g-integral, we have

I1(fi) +I1(f) =2f(0), where f1(x) = f(x+1).

(1.4)

(1.5)

(1.6)

(1.7)
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For n € N, let T;, be the p-adic locally constant space defined by

T, = | JCpr = lim Cpn = Cppe, (1.8)

n— oo
n>1

where Cpn = {{ € C,, | ¢F" = 1 for some n > 0} is the cyclic group of order p”.
It is well known that the twisted g-Euler polynomials of order k are defined as

t(_ 2 VoS0 (ol T 19
“\egg+1) = nzzo nga @ €Ty (19)
and ngg,q = Efjfg,q(O) are called the twisted g-Euler numbers of order k. When k = 1,

the polynomials and numbers are called the twisted g-Euler polynomials and numbers,
respectively. When k = 1 and g = 1, the polynomials and numbers are called the twisted
Euler polynomials and numbers, respectively. When k =1, g = 1, and ¢ = 1, the polynomials
and numbers are called the ordinary Euler polynomials and numbers, respectively.

In [15], Kim et al. gave some identities of symmetry for the twisted Euler polynomials
of higher order, recently. In this paper, we extend our result to the higher-order twisted
g-Euler numbers and polynomials.

The purpose of this paper is to establish various identities concerning higher-order
twisted g-Euler numbers and polynomials by the properties of p-adic invariant integral on
7. Especially, if g = 1, we derive the result of [15].

2. Some Identities of the Higher-Order Twisted g-Euler
Numbers and Polynomials

Let wq, wp € N with wy = 1(mod 2) and w, = 1(mod 2).
For { € T, and m € N, we set

fz;" e(Zin XXyt o(Finy xi)wn g (B )@y (xq) -+ - dpy (X)

(m) L) =
Rq (ZUL wy C) = J‘ZP ewlwzxtgmwzxqw]wzxdﬂ_l (x)

2.1)
y f o SH ety wat p (ST 3 g (ST 5002 gy, () - iy (),
P
where
flxr, oo, xm)dp_1(x1) - - dp_1(xm) =f ol flen,ee xp)dpea(x) - dper (Xm)-
y z, Jz,
m-times
2.2)

In (2.1), we note that R;m) (w1, w; @ ) is symmetric in w; and w;.
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From (2.1), we derive that

R‘(qm) (w1, ws : L) = ew1wzxtf e(Zih xi)w1t€(2ﬁ1 xi)uhq(Z?'L xi)w dpy(x1) - dpq (Xm)

J‘Zp ewzxmtngxm qwzx"’ d/«l—l (xm)

T, e G g g ()

ey I Ui ueal g en g (I S0 gy () - i (o).
Z -1

14

(2.3)

From the definition of g-integral, we also see that

J’ P Rt (S 500 (S %001 gy ey - gy ()
Z 1

’ (2.4)

nyn

2 " & -(m) w
— wwrxt _ m
- <€w1t§w1qw1 + 1> € nZ:oEn'gwl'qw] (Zsz) n

It is easy to see that

fo, e qdpx) e

k
.[ ewlxtgwlxqwlxdﬂ(x) - Z ( 1) Clqlelt - ZTk,q(wl B 1 : g)%’ (25)
Z, 1=0 k=0 :

where Tieq(wi —1:¢) = 3071 (-1)¢/q'1.
From (2.3), (2.4), and (2.5), we can derive

R (w1, w; : {)

ltl oo wktk
(m) .
<ZZE1 L1, ( zx) Il > <§)Tk/qwz ('CU] -1: Ii' .

© n /n . " " j . i
:Z{Z<]>w2w1 ]E( )§W1 o (W02%) Zqu’“z(wl 1:g 2)<k>E§ kézjz wz(wly)}_u

Ms

Wyt
i o)

11
(e}

k=0
(2.6)

From the symmetry of R‘(qm) (w1, ws = §) in wy and wy, we also see that

R (w1, w; : §)

[oe] n n m ] w ] m n
551 o R R S () B

k=0
(2.7)
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Comparing the coefficients on the both sides of (2.6) and (2.7), we obtain an identity
for the twisted g-Euler polynomials of higher order as follows.

Theorem 2.1. Let wy, w; € N with w; = 1(mod 2) and w, = 1(mod 2).
Forn € Z, and m € N, we have

n n .
(" Yekol g S50 (B o)
=0 \J k=0 2.8)

2.8

n n ] j B
-3 )bt 0 S =16 () EL ).
=0

k=0

Remark 2.2. Taking m =1 and y = 0 in Theorem 2.1, we can derive the following identity:

Z( >w2w1 TE,. j.eet g (ZU2JC)Zquw2(w1_1 §w2)< >

j=0 k=0
(2.9)

n /n —_ j j
= <]>w{w2 ]En_]-,ng,qwz (wlx)ZTk/qwl (wy—1:") <k>
0

j= k=0

Moreover, if we take x = 0 and y = 0 in Theorem 2.1, then we have the following
identity for the twisted g-Euler numbers of higher order.

Corollary 2.3. Let wi, w> € N with wy = 1(mod 2) and w, = 1(mod 2). For n € Z, and m € N,
we have

=2

n
= 1
<j>ww ]E("f])éwl wlZquwz(wl_l §w2)< >E](mk§2)2 v
j=0

' (2.10)
A0 N s [\ pOm-1)
= Z . wlwz E, -2 g ZTqu“ (w2 =1:6%) E]'—kfé’”l 4
=0 \J k=0 k
We also note that taking m = 1 in Corollary 1 shows the following identity:
c -j w2 ]
Z W Ey g g ZTk g2 (w1 —1:5%)
j=0 k=0 k
(2.11)

n j ]
j ]

- Z( >w w2 En-j ez gez ZTk,qwl (wr—1: §w1)< >
j=0 k=0 k
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Now we will derive another interesting identities for the twisted g-Euler numbers and
polynomials of higher order. From (2.3), we can derive that

Rt(im) (w1, wy : §)

& i _wsi »wyi m wy . tk m #
= {Zo (-1)'q“*¢™ }{Z<E§({;L1 1<;§1+wzx>wi‘E }{Z(El(gw;)wz(wly)wlz>ﬁ}

k=

<)< (" n—k p(m-1) = i swi _wi (1) w> t"
=SS (7 )kt B e (o) X G, (s 220)
i=0

w1 n!’

(2.12)

From the symmetry of R;m) (w1, ws : §) in wy and wy, we see that
RY" (w1, : §)

n n-k p(m-1) Wi i p(m) wy "
1
K wiwy E,_ kg1 g1 (w2y) Z -1 §wllqwllEk,ng,qwz (wlx + ;;)
i=0

Tl'
(2.13)

Comparing the coefficients on the both sides of (2.12) and (2.13), we obtain the following
theorem which shows the relationship between the power sums and the twisted g-Euler
polynomials.

Theorem 2.4. Let w1, w; € N with wy = 1(mod 2) and w, = 1(mod 2). For n € Z, and m € N,
we have

n n w2 )
> <k> W0 B g (019) Z VB g (e )

k=0 w1
: (2.14)
n n wr— X
- —kp(m=1) i wyip(m) wy .
-3, (k> Wbl VB g (029) 3 DG, o (i + ).
= i=0
Remark 2.5. Let m =1 and y = 0 in Theorem 2. Then it follows that
n n kwl -1 >
gé(k) wkw! lz(; (~1)'¢2 g Eye gor g <w2x + ;11>
(2.15)

_ c n sz ! 1 wni wle w1 .
= Z r wzwl Z ( ) é kg2 ,qv2 | WX + —1
k=0

i=0 w2

Moreover, if we take x = 0 and y = 0 in Theorem 2.4, then we have the following identity for
the twisted g-Euler numbers of higher order.
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Corollary 2.6. Let wi, w> € N with wy = 1(mod 2),w, = 1(mod 2). For n € Z, and m € N, we
have

c nkplmel) S (m) wy
Z( >w1 wy B, k2,2 Z (_1)1§WZquZIEk,§wl’qwl <;11>
k=0 i=0

(2.16)

(" n-k p(m-1) & i sw01i i p(m) w1
1 .
=2 k wyw] " E," kg1, 2. (D GG E . g gen <u721>

i=0

If we take m = 1 in Corollary 2.3, we derive the following identity for the twisted q-Euler polynomials:
for wy, wy € Nwith wy = 1(mod 2), w, = 1(mod 2), and n € Z,,

n n -1
Z<k> bt 3 (15 By g (224

i=0
(2.17)

n wy—1 w;
:Z< wyw} ™ 3 (1) ¢ g Eg g, wz(;;)

k=0 i=0

Remark 2.7. 1f g = 1, we can observe the result of [15].
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