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We systematically explore the periodicity of Liénard type p-Laplacian equations on time scales.
Sufficient criteria are established for the existence of periodic solutions for such equations, which
generalize many known results for differential equations when the time scale is chosen as the set
of the real numbers. The main method is based on the Mawhin’s continuation theorem.

1. Introduction

In the past decades, periodic problems involving the scalar p-Laplacian were studied by many
authors, especially for the second-order and three-order p-Laplacian differential equation,
see [1-8] and the references therein. Of the aforementioned works, Lu in [1] investigated the
existence of periodic solutions for a p-Laplacian Liénard differential equation with a deviating
argument

(o (Y ®)) + fFly®D)y' () + h(y(®) + g(y(t - T(t)) = e(t), (1.1)

by Mawhin’s continuation theorem of coincidence degree theory [3]. The author obtained a
new result for the existence of periodic solutions and investigated the relation between the
existence of periodic solutions and the deviating argument 7(¢). Cheung and Ren [4] studied
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the existence of T-periodic solutions for a p-Laplacian Liénard equation with a deviating
argument

(pp (X' (1)) + fFx(D)X' () + g(x(t = T(t))) = e(t), (1.2)

by Mawhin’s continuation theorem. Two results for the existence of periodic solutions were
obtained. Such equations are derived from many fields, such as fluid mechanics and elastic
mechanics.

The theory of time scales has recently received a lot of attention since it has a
tremendous potential for applications. For example, it can be used to describe the behavior
of populations with hibernation periods. The theory of time scales was initiated by Hilger
[9] in his Ph.D. thesis in 1990 in order to unify continuous and discrete analysis. By choosing
the time scale to be the set of real numbers, the result on dynamic equations yields a result
concerning a corresponding ordinary differential equation, while choosing the time scale as
the set of integers, the same result leads to a result for a corresponding difference equation.
Later, Bohner and Peterson systematically explore the theory of time scales and obtain many
perfect results in [10] and [11]. Many examples are considered by the authors in these books.

But the research of periodic solutions on time scales has not got much attention, see
[12-16]. The methods usually used to explore the existence of periodic solutions on time
scales are many fixed point theory, upper and lower solutions, Masseras theorem, and so on.
For example, Kaufmann and Raffoul in [12] use a fixed point theorem due to Krasnosel’ski
to show that the nonlinear neutral dynamic system with delay

xB() = —a®)x°(t) + c(t)x® (- k) + q(t,x(t),x(t-k)), teT, (1.3)

has a periodic solution. Using the contraction mapping principle the authors show that the
periodic solution is unique under a slightly more stringent inequality.

The Mawhin’s continuation theorem has been extensively applied to explore the
existence problem in ordinary differential (difference) equations but rarely applied to
dynamic equations on general time scales. In [13], Bohner et al. introduce the Mawhin’s
continuation theorem to explore the existence of periodic solutions in predator-prey and
competition dynamic systems, where the authors established some suitable sufficient criteria
by defining some operators on time scales.

In [14], Li and Zhang have studied the periodic solutions for a periodic mutualism
model

ki(t) +ai(t) exp{y (t - ma(t, y(1))}
L+exp{y(t-m(t,y(1)))}

ko (t) + an(t) exp{x(t -1 (t, y(t)))}
1+exp{x(t—mi(t x(t)))}

x2(t) =Tl(t)[ —eXP{x(f—Gl(f,x(t)))}],

(1.4)

yA(t) =rz(t)[ —eXp{y(t—Gz(t,y(t)))}]

on a time scale T by employing Mawhin’s continuation theorem, and have obtained three
sufficient criteria.
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Combining Brouwer’s fixed point theorem with Horn’s fixed point theorem, two
classes of one-order linear dynamic equations on time scales

x2(t) = a(t)x(t) + h(t),
(1.5)
xB(t) = f(t, x), with the initial condition x(tp) = xo,

are considered in [15] by Liu and Li. The authors presented some interesting properties of
the exponential function on time scales and obtain a sufficient and necessary condition that
guarantees the existence of the periodic solutions of the equation x2(t) = a(t)x(t) + h(t).

In [16], Bohner et al. consider the system

xB(t) = G<t,exp{x(g1(t))},exp{x(gz(t)) },...,exp{x(gn(t))},f_ c(t,s) exp{x(s)}As>,
(1.6)

easily verifiable sufficient criteria are established for the existence of periodic solutions of this
class of nonautonomous scalar dynamic equations on time scales, the approach that authors
used in this paper is based on Mawhin’s continuation theorem.

In this paper, we consider the existence of periodic solutions for p-Laplacian equations
on a time scales T

(oo (x*®))" + FO)x 1) + gx(0) = e(®), teT, (17)

where p > 2 is a constant, ¢,(s) = Is|P~2s, f,g € C(R,R),e € C(T,R), and e is a function with
periodic w > 0. T is a periodic time scale which has the subspace topology inherited from
the standard topology on R. Sufficient criteria are established for the existence of periodic
solutions for such equations, which generalize many known results for differential equations
when the time scales are chosen as the set of the real numbers. The main method is based on
the Mawhin’s continuation theorem.

If T = R, (1.7) reduces to the differential equation

(pp (x'(1)) + f(x(D)x(t) + g(x(t)) = e(t). (1.8)

We will use Mawhin’s continuation theorem to study (1.7).

2. Preliminaries

In this section, we briefly give some basic definitions and lemmas on time scales which are
used in what follows. Let T be a time scale (a nonempty closed subset of R). The forward
and backward jump operators o,p : T — T and the graininess y : T — R* are defined,
respectively, by

o(t) =inf{s € T:s>t}, p(t) =sup{seT:s<t}, u(t) =o(t) —t. (2.1)
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We say that a point ¢t € T is left-dense if t > inf T and p(t) = t. If t < supT and
o(t) = t, then t is called right-dense. A point ¢t € T is called left-scattered if p(t) < t, while
right-scattered if o(t) > t. If T has a left-scattered maximum m, then we set TX = T\ {m},
otherwise set T* = T. If T has a right-scattered minimum m, then set Ty = T'\ {m}, otherwise
set Ty = T.

A function f : T — R is right-dense continuous (rd-continuous) provided that it is
continuous at right-dense point in T and its left side limits exist at left-dense points in T.
If f is continuous at each right-dense point and each left-dense point, then f is said to be
continuous function on T.

Definition 2.1 (see [10]). Assume f : T — Ris a function and let t € TX. We define f2(t) to be
the number (if it exists) with the property that for a given € > 0, there exists a neighborhood
U of t such that

|[Fe®) - F(9)] - FA(B)[o®) - s]| <elot) - |, forallseU, (2.2)

We call f2(t) the delta derivative of f at .

If f is continuous, then f is right-dense continuous, and if f is delta differentiable at ¢,
then f is continuous at t.

Let f be right-dense continuous. If F2(t) = f(t), for all t € T, then we define the delta
integral by

ftf(s)As =F(t)-F(a), fort,aeT. (2.3)

Definition 2.2 (see [12]). We say that a time scale T is periodic if there is p > 0 such that if
t €T, thent+p € T. For T # R, the smallest positive p is called the period of the time scale.

Definition 2.3 (see [12]). Let T# R be a periodic time scale with period p. We say that the
function f : T — R is periodic with period w if there exists a natural number n such that
w=mnp, f(t+w) = f(t) for all t € T, and w is the smallest number such that f(t + w) = f(t). If
T = R, we say that f is periodic with period w > 0 if w is the smallest positive number such
that f(t+w) = f(t) forallt € T.

Lemma 2.4 (see [10]). Ifa,b e T,a,p € R, and f,g € C(T, R), then
(A1) [Plaf(t) + pg(D]AL = af () At + B[ g (D AL
(A2) if f(t) >0forall a <t < b, then jl;f(t)At >0;

(A3) if |f(t)| < g(t) on [a,b) := {t € T: a <t < b}, then |[* f(H) At < ["g(t)AtL.
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Lemma 2.5 (Holder’s inequality [11]). Let a, b € T. For rd-continuous functions f, g:[a,b] —

R, one has
b b 1/p b 1/q
Jlf(t)g(t)lAtS<f |f(t>|”At> <f |g<t>|th> , e4)

wherep >1and g=p/(p-1).

For convenience, we denote

x=min{[0,00)NT}, I, =[xk x+w]NT, g= éf g(s)As = %I g(s)As, (2.5)
I, K

where g € C(T, R) is an w-periodic real function, thatis, g(t + w) = g(t) forall t € T.

Next, let us recall the continuation theorem in coincidence degree theory. To do so, we
introduce the following notations.

Let X, Y be real Banach spaces, L : Dom L ¢ X — Y a linear mapping, N : X — Y
a continuous mapping. The mapping L will be called a Fredholm mapping of index zero if
dimKer L = codimIm L < +oo and Im L is closed in Y. If L is a Fredholm mapping of index zero
and there exist continuous projections P: X — X, Q:Y — Y suchthatImP =KerL,ImL =
Ker Q = Im(I -Q), then it follows that L|pop rakerp © (I —P)X — Im L is invertible. We denote
the inverse of that map by Kp. If Q is an open bounded subset of X, the mapping N will be
called L-compact on Q if QN(Q) is bounded and Kp(I - Q)N : Q — X is compact. Since
Im Q is isomorphic to Ker L, there exists an isomorphism J : ImQ — Ker L.

Lemma 2.6 (continuation theorem). Suppose that X and Y are two Banach spaces, and L :
Dom L C X — Y is a Fredholm operator of index 0. Furthermore, let Q C X be an open bounded set
and N : Q — Y L-compact on Q. If

(B1) Lx#ANx, for all x € 0QNDomL,\ € (0,1),

(B2) Nx¢ ImL, forall xe 0QnKerL,

(B3) deg{JON,QnKerL,0}#0, where ] : ImQ — Ker L is an isomorphism,

then the equation Lx = Nx has at least one solution in Q N Dom L.

Lemma 2.7 (see [13]). Letti,t, € [,andt € T.If g : T — Ris w-periodic, then

K+w

s g+ [ |elas  s02g0- [ Jgre|as 26)

K

In order to use Mawhin’s continuation theorem to study the existence of w-periodic
solutions for (1.7), we consider the following system:

X2 (t) = g (x2(t)) = [x2(8)|T 222 (1),

2.7)
X3 (£) = —f (x1(£))pg (x2(F)) — g(x1(t)) + e(t),
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where 1 < g < 2 is a constant with 1/p + 1/g = 1. Clearly, if x(t) = (x1(), x2(1))" is an w-
periodic solution to (2.7), then x1(t) must be an w-periodic solution to (1.7). Thus, in order
to prove that (1.7) has an w-periodic solution, it suffices to show that (2.7) has an w-periodic
solution.

Now, we set ¥¢ = {(u,v) € C(T, R?) : u(t + w) = u(t), v(t +w) = v(t), for all t € T}
with the norm [|(u, v)|| = maxer, [u(t)| + maxeer, [v(t)|, for (u,v) € ¥¥. It is easy to show that
P« is a Banach space when it is endowed with the above norm || - ||.

Let

PO = ((u,0) €W :u=0,7=0),

(2.8)
P = {(u, v) € WY : (u(t), v(t)) = (hy, hy) € R?, for t € T}.

Then it is easy to show that ¥ and ¥’ are both closed linear subspaces of ¥*. We
claim that ¥ = ¥e¥¥, and dim¥y’ = 2. Since for any (u, v) € ¥N¥Y, we have (u(t), v(t)) =
(h1, hz) € Rz, and

_ 1 K+w _ 1 K+w
u= ;L u(s)As=hy =0, U= ;L v(s)As =hy =0, (2.9)

so we obtain (u,v) = (hy, hy) = (0,0).
Take X = Y = ¥%, Define

L:DomL = {x= (x1,%)" € C1<’]I‘,R2> Cx(t+w) = x(t), X ( + w) =xA(t)} CX Y,

(2.10)
by
g [xr(®)
Lx(t) = x°(t) = <x2A(t)>’ (2.11)
and N : X — Y, by
Nax(t) = < 9q(x2(1)) > 2.12)
—f(x1(£))pg (x2(t)) — g(x1(2)) + e(t)

Define the operator P: X — Xand Q:Y — Y by

Px=P<x1> - <f1> Qy:Q<y1> - <?1> xeX, yeY. 2.13)
x2 X2 ¥ Y,

It is easy to see that (2.7) can be converted to the abstract equation Lx = Nx.
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Then Ker L = ¥¢, ImL = ¥{, and dimKer L = 2 = codimIm L. Since ¥} is closed
in ¥¢, it follows that L is a Fredholm mapping of index zero. It is not difficult to show that
P and Q are continuous projections such that Im P = KerL and ImL = KerQ = Im(I — Q).
Furthermore, the generalized inverse (to Lp) Kp : InL — Ker P N Dom L exists and is given

by

X1 X; - X1 t )
Kp = __ |, where X;(t) = f xi(s)As, i=1,2. (2.14)
X2 Xz - X2 K

Since for every x € Ker P N Dom L, we have

t 1 K+w pt
f xf(s)As — —I f x(s)AsAt
K K

K w

t 1 K+w pt
f sz(s)As - —J f x?(s)AsAt
K w K K

N £A0)
KpLx(t) = Kp (sz(t)>

a0 -0 - [ Ca®) - n0ar
(2.15)

xa(t) = x2(0) = [ Cealt) = )

xl(t) - %J‘K wxl(t)At

XQ(t) - iJm wa(t)At

from the definition of P and the condition that x € Ker P N Dom L, then (1/ w)fﬁ“‘)xl (t)At =
(1/w) x5 (t) At = 0. Thus, we get KpLx(f) = x(t). Similarly, we can prove that LKpx(t) =
x(t), for every x(t) € Im L. So the operator Kp is well defined. Thus,

1 K+w
— (x2(s))As
QN <x1> = Ko “’f o . (2.16)

2 lf [—f (x1(5))pq(x2(5)) — g(x1(5)) + e(s)] As

W)
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Denote Nx; = Ny, Nx, = N,. We have

Kn(I - Q)N<x1>
X2

J; [N1(S) - %J‘:WNKT)AT‘] As - %J‘:mf; [Nl(s) - éJ‘:le (r)Ar] AsAt

JZ [Nz(s) - %f:+wN2(r)Ar] As— éj‘jw‘[; [Nz(s) - éJ‘:WNZ(r)Ar] AsAt

(2.17)

Clearly, QN and Kp(I — Q)N are continuous. Since X is a Banach space, it is easy to

show that Kp(I - Q)N (ﬁ) is a compact for any open bounded set 2 C X. Moreover, QN (ﬁ)
is bounded. Thus, N is L-compact on Q.

3. Main Results
In this section, we present our main results.

Theorem 3.1. Suppose that there exist positive constants dy and dy such that the following conditions
hold:

() u(o(®)ul ) f(u(t)) <0,|u(c(t))| > dy, teT,

(ii) u(o(t))(gu(t)) —e(t)) <0,lu(c(t))| > da, t€T,
then (1.7) has at least one w-periodic solution.

Proof. Consider the equation Lx = ANx, A € (0,1), where L and N are defined by the second
section. Let Q; = {x € X : Lx = ANx, A € (0,1)}.

If x = <X1E2 ) € Q, then we have

X2

xp (1) = dpg (x2(t)),

(3.1)
x5 (1) = —f(x1 (1) xp () — Ag(x1 (1)) + Ae(t).

From the first equation of (3.1), we obtain x,(f) = ¢,((1/A)x2(t)), and then by
substituting it into the second equation of (3.1), we get

1 A
[‘PP(Xxf(t)>] = —f(x1(£)xf (1) = Ag(x1(t) + Le(t). (3.2)
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Integrating both sides of (3.2) from «x to x + w, noting that x1(x) = x;(k + w), x

x8 (x + w), and applying Lemma 2.4, we have

K+w

[ rmextoa=-[ " lgm) -ew]a,

that is,
K+w
[ [reamxio +genw) - ew]ar=o
There must exist ¢ € I, such that

fa@)xy (@) +g(x1(8)) —e(é) 2 0.

9

P () =

(3.3)

(3.4)

(3.5)

From conditions (i) and (ii), when x(c(¢)) > max{d;, d,}, we have f(xl(g))xlA (¢) < 0,and
g(x1(¢)) —e(¢) <0, which contradicts to (3.5). Consequently x(c(¢)) < max{d;, d,}. Similarly,

there must exist 7 € I, such that

fCer(n)xt () + g (x1(n)) —e(n) <0.

Then we have x(o (1)) > —max{d, d»}. Applying Lemma 2.7, we get

K+w K+w

—max{dy,ds) -f xlA(s)'As < x1(t) < max|{dy, da) +f xlA(s)|As.

K K

Let d = max{dj, d,}. Then (3.7) equals to the following inequality:

K+w

lx1()] < d +f |xf(s)|As.

K

LetEy = {t €1, :|x1(£)| <d}, Ex={t€ L, :|x1(t)| >d}.

(3.6)

(3.7)

(3.8)
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Consider the second equation of (3.1) and (3.8), then we have

fk+wxf(t)x2(t)At = —fﬁwxl (o(t)xy (t) At
= f fla®)xf (Hx1(o(t) At + )tf x1(o(t))[g(x1(t)) —e(t)] At
S f |f(x1(t))||xf(t) | |x1(o ()| At + )»L x1(0(t)) [g(x1 () — e(t)] At

) j (o) [sa (1) -] At

x2(t) | At> J‘jw

) f (00 [0 (1) ~e()] A

< ?§5|f(x1(t))| (d + fw xlA(t)|At

< Ef|f(x1(t))|<fz+w xlA(t)|At>2 +di§5|f(x1(t))|fz+w xlA(t)|At

il f (o) [36n (1) ~e] At
(3.9)

Applying Lemma 2.5, we obtain that

1 K+w
v,

22 )]"At < wosupl £ )] <0t

K+w
+ A(d + f
K
K+w
< QlJ‘

+ Mdwsup|g(x1(t)) —e(t)|

tel,

K+w
< QlJ‘
K

x2(t) |2At +d ?;p|f(x1(t)) |f

w@fa) [ lgtan -ewlar

A 2 K+w
x! (t)| At+Qs
K

x2(t) | At

A 2 K+w
x| At+Q
K

xlA(t)|At +Qs,
(3.10)
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where
Qi = wsup|f(x1(t)], Qy = dsup|f(x1(t))| + dwsup|g(x1(t) - e(t)],
tel, tel, tel,
(3.11)
Qs = Adewosup|g(xi(8) - e(t)].
tel,
That is,
L K+w|xA(t)|pAt <Q K+w|x“(t)|2At +Q K+w|xA(t)|At +Q (3.12)
A1) 1 = %1 . 1 2 . 1 3. .
Thus,
K+w p K+ p 2/p
f xlA(t)| At < APLQ PP (j |x1A(t)| At)
" " (3.13)
K+w p 1/p
+ Ap‘lew(p‘l)/P<f X0l At> + AP,
Since p > 2, then we obtain that there exists a positive constant M; such that
|x1A(t)| < M;. (3.14)
Therefore,
p-1
() <d+Mw:=M,,  |x(t)] < Af;l = M. (3.15)

Let Q) = {x:x €KerL, QNx =0}.If x € Q,, then x € R? is a constant vector with

2 ()| 222 (1) =0,

Ktw (3.16)
| e+ g -ew]ar -
From the second equation of (3.16) we get
[ s mar=-[ g - ew]ar, (317)

that is,

Jm w[ Fan ()2 () + g (t)) - e()| At = 0. (3.18)
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By assumptions (i) and (ii), we see that [x;(f)] < M; and x,(t) = 0, which implies
Q, C Q.

Now, we set Q = {x : x = (xl,xz)T, |x1] < Ma +1,|x3| < M3+ 1}. Then Q; C Q. Thus
from (3.8) and (3.14), we see that conditions (B1) and (B2) of Lemma 2.6 are satisfied. The
remainder is verifying condition (B3) of Lemma 2.6. In order to do it, let

J:ImQ — KerlL, J(x1,x2) = (x1,x7). (3.19)
Set
Ay = {x=(x1,x2)T€R2 : |x1|<M2+1, .X'2=0}. (3.20)
It is easy to see that the equation QN (xy, x2)' (t) = (0,0)7, that is,

pq(x2(t)) =0,

(3.21)
—f £ G (1) g (ea(0) + g1 (1)) ~ e(B)] At
has no solution in (QNKer L) \ Ag. So deg{JON, QnKer,0} = deg{JQN, Ay, 0}.
Let
0
OQNox(t) = 1 (*tw . (3.22)
—f [g(x1(h) - e(B)] At
w K
If x € 0A, then we get
ONox - JONxI = max [yl + % max [ g (ea] -
(3.23)
so we have
deg{JQON, Ay, 0} = deg{JQNy, Ay,0} #0. (3.24)
Then we see that
deg{JON,QnNKerL,0} =deg{JQNy, Ay, 0} #0, (3.25)
so the condition (B3) of Lemma 2.6 is satisfied, the proof is complete. O

When fzwe(t)At =0, g(x(t)) = p(t)x(t), where p(t) = p(t+T), t € [0,T], we have the
following result.
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Corollary 3.2. Suppose that the following conditions hold:

(i) p(t) >0, forall t € 1,,;
(ii) u(t)u () f (u(t)) > 0,|u| > 4,

then (1.7) has at least one w-periodic solution.
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