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1. Introduction and Preliminaries

The following question concerning the stability of group homomorphisms was posed by
Ulam [1]: Under what conditions does there exist a group homomorphism near an approximate group
homomorphism?

Hyers [2] considered the case of approximately additive mappings f : E — E’, where
E and E' are Banach spaces and f satisfies Hyers inequality

If(x+y) - f) - f(y)ll <e (1.1)

forall x,y € E.

In 1950, Aoki [3] provided a generalization of the Hyers’ theorem for additive
mappings and in 1978, Rassias [4] generalized the Hyers’ theorem for linear mappings by
allowing the Cauchy difference to be unbounded (see also [5]). The result of Rassias’ theorem
has been generalized by Forti [6, 7] and Gavruta [8] who permitted the Cauchy difference to
be bounded by a general control function. During the last three decades a number of papers
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have been published on the generalized Hyers-Ulam stability to a number of functional
equations and mappings (see [9-23]). We also refer the readers to the books [24-28].

Throughout this paper, let A be a unital C*-algebra with unitary group U(A), unit e,
and norm |- |. Assume that X is a left A-module and Y is a left Banach A-module. An additive
mapping T : X — Y is called A-linear if T(ax) = aT(x) for all a € A and all x € X. In this
paper, we investigate the stability problem for the following functional inequality:

wf(52) +p:(Gr ) +rF (50| < el (12)

on restricted domains of Banach modules over a C*-algebra, where a, §, y are nonzero positive
real numbers. As an application we study the asymptotic behavior of a generalized additive

mapping.
2. Solutions of the Functional Inequality (1.2)

Theorem 2.1. Let X and M be left A-modules and let a, B,y be nonzero real numbers. If a mapping
f X — Muwith f(0) = 0 satisfies the functional inequality

Haf<ax2-;a]/> +ﬂf<a]/2;az> +Yaf<zz+_yx>

forall x,y,z € Xand all a € U(A), then f is A-linear.

<||f(ax + ay + az) || (2.1)

Proof. Letting z = —x — y in (2.1), we get

A () ()0 e

forall x,y € Xand all a € U(A). Letting x = 0 (resp., y = 0) in (2.2), we get

af(%) + Yaf(—%> =0, (resp., zxf(%) +ﬂf<—%) = 0) (2.3)

for all x,y € X and all a € U(A). Hence f(ay) = (-y/a)af((-a/y)y) and it follows from
(2.2) and (2.3) that and f((ax + ay)/2a) — f(ax/2a) — f(ay/2a) = 0 for all x,y € X and all
a € U(A). Therefore f(x+y) = f(x)+ f(y) forall x,y € X. Hence f(rx) =rf(x) forallx € X
and all rational numbers r.

Now let a € A (a#0) and let m be an integer number with m > 4|a|. Then by Theorem
1 of [29], there exist elements u1, 1, u3 € U(A) such that (3/m)a = u; + uy + us. Since f is
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additive and f(rbx) = (—y/a)rbf((-a/y)x) for all x € X, all rational numbers r and all
beU(A), we have

f(ax) = %f(%ax) = %f(u1x+ UpX + U3X) = %[f(ulx) + f(upx) + f (uzx)]

3 (2.4)
__my SOV W NC Ay (W T (T et
= 3a(u1+u2+u3)f< Yx> T am? < Yx) aaf( Yx>
for all x € X. Replacing (-y/a)x instead of x in the above equation, we have
Yox)=-1
f(—;ax) = aaf(x) (2.5)

for all x € X. Since a is an arbitrary nonzero element in A in the previous paragraph, one
can replace (—a/y)a instead of a in (2.5). Thus we have f(ax) = af(x) for all x € X and all
ac A (a#0).50 f : X — Y is A-linear. O

The following theorem is another version of Theorem 2.1 on a restricted domain when
a,B,y>0.

Theorem 2.2. Let X and M be left A-modules and let d, a, B,y be nonzero positive real numbers.
Assume that a mapping f : X — M satisfies f(0) = 0 and the functional inequality (2.1) for all
x,y,z € Xwith || x|| + ||ly|| + ||z|| > d and all a € U(A). Then f is A-linear.

Proof. Letting z = —x — y with ||x|| + |ly|| > d in (2.1), we get

() () () -

forallae U(A).Let 6 = max{|ﬂ|_1d, |y|_1d} and let ||x]| + ||ly|| > 6. Then

1Bl + llyyll = min{ ], [y [} lxll + [[y|]) > min{|p], [y[}6 > d. (2.7)

7

Therefore replacing x and y by 2fx and 2yy in (2.6), respectively, we get

af<ﬂax+)fay> + Bf(—ax) +yaf(~y) =0 (2.8)

a

for all x, y € X with ||x|| + |[|y]| > 6 and all a € U(A).
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Similar to the proof of Theorem 3 of [30] (see also [31]), we prove that f satisfies (2.8)
forall x,y € X and all a € U(A). Suppose ||x|| + |lyll < 6. If ||x]| + ||yl = 0, let z € X with
l|z|| = 6, otherwise

(6 + ||x||>|| i el > |y ll;
z = (2.9)
y .
G+ ylD) 5 if lyll =l
vl

Since a, B,y > 0, it is easy to verify that

[zl o e (1o 26)e] 26

llx]| + |1z > 6,
l2(1+877)z]| + il = 6, (2.10)
T B S Rk B

|(2+F7y)z+p"vy|| + 1=l 2

Therefore

af (M) + pf (-ax) + yaf (-y)
_ [“f<w> +pf<—<2+ﬁ‘1y>az —ﬁ‘lyay> + Yaf<<1 +2ﬂY—1>z _ﬂY—1x>]

. (ﬁax + Yaz> +Bf(~ax) +yaf(-z) ]

<2(ﬁ +y)az + Yay>

+ cxf +ﬁf<—2<1 +ﬁ’1y>az> +yaf(—y)]

- af('ﬁax * yaz) +ﬂf<—2<1 +ﬂ‘1y>az> + Yaf<<1 +2ﬂy‘1>z —ﬂy‘1x>]
<2(ﬁ+r)a2+vay>

_af

+Bf(-(2+B7y)az - pyay) + Yaf(—Z)] =0.
(2.11)

Hence f satisfies (2.8) and we infer that f satisfies (2.2) for all x,y € X and all a € U(A). By
Theorem 2.1, f is A-linear. O
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3. Generalized Hyers-Ulam Stability of (1.2) on a Restricted Domain

In this section, we investigate the stability problem for A-linear mappings associated to the
functional inequality (1.2) on a restricted domain. For convenience, we use the following
abbreviation for a given function f : X — Y and a € U(A):

Doy (SE) epr () erar ()

forall x,y,z e X.

Theorem 3.1. Letd,a,f,y >0, p € (0,1),and 0,¢ > 0 be given. Assume that a mapping f : X —
Y satisfies the functional inequality

FIDaf (x,y, 2) || < || f (ax + ay + az) || + 6 + e(llx]I” + |y || + II=I) (3.2)

forall x,y,z € Xwith ||x|| + ||y|| + ||z|| > d and all a € U(A). Then there exist a unique A-linear
mapping T : X — Y and a constant C > 0 such that

24 x PP~ lg
[lxI? (3.3)

| f(x)-Tx)|| <C+ 2=

forall x € X.

Proof. Let z = —x — y with ||x]| + ||y|| > d. Then (3.2) implies that

Jor(552) +0r(-55) 112 (-5)

<FOI +6+e(lixl” + Iy ll” + [l + ")

<F O] + 6+ 2e(llxll” + [[y[|1”)-
(3.4)

Thus

[24

o () <05 (-5 ) #var ()| < sl w0+ 2= 4 i) 05)

for all x,y € X with ||x|| + |ly|| > d and all a € U(A). Let § = max{f'd,y"'d} and let
llx|l + lyll > 6. Then ||x|| + ||yyl|| > d. Therefore it follows from (3.5) that

s (P20 4 gy vas o) | < sl -0+ 2l + hrol?) @9
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for all x,y € X with ||x|| + [ly]| > 6 and all a € U(A). For the case ||x| + [|y]| < 6, let z be
an element of X which is defined in the proof of Theorem 2.2. It is clear that ||z|| < 26. Using
(2.11) and (3.6), we get

s (P25 a4 yar-w)|

o (B 4 pr (247 y)az - - yaw) +yar ((1+ 267z pr7x) |
s af(ﬂ"%) + Bf(-ax) + ya f(—z)] H

; 'af<2<ﬁ”>a“W> e pf (2147 )az) +Yaf<_y>] ”

[24

+ }xf(@) + ﬁf<—2<1 +ﬁ‘1y>az> + yaf((l + 2ﬂy‘1>z —ﬂy‘1x>] “

. 'af<2(ﬁ +y)az +yay

4

<

> +Bf(-(2+p7y)az - pyay) + raf(—z)] H

<5(|[ £ (O] +6) +47* 6P [2(28 + )" + 2P (B+y)" +yP] +6 x 28 ([|Bx|I” + [lyy ")
(3.7)

for all x, y € X with ||x|| + ||y|| < 6 and all a € U(A). Hence
Jas (B2 4 prean) +var (o) | < K 6 2eClpll + Iyl @9
forall x,y € Xand all a € U(A), where
K =5(||f(0)]| + 0) + 4P esP [2(2B + 1) + 2P (B + )" +7*]. (3.9)
Letting x = 0 and v = 0 in (3.8), respectively, we get

ar (B22) + 87 (@ + yaf (-y) | < K+ 6 x 2]y,
Pax (3.10)
Jas (B2 + b (an) + yar @ < x + 6x el

forall x,y € Xand all a € U(A). It follows from (3.8) and (3.10) that

1fGe+y) = f) = FW <@ [(B+VIF O] +3K +12 x e (flax|l” + [lay[|")]  (3.11)
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for all x,y € X. By the results of Hyers [2] and Rassias [4], there exists a unique additive
mapping T : X — Y given by T'(x) = lim,, 27" f(2"x) such that

y -1
1760 =TE < a [+ IOl +3K] + 2522l (6.12)

for all x € X. It follows from the definition of T and (3.2) that T(0) = 0 and ||D,T (x,y, z)|| <
IT(ax + ay + az)| for all x,y,z € X with ||x|| + [|y|| + [|z]| > d and all a € U(A). Hence T is
A-linear by Theorem 2.2. O

We apply the result of Theorem 3.1 to study the asymptotic behavior of a generalized
additive mapping. An asymptotic property of additive mappings has been proved by Skof
[32] (see also [30, 33]).

Corollary 3.2. Let a, B, y be nonzero positive real numbers. Assume that a mapping f : X — Y with
f(0) = 0 satisfies

|Daf (x,y,2) - f(ax+ay +az)|| — 0 as ||x|| + ||y|| + |z]| — oo (3.13)

forall a € U(A), then f is A-linear.

Proof. It follows from (3.13) that there exists a sequence {6,}, monotonically decreasing to
zero, such that

|Daf (x,y,2) - f(ax + ay + az)|| < 6, (3.14)
for all x,y, z € X with ||x|| + |ly|| + ||zl > n and all a € U(A). Therefore
|Daf (x,y,2)|| < ||f (ax + ay + az) || + 64 (3.15)

forall x,y,z € Xwith ||x[|+|ly|| +||z]| > nand all a € U(A). Applying (3.15) and Theorem 3.1,
we obtain a sequence {T,, : X — Y} of unique A-linear mappings satisfying

| f(x) = Tu(x)]| < 15a7'5, (3.16)

for all x € X. Since the sequence {6,} is monotonically decreasing, we conclude

lf(x) = Tu(x)|| < 15076, < 15a76, (3.17)

for all x € X and all m > n. The uniqueness of T,, implies T,, = T, for all m > n. Hence letting
n — oo in (3.16), we obtain that f is A-linear. O

The following theorem is another version of Theorem 3.1 for the case p > 1.
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Theorem 3.3. Let p > 1,d > 0,& > 0 be given and let a, B, y be nonzero real numbers. Assume that
amapping f : X — Y with f(0) = 0 satisfies the functional inequality

IDaf (x,y,2)|| < || f (ax + ay + az) || + (llxI” + [y " + l12I") (3.18)

forall x,y,z € Xwith ||x|| + [|y|| + ||z|| £ d and all a € U(A). Then there exists a unique A-linear
mapping ¢ : X — Y such that

X p-1
o0 - f < 2L L (3.19)

for all x € X with ||x|| < d/8la] and ¢(x) = limy_ 02" f (27x).

Proof. Letting z = —x — y in (3.18), we get

Jor(Z2) -1 (-35) vos (35| < s ol ey @20

for all x, y € X with ||x|| + ||y|| £ d/2 and all a € U(A). Hence

Jos (55) #0555 ) #rr ()

for all x, y € X with ||x|| + [|ly|| < d/4 and all a € U(A). It follows from (3.21) that

< Pe(llxll + Iyl + x+ vl G21)

ax _ax g |[P
af (%) +pr (=55 )| <2 et
(3.22)
ay ¥
af (%) +yar(-4)| <2 el
for all x, y € X with ||x||, ||y|| £ d/4 and all a € U(A). Adding (3.21) to (3.22), we get
ax + ay axy ay ) , p p
|| f< > af () ~af (D) <2e@elr +3ly I + e+ yl) 329
for all x, y € X with ||x||, |ly|| < d/8 and all a € U(A). Therefore
£ (x+y) = fx) = F W) < 2Pl Bl + 3]yl + ||x + w]|”) (3.24)

for all x,y € X with ||x||, [ly|l < d/8|a|. Let x € X with ||x|| < d/8|a|. We may put y = x in
(3.24) to obtain

|l£(2x) = 2 (x)|| < (6 +27) x 2P |aP e x| (3.25)
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We can replace x by x/2™! in (3.25) for all nonnegative integers n. Then using a similar
argument given in [4], we have

2 2retx) 2@ < 642 < (5 ) TP el (326)

Hence we have the following inequality:

2n+1f<2—n—1x> _ me(z—mx) “ < i ||2k+1f<2—k—1x> _ 2kf <2—kx> ||
e ) (3.27)
L2
<G+l X (55) Il

for all x € X with ||x|| < d/8|a| and all integers n > m > 0. Since Y is complete, (3.27)
shows that the limit T'(x) = lim, . ,2" f(27"x) exists for all x € X with ||x|| < d/8|a|. Letting
m = 0and n — oo in (3.27), we obtain that T satisfies inequality (3.19) for all x € X with
[|x]| < d/8|al. It follows from the definition of T and (3.24) that

T(x+y)=T(x)+T(y) (3.28)

for all x, y € X with ||x||, lyll, [Ix + y|| < d/8|a|. Hence

X

T<E> = %T(x) (3.29)

for all x € X with ||x|| < d/8|a|. We extend the additivity of T to the whole space X by using an
extension method of Skof [34]. Let 6 := d/8|a| and x € X be given with ||x|| > 6. Let k = k(x)
be the smallest integer such that 2K716 < ||x|| < 2K6. We define the mapping ¢ : X — Y by

T(x), if ||x|| <o,
P(x) = (3.30)
2kT(27kx), if ||x|| > 6.

Let x € X be given with ||x|| > 6 and let k = k(x) be the smallest integer such that 2k-16 <
[|lx|| < 2%6. Then k-1 is the smallest integer satisfying 2526 < ||x/2|| < 25716.1f k = 1, we have
¢(x/2) = T(x/2) and ¢(x) = 2T (x/2). Therefore ¢p(x/2) = (1/2)¢(x). For the case k > 1, it
follows from the definition of ¢ that

4’(;) = Zk'lT(T("'”%) = % 2T(27%x) = %¢(x)- (331)
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From the definition of ¢ and (3.29), we get that ¢(x/2) = (1/2)¢(x) holds true for all x € X.
Let x € X and let k be an integer such that ||x| < 2¥6. Then

$(x) = 25p(27x) = 2T (27%x) = lim 24 £ (27 9x) = lim 27 (27"x). (3.32)

n—oo

It remains to prove that ¢ is A-linear. Let x,y € X and let n be a positive integer such that
Il Nyl Nlx + vl < 276. Since ¢p(x/2) = (1/2)¢(x) for all x € X and T satisfies (3.28), we have

$(x+y) =2"¢<xz+—ny> =2"T<xz+—"y> -2[1(3) +T<l">] (3.33)

Hence ¢ is additive. Since ¢(x) = lim, 2" f(27"x) for all x € X, we have from (3.22) that
ap(ay/a) = yap(y/y)) forall y € X and all a € U(A). Letting a = e, we get ad(y/a) =
Y¢(y/y)). Therefore ¢p(ay) = ad(y) for all y € X and all a € U(A). This proves that ¢ is
A-linear. Also, ¢ satisfies inequality (3.19) for all x € X with ||x|| < d/8]a|, by the definition
of ¢. O

For the case p = 1 we use the Gajda’s example [35] to give the following
counterexample.

Example 3.4. Let ¢ : C — C be defined by

x, for|x|<1,
P(x) = { (3.34)

1, for |x| > 1.

Consider the function f : C — C by the formula
= 1 n
f(x) = 35 92" ). (3.35)
n=0

It is clear that f is continuous, bounded by 2 on C and
|f(x+y) = ) = F)| < 6(Ixl + |y]) (3.36)
for all x, y € C (see [35]). It follows from (3.36) that the following inequality:
|f(e+y+2) = f() = f(y) = f(2)] < 12(Ix] + [y] +|2]) (3.37)
holds for all x,y, z € C. First we show that

| f(Ax) = Af ()| <21+ A% |x]| (3.38)
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forall x, A € C.If f satisfies (3.38) forall || > 1, then f satisfies (3.38) for all A € C. To see this,
let0 < || < 1 (the result is obvious when A = 0). Then | f (A" x) =L~ f(x)| < 2(1 + |/\|71)2|x| for
all x € C. Replacing x by Ax, we get that | f(Ax) — Lf (x)] < 2021+ ™) [x] = 2(1 + [A)2|x]

for all x € C. Hence we may assume that [A| > 1. If Ax = 0 or [\x| > 1, then
| ) = Af ()| <21+ [A]) < 2001+ Al < 21+ [A])}ax]-

Now suppose that 0 < [Ax| < 1. Then there exists an integer k > 0 such that

1 1
WS|)&X|<2—I{

Therefore
2F|x], 2F|Ax| € (-1,1).

Hence
2™|x|, 2™|Ax| € (-1,1)

forallm=0,1,...,k. From the definition of f and (3.40), we have

00 =25 @] =| 3] 5 [$M0) - 192)

n=k+1

_1+A
<(1+A) Z = 2' | 2T+ A x| €2(1 + |.)L|) |x].

n=k+1

Therefore f satisfies (3.38). Now we prove that

|Dyuf (x,y,2) = f(ux + py + pz)|
< (16 +lal™ (1 + )+ B 1+ 1B+ Iy (1 + 1)) (1 + |y] + 1=1)

forallx,y,z€ Candall p € T := {A € C : |A| = 1}, where

Dyf(x,y,2) —“f< ) ﬂf(ﬂy ﬁ# >+y,uf<zz+yx>.

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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It follows from (3.37) and (3.38) that

|Dyf (x,y,2) = f(ux + py + pz)|

(#xwy) f<#x+/4y>' |ﬂf<#y+/42> f<#y;ﬂ7~>
+‘Y.Hf<z ) ﬂf z+x 'f z+x f<‘uz;ux>
+|f<@>+f<w;#2> +f<”Z;”x>—f(#X+#y+ﬂZ)
< (6+ a1+ lah?) [x + y| + (6+ 8] (1+ 1B1)*) [y + 2] + (10+ [y| ™ (1+ [y])*) lx + =]

< (16+lal™ (1 + )+ [ B 1+ B+ [y (L + Iy])?) (1l + |y ] + 1=1)

(3.46)

forall x,y,z € C and all u € T'. Thus f satisfies inequality (3.18) forp = 1. Let T : C — Cbe
a linear functional such that

|f(x) = T(x)] < Mlx| (3.47)

for all x € C, where M is a positive constant. Then there exists a constant ¢ € C such that
T(x) = cx for all rational numbers x. So we have

|f(0| < (M +]e])lx] (3.48)

for all rational numbers x. Let m € N with m > M +|c|. If xo € (0,27™*1)NQ, then 2"x, € (0,1)
foralln=0,1,...,m-1.S0

m-1

f0) 2 3, @) = mxy > (M + [eh, (3.49)
n=0

which contradicts (3.48).
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