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1. Introduction and Preliminaries

The stability problem of functional equations originated from a question of Ulam [1]
concerning the stability of group homomorphisms. Hyers [2] gave a first affirmative partial
answer to the question of Ulam for Banach spaces. Hyers’ theorem was generalized by Aoki
[3] for additive mappings and by Th. M. Rassias [4] for linear mappings by considering an

unbounded Cauchy difference.

Theorem 1.1 (Th. M. Rassias [4]). Let f : E — E' be a mapping from a normed vector space E

into a Banach space E' subject to the inequality

1f Ge+w) = F) = fFWN < eCllxll” + v [I")
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forall x,y € E, where € and p are constants with € > 0 and p < 1. Then the limit

f(2"x)
— (1.2)

L(x) = lim

exists forall x € Eand L : E — E' is the unique additive mapping which satisfies

1F () - Lo | < =2

Tl (13)

forall x € E. If p <0, then (1.1) holds for x,y #0 and (1.3) for x #0. Also, if for each x € E the
mapping t — f(tx) is continuous in t € R, then L is R-linear.

Theorem 1.2 (J. M. Rassias [5-7]). Let X be a real normed linear space and Y a real Banach space.
Assume that f : X — Y is a mapping for which there exist constants 0 > 0 and p,q € R such that
r=p+q#1and f satisfies the functional inequality

|f(x+y) - f(x) = fF(w)] <Ol ||y]|? (1.4)

forall x,y € X. Then there exists a unique additive mapping L : X — Y satisfying

0
2" -2

| f(x) - L()| < (| (1.5)

forall x € X. If, in addition, f : X — Y is a mapping such that the transformation t — f(tx) is
continuous in t € R for each fixed x € X, then L is linear.

The paper of Th. M. Rassias [4] has provided a lot of influence in the development
of what we call the generalized Hyers-Ulam stability of functional equations. In 1994, a
generalization of Theorems 1.1 and 1.2 was obtained by Gavruta [8], who replaced the
bounds &(||x||” + ||y|[P) and 0]|x[|”||y||9 by a general control function ¢(x, y).

The functional equation

flx+y)+ f(x-y) =2f(x) +2f (v) (1.6)

is called a quadratic functional equation. In particular, every solution of the quadratic functional
equation is said to be a quadratic mapping. The generalized Hyers-Ulam stability problem for
the quadratic functional equation was proved by Skof [9] for mappings f : X — Y, where X
is a normed space and Y is a Banach space. Cholewa [10] noticed that the theorem of Skof is
still true if the relevant domain X is replaced by an Abelian group. Czerwik [11] proved the
generalized Hyers-Ulam stability of the quadratic functional equation. J. M. Rassias [12, 13]
introduced and investigated the stability problem of Ulam for the Euler-Lagrange quadratic
mappings (1.6) and

flaixy + axx2) + f(axxy — a1x2) = (a% + a%) [f (x1) + f(x2)]- (1.7)
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Grabiec [14] has generalized these results mentioned above. In addition, J. M. Rassias
[15] generalized the Euler-Lagrange quadratic mapping (1.7) and investigated its stability
problem. Thus these Euler-Lagrange type equations (mappings) are called as Euler-
Lagrange-Rassias functional equations (mappings).

The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results concerning this
problem (see [4-8, 12, 13, 15-55]).

Recently, C. Park and J. Park [45] introduced and investigated the following additive
functional equation of Euler-Lagrange type:

- <in> iriL(xi)/ 71, 7n € (0,00)
i=1 i=1

(1.8)

whose solution is said to be a generalized additive mapping of Euler-Lagrange type.
In this paper, we introduce the following additive functional equation of Euler-
Lagrange type which is somewhat different from (1.8):

if <—r]~x]~ + Z r,~x,~> + 2ir,~f(x,~) =nf <ir,~x,~>, (1.9)
iz i=1 i=1

1<i<n,i#j

where ry, ..., 1, € R. Every solution of the functional equation (1.9) is said to be a generalized
Euler-Lagrange type additive mapping.

We investigate the generalized Hyers-Ulam stability of the functional equation (1.9)
in Banach modules over a C*-algebra. These results are applied to investigate C*-algebra
homomorphisms in unital C*-algebras.

Throughout this paper, assume that A is a unital C*-algebra with norm || - || 4 and unit
e, that B is a unital C*-algebra with norm | - ||, and that X and Y are left Banach modules
over a unital C*-algebra A with norms || - ||x and || - ||y, respectively. Let U (A) be the group of
unitary elements in A and let ry,...,r, € R. For a given mapping f : X — Y,u € U(A) and a
given u € C, we define D,,,,.,,f and Dy, ... f : X" — Y by

n n n
Dyrrn f(X1,...,%,) = Zf <—r]-ux,~ + Z riuxi> + 2Zriuf(x,~) -nf <Zr,~uxi>,
=1 i=1 i=1

1<i<n,i#j

1<i<n,i#j

Dy, f (X1, 00, X0) = Zf <—yr]~x]~ + Z yrixi> + ZZyrif(xi) - nf<Zyrixi>
i=1 i=1 i=1

(1.10)

forall x1,...,x, € X.
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2. Generalized Hyers-Ulam Stability of the Functional Equation (1.9)
in Banach Modules Over a C*-Algebra

Lemma 2.1. Let X and Y be linear spaces and let ry,..., 1, be real numbers with 3 ;_, ri #0 and
1i,7j #0 for some 1 < i < j < n. Assume that a mapping L : X — Y satisfies the functional equation
(1.9) for all x1,...,x, € X. Then the mapping L is Cauchy additive. Moreover, L(rix) = ri.L(x) for
allx € Xandall1 <k <n.

Proof. Since X7, i #0, putting x; = --- = x,, = 0in (1.9), we get L(0) = 0. Without loss of
generality, we may assume that rq, r, #0. Letting x3 = --- = x,, = 0 in (1.9), we get
L(—T1X1 + TzXz) + L(r1x1 - TzXz) + 2r1L(x1) + 2r2L(x2) = 2L(r1x1 + 72x2) (2.1)

for all x1,x, € X. Letting x, = 0 in (2.1), we get

2r1L(x1) = L(r1x1) = L(-71x1) (2.2)
for all x; € X. Similarly, by putting x; = 0 in (2.1), we get

2rL(x2) = L(r2x2) — L(-12%2) (2.3)
for all x; € X. It follows from (2.1), (2.2) and (2.3) that

L(—T1X1 + rzxz) + L(r1x1 - TzXz) + L(rlxl) + L(TzXQ) - L(—rlxl) - L(—TzJCQ) = 2L(T1X1 + Tz.’X'z)
(2.4)

for all x1,x, € X. Replacing x; and x; by x/r; and y/r; in (2.4), we get
L(-x+y)+L(x-y)+L(x)+L(y) - L(-x) - L(-y) =2L(x +y) (2.5)

for all x,y € X. Letting y = —x in (2.5), we get that L(-2x) + L(2x) = 0 for all x € X. So the
mapping L is odd. Therefore, it follows from (2.5) that the mapping L is additive. Moreover,
letx € Xand 1 < k < n. Setting xx = xand x; =0 forall 1 <[ <n, I[#k,in (1.9) and using the
oddness of L, we get that L(rix) = rL(x). O

Using the same method as in the proof of Lemma 2.1, we have an alternative result of
Lemma 2.1 when >}, % = 0.

Lemma 2.2. Let X and Y be linear spaces and let ry,...,r, be real numbers with r;,r; #0 for some
1 <i < j < n. Assume that a mapping L : X — Y with L(0) = 0 satisfies the functional equation
(1.9) forall x1,...,x, € X. Then the mapping L is Cauchy additive. Moreover, L(rix) = riL(x) for
allx € Xandall1 < k < n.

We investigate the generalized Hyers-Ulam stability of a generalized Euler-Lagrange
type additive mapping in Banach spaces.

Throughout this paper, 1, ..., 1, will be real numbers such that r;,rj #0 for fixed 1 <i < j
<n.
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Theorem 2.3. Let f : X — Y be a mapping satisfying f(0) = O for which there is a function
¢ : X" — [0, o0) such that

® 1
o (x,y) =3 —0l| 0,..., 2x ,0,..., 254 ,0,...,0 | < oo, 2.6
pij (x,y) ;E)Zk(p ZE y 0 (2.6)
ith jth
. 1 k k
kh_r)rgoz—k(p(Z x1,...,28x,) =0, (2.7)
IDeriyra f (X1, xn) ||y < @(x1,- -0, x0) (2.8)

forall x,x1,...,x, € Xand y € {0,+x}. Then there exists a unique generalized Euler-Lagrange type
additive mapping L : X — Y such that

1 Py —
-ty 3{ [ (3 ) o255
+ [‘7’;<%,0> +2¢7j<2iri,0>]+[¢7j <O,%> +2(7;}}<0,_21Tj>:|}
(2.9)

forall x € X. Moreover, L(rix) = riL(x) forall x € X and all 1 < k < n.

Proof. For each 1 < k < nwith k#1, j, let x, = 01in (2.8), tthen we get the following inequality

||f(—r1~x1- + T]'x]') + f(rixi - T]'x]') - 2f(r1-x1~ + T‘]'x]') + Zrif(xi) + 2r]f(x]) ”Y

(2.10)
<¢| 0,...,0, x ,0,...,0, b ,0,...,0
N~ ~——
ith ]th
for all x;, x;j € X. For convenience, set
vij(x,y)=¢| 0,...,0,_x ,0,...,0, y ,0,...,0 (2.11)
ith ]th

forall x,y € X and all 1 <i < j < n. Letting x; = 0 in (2.10), we get

| f(=rjoxj) = f(rix) + 2r f () ||y < 35 (0, ;) (2.12)

for all x; € X. Similarly, letting x; = 0 in (2.10), we get

| f (=rixi) = f(rixi) + 2rif (%) || < i (xi, 0) (2.13)
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for all x; € X. It follows from (2.10), (2.12) and (2.13) that

||f(—rl~x,- + T]'x]') + f(rl-x,- — T]'x]') — 2f(rl~xl~ + r]-x]-) + f(rixi) + f(r]-x]-) - f(—rix,-) - f(—r]-x]-) ”Y

< i (xi, %;) + i (x:,0) + 95 (0, x;)
(2.14)

for all x;, x; € X. Replacing x; and x; by x/r; and y/r; in (2.14), we get that

[fx+y) + flx—y) —2f (x +y) + f(x) + f(y) = f(=%) = F =)l

(2.15)
XYy X Y
<w:| = L Y e . Z
< @ij <ri' r]-> +<pl]<ri,0> + ¢ij <0, r,~>
for all x, y € X. Putting y = x in (2.15), we get
X x x x
[|2f (x) = 2f (—=x) = 2f (2x) ||y, < i (—, —> +¢ij <f,0> + i <0, —> (2.16)
ri’ 1 Ti 7
for all x € X. Replacing x and y by x/2 and —x/2 in (2.15), respectively, we get
X X X x
||f(x) + f(—X) ”Y < ©¥ij <2—rl, _2_7’]> + @ij <2_7‘,/ 0> + ¢ij <0, _2_1’]> (217)
for all x € X. It follows from (2.16) and (2.17) that

| f2x) = 2f ()], < () (2.18)

for all x € X, where

(x)._l .. ff + 20 i_i
X =51 | P i1 ij 2r;" 2r;
x x

7 (50) 20 (50)

It follows from (2.6) that

(2.19)

+
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for all x € X. Replacing x by 2¥x in (2.18) and dividing both sides of (2.18) by 25!, we get

1
2k+1 S S x) - f(2"x) < serw(2) (2.21)
for all x € X and all k € Z. Therefore, we have
1 1
5/ @) - )|
(2.22)

k

<2
I=m

1 I+1 1 1 1 d 1 1
s f @) -5 f2 x)”Y < zgng‘lf(z x)

for all x € X and all integers k > m. It follows from (2.20) and (2.22) that the sequence
{f(2%x)/2¥} is Cauchy in Y for all x € X, and thus converges by the completeness of Y. Thus
we can define a mapping L : X — Y by

k
L(x) = lim f <§kx) (2.23)

for all x € X. Letting m = 0 in (2.22) and taking the limit as k — oo in (2.22), we obtain the
desired inequality (2.9).
It follows from (2.7) and (2.8) that

.1
||De,r1,...,rnL(X1/ ceey xn) ”Y = klglgoz_k ”Dg,rl,m,rnf(?.kxl, ey kan) y

< lim —(p(Z X1,..- 2 .’X,'n> =0
—_ 2k 4 7

for all x1,...,x, € X. Therefore, the mapping L : X — Y satisfies (1.9) and L(0) = 0. Hence
by Lemma 2.2, L is a generalized Euler-Lagrange type additive mapping and L(r¢x) = riL(x)
forallx e Xandalll1 <k <n.

To prove the uniqueness, let T : X — Y be another generalized Euler-Lagrange type
additive mapping with T(0) = 0 satisfying (2.9). By Lemma 2.2, the mapping T is additive.
Therefore, it follows from (2.9) and (2.20) that

160 =Tl = Jim |70 ~T@R0], < g Jim 73 (24)
(2.25)

0

= % lim l_k%q;<21x> =0.

So L(x) = T(x) for all x € X. O
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Theorem 2.4. Let f : X — Y be a mapping satisfying f(0) = O for which there is a function
@ : X" — [0, o) satisfying (2.6), (2.7) and

”Du,h,...,rnf(xl, cery xn) ” S (P(xll cecy xn) (226)

forall x1,...,x, € X and all u € U(A). Then there exists a unique A-linear generalized Euler-
Lagrange type additive mapping L : X — Y satisfying (2.9) for all x € X. Moreover, L(rix) =
reL(x) forall x € X andall 1 < k < n.

Proof. By Theorem 2.3, there exists a unique generalized Euler-Lagrange type additive
mapping L : X — Y satisfying (2.9) and moreover L(rrx) = rxL(x) for all x € X and all
1<k<n.

By the assumption, for each u € U(A), we get

— lim 2 k
Dyn.rn,LO,...,0, x ,0---,0)| = klgiloz—k Dyy,.rf(0,...,0, 2°x ,0---,0)
ith Y ith Y
(2.27)
< lim lf,o<0,...,0, 2Kx ,0-- ,0> =0
k— o2k ~——
ith
for all x € X. So
riuL(x) = L(rjux) (2.28)
for all u € U(A) and all x € X. Since L(r;x) = r;L(x) for all x € X and r; #£0,
L(ux) = uL(x) (2.29)
forallu e U(A) and all x € X.
By the same reasoning as in the proofs of [41, 43],
L(ax +by) = L(ax) + L(by) = aL(x) + bL(y) (2.30)

forall a,b € A (a,b#0) and all x,y € X. Since L(0x) = 0 = OL(x) for all x € X, the unique
generalized Euler-Lagrange type additive mapping L : X — Y is an A-linear mapping. [

Corollary 2.5. Let 6 > 0, {€x }xej and {px}e; be real numbers such that ex > 0 and 0 < px <1 for
all k € J, where | C {1,2,...,n}. Assume that a mapping f : X — Y with f(0) = 0 satisfies the
inequality

”Du,n,...,rnf(xll' c 'x")”Y < o+ kzejek”xk”;;(k (2-31)
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forall x1,...,x, € X and all u € U(A). Then there exists a unique A-linear generalized Euler-
Lagrange type additive mapping L : X — Y such that

([ Myj(x), ije]J;

Mi(x)r i€], ]¢]1

[l () =LE)ly < 9 o (2.32)
Mj(x)/ ]EL l¢],’

M, i,j&].

\
forall x € X, where

(1+21P) e

Myj(x) = 56 + 2 o
Mi(x) = 26+ %nﬂ , (233)
M;(x) = ;6 + %Hx”?, M= 25.
Moreover, L(rix) = riL(x) forall x € X and all 1 < k < n.
Proof. Define ¢(x1,...,%n) == 6 + Jie; exllxk|ly , and apply Theorem 2.4. O

Corollary 2.6. Let 6, >0, p,q > 0Owith A = p + g < 1. Assume that a mapping f : X — Y with
f(0) = 0 satisfies the inequality

IDursra f (X1, x0) || S 6+ e||x,~||§(||x]~||;7( (2.34)

forall x1,...,x, € X and all u € U(A). Then there exists a unique A-linear generalized Euler-
Lagrange type additive mapping L : X — Y such that

9 1 21—1
IFG) - L@)lly < 56+ annﬁ (235)
i'j

forall x € X. Moreover, L(rix) = riL(x) forall x € X and all1 < k < n.

Proof. Define ¢(x1,...,x,) :== 6+ €||xi||§(||xj||;7(. Applying Theorem 2.4, we obtain the desired
result. O
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Theorem 2.7. Let f : X — Y be a mapping satisfying f(0) = O for which there is a function
¢ : X" — [0, 00) such that

Fo(xy) =32 0., = 0., L ,0,...,0 | <, (2.36)
&~ 2 2
ith jth
k Xn\ _
kh_r)r;Z (j)(zk, ’F) =0, (2.37)
1Deriyrn f (1, 20) ||y < P21, -, 200) (2.38)

forall x,x1,...,x, € Xand y € {0,+x}. Then there exists a unique generalized Euler-Lagrange type
additive mapping L : X — Y such that

If ) - LEly < 1 {[¢1]< > ¢U< zx—]>]
()] [1 05 05

(2.39)
forall x € X. Moreover, L(rix) = riL(x) forall x € X and all 1 < k < n.

Proof. By a similar method to the proof of Theorem 2.3, we have the following inequality
lf(2x) - 2f (x)]|, < ¥(x) (2.40)

for all x € X, where

R ICHRICE))
Gy eom (ol [ (07) - (0-3)l}
()3 G3) m (s

G m G [ (05) (03] <

(2.42)

(2.41)
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for all x € X. Replacing x by x/2¥*! in (2.40) and multiplying both sides of (2.40) by 2%, we
get

k+1 X k X k X
@)@ eE) e
for all x € X and all k € Z. Therefore, we have
k+1 X m X
2 f<2k+1> -2 f<2_m>Hy
(2.44)

k
<2
I=m

k
I+1 X 1o X 1 X
#1(5w) -2 (3)], = 22%(5)

for all x € X and all integers k > m. It follows from (2.42) and (2.44) that the sequence
{2k f(x/2¥)} is Cauchy in Y for all x € X, and thus converges by the completeness of Y. Thus
we can define a mapping L : X — Y by

L(x) = lim 2 (%) (2.45)

for all x € X. Letting m = 0 in (2.44) and taking the limit as k — oo in (2.44), we obtain the
desired inequality (2.39).
The rest of the proof is similar to the proof of Theorem 2.3. O

Theorem 2.8. Let f : X — Y be a mapping with f(0) = 0 for which there is a function ¢ : X" —
[0, o0) satisfying (2.36), (2.37) and

D, f (1, x0) || < P, ..., x0) (2.46)

forall x1,...,x, € X and all u € U(A). Then there exists a unique A-linear generalized Euler-
Lagrange type additive mapping L : X — Y satisfying (2.39) for all x € X. Moreover, L(rix) =
reL(x) forall x € Xandall 1 < k < n.

Proof. The proof is similar to the proof of Theorem 2.4. O

Corollary 2.9. Let {ex}yc; and {p } ey be real numbers such that ex > 0 and py > 1 for all k € ],
where | € {1,2,...,n}. Assume that a mapping f : X — Y with f(0) = 0 satisfies the inequality

IDur 2y < Sl (247)
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forall x1,...,x, € X and all u € U(A). Then there exists a unique A-linear generalized Euler-
Lagrange type additive mapping L : X — Y such that
(Nyj(x), ijel;

Ni(x), i€], j&J;
lf) =Ly < T (2.48)
Nj(x), jeJ i¢];
N, i,jé¢].

\
forall x € X, where

(1 + 217”")(-3](

Nij(x) = ————|xl%,
] ke{zi,n (@ -2)ryt T
(1+217)e
Ni(x) = ~——llx| N (2.49)
(2r =2)r;

A+27)e;
Ni(x) = ——==||x|I¥-
! (@i -2 N

Moreover, L(rix) = riL(x) forall x € X and all 1 < k < n.

Proof. Define ¢(x1,...,xn) = Xes ek||xk||§(k. Applying Theorem 2.8, we obtain the desired
result. O

Corollary 2.10. Let € >0, p,q > O with A = p + g > 1. Assume that a mapping f : X — Y with
f(0) = 0 satisfies the inequality

| Dy f 1, xn) ||y < ellill || (1% (2.50)

forall x1,...,x, € X and all u € U(A). Then there exists a unique A-linear generalized Euler-
Lagrange type additive mapping L : X — Y such that

(1+2)e

A
W”x”x (2.51)
i'j

[1£G) =Ly <

forall x € X. Moreover, L(rix) = riL(x) forall x € X and all 1 < k < n.

Proof. Define ¢(x1,...,x,) = e||xi||§(||x]-||g(. Applying Theorem 2.8, we obtain the desired
result. O

Remark 2.11. In Theorems 2.7 and 2.8 and Corollaries 2.9 and 2.10 one can assume that
> ko1 Tk # 0 instead of f(0) = 0.

For the case p; = -+ = p, = 1 in Corollaries 2.5 and 2.9, using an idea from the example
of Gajda [56], we have the following counterexample.
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Example 2.12. Let ¢ : C — C be defined by

1 otherwise.

x for |x| < 1;
P(x) = { (2.52)

Consider the function f : C — C by the formula
f(x) =D 27"¢p(2"x). (2.53)
n=0

It is clear that f is continuous and bounded by 2 on C. We prove that

i=1

[Dyrsrn (21, 2x0) | < 8<n + Z|ri|> > (il + 1)xi| (2.54)
i=1

for all xq,...,x, € Cand all y € U(C) = {L € C : |A] = 1}. If 37, (|ri| + 1)|x;] = 0 or
St (Iril + 1)lxi| > 1, then

n n n
|Dra f(X1, - 20)| < dm+ 4D ] < 4<n + er,-|>Z(|r,-| +1)|x;]. (2.55)
i=1 i=1

i=1

Now suppose that 0 < 372, (|ri| + 1)|xi| < 1. Then there exists a nonnegative integer k such
that

1 1 1
et Z1:(|Ti| +Dlxil < o (2.56)
i=
Therefore
n
2k —uriX; + Z Urixi|, 2k Zyr,-x,- , 2k|x1|,...,2k|xn| e (-1,1). (2.57)
1<i<n,i#j i=1
Hence
n
2™ | —prixj + Z urix;i|, 2™ Zyrixl- , 2™, ..., 2™ x| € (-1,1) (2.58)
1<i<n,ij i=1
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forallm=0,1,...,k. From the definition of f and (2.56), we have

n [oe] 1
IDyuryo f (X1, 20) | §4<n+2|ri|> > T

i=1 m=k+1

= <n + Z|rl|> T (2.59)

1=

< 8<1’l + Z|rl >Z(|rl| + 1))
i=1 i=1
Therefore f satisfies (2.54). Let L : C — C be an additive mapping such that

| f(x) = L(x)| < plx| (2.60)

for all x € C. Then there exists a constant ¢ € C such that L(x) = cx for all rational numbers
x. So we have

|f()] < (B+]el)Ix] (2.61)

for all rational numbers x. Let m € N with m > f + |c|. If x is a rational number in (0,2!"™),
then 2"x € (0,1) foralln =0,1,...,m—1.So

m-1
f(x) > ZZ‘"(])(Z"x) =mx > (B +|c])|x]| (2.62)
n=0

which contradicts with (2.61).

3. Homomorphisms in Unital C*-Algebras

In this section, we investigate C*-algebra homomorphisms in unital C*-algebras.
We will use the following lemma in the proof of the next theorem.

Lemma 3.1 (see [43]). Let f : A — B be an additive mapping such that f(ux) = uf(x) for all
x€Aandall y € St := {L € C: |\| = 1}. Then the mapping f : A — B is C-linear.
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Theorem 3.2. Let € > 0 and {pi}ye; be real numbers such that px > 0 for all k € J, where ] C
{1,2,...,n}and |J| > 3. Let f : A — B be a mapping with f(0) = 0 for which there is a function
@: A" — [0, o0) satisfying (2.7) and

Dy f 1 20) || 5 < egllxkllpk, (3.1)
| £ @) - F@*wy” LS <p<2’<u,...,2ku>, (32)
n times
| @5ux) - F@Fw) f () ||B <y <2kux, . ,Zkux> (33)
n times

forall x,x1,...,x, € A, forall u € U(A), all k € Nand all p € S'. Then the mapping f : A — Bis
a C*-algebra homomorphism.

Proof. Since |]| > 3, letting y =1 and x; = 0forall1 <k <n, k#i,j,in (3.1), we get
f(—rixi + r]-x]-) + f(r,-x,- - T]'x]') + 2r,-f(xi) + erf(x]-) = Zf(r,-x,- + r]-x]-) (34)

for all x;,x; € A. By the same reasoning as in the proof of Lemma 2.1, the mapping f is
additive and f(r¢x) = ri f(x) for all x € A and k = i, j. So by letting x; = x and xx = 0 for all
1<k <mn, k#i,in (3.1), we get that f(ux) = uf(x) for all x € A and all u € S'. Therefore, by
Lemma 3.1, the mapping f is C-linear. Hence it follows from (2.7), (3.2) and (3.3) that

16 = 0"l = lim o[l @4y - Fky

1
< lim —(p<2ku,...,2ku> =0,
k— o0k —_——
n times

1 Ge) = FGO F ) = Jim oI (2 = £(24)
< lim lqo<2kux,...,2kux> =0
k—oo2k ‘*—f—-’

forall x € Aand all u € U(A).So f(u*) = f(u)" and f(ux) = f(u)f(x) for all x € A and all
u € U(A). Since f is C-linear and each x € A is a finite linear combination of unitary elements

(3.5)
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(see [57]), thatis, x = >["; Axuy, where A € C and ux € U(A) for all 1 < k < n, we have
flx") = f<Z)»_kuZ> = D (up) = Do Nef (w)”
k=1 k=1 k=1
- <§]Akf(uk>> - f<f]xkuk> - )",
k=1 k=1

f(xy) = f(é/\kuky> = kZif\kf(uky)

(3.6)

= g)‘kf(uk)f(y) = f<§)tkuk>f(y) = f(x)f(y)

for all x,y € A. Therefore, the mapping f : A — B is a C*-algebra homomorphism, as
desired. O

The following theorem is an alternative result of Theorem 3.2.

Theorem 3.3. Let € > 0 and {px},e; be real numbers such that py > 0 for all k € ], where J C

{1,2,...,n}and |J| > 3. Let f : A — B be a mapping with f(0) = 0 for which there is a function
@p: A" — [0, 00) satisfying (2.37) and

1Dy f 1, xn) || 5 < €T Ikl

keJ
G-,
HEIRICILE

forall x,xi1,...,x, € A, forallu e U(A),allk e Nand all y € St. Then the mapping f:A— Bis
a C*-algebra homomorphism.

u u
27/--‘/? 7
—_—

n times

<¢

(3.7)

ux ux

<Ol —, ..., —

—_ 2k/ /2k
B

—_—

n times

Remark 3.4. In Theorems 3.2 and 3.3, one can assume that >, rx #0 instead of f(0) = 0.

Theorem 3.5. Let f : A — B be a mapping with f(0) = 0 for which there is a function ¢ : A" —
[0, o0) satisfying (2.6), (2.7), (3.2), (3.3) and

Dy f (X1, -, Xn) ||B <@(x1,...,%n), (3.8)

for all x1,...,x, € Aandall u € S'. Assume that limg_, ,(1/2%) f(2Xe) is invertible. Then the
mapping f : A — B is a C*-algebra homomorphism.



Advances in Difference Equations 17

Proof. Consider the C*-algebras A and B as left Banach modules over the unital C*-algebra
C. By Theorem 2.4, there exists a unique C-linear generalized Euler-Lagrange type additive
mapping H : A — B defined by

— 1im Lok
H(x) = kh_r)rc}o 2kf<2 x> (3.9)
for all x € A. Therefore, by (2.7), (3.2) and (3.3), we get

100 = Gy = fim el £ @) - (@),

1
< lim —o Zku,...,Zku =0,
k— o2k —— —
n times

|| H (ux) - Hw) f ()| ; = kllrllozl—k ||f(2kux) - f(Zku)f(x)”B

.1 k k _
Sklglloz_k‘p<2 ux,...,2 ux> =0
n times

forallu € U(A) and forall x € A.So H(u*) = H(u)" and H (ux) = H(u) f (x) forallu € U(A)
and all x € A. Therefore, by the additivity of H we have

(3.10)

H(ux) = lim zl—kH(zkux) = H(u) lim zlk f<2kx> = H(u)H(x) (3.11)

forallu € U(A) and all x € A. Since H is C-linear and each x € A is a finite linear combination
of unitary elements, thatis, x = >/"; Axuy, where A, € Cand uy € U(A) forall1 < k < n, it
follows from (3.11) that

H(xy) = H<§Akuky> = élkH(uky)

- i NeH (u) H (y) = H<§]Akuk>H (y) = H(x)H(y),

k=1
(3.12)

ey = (30 ) = S - Serncny
k=1 k=1 k=1
= <i)tkH(uk)> = H(ilkuk> = H(x)"
k=1 k=1

for all x,y € A. Since H(e) = limg_, ,(1/2%) f (2¥e) is invertible and

H(e)H(y) =H(ey) =H(e)f(y) (3.13)
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forally € A,H(y) = f(y) for all y € A, therefore, the mapping f : A — Bis a C*-algebra
homomorphism. O

The following theorem is an alternative result of Theorem 3.5.
Theorem 3.6. Let f : A — B be a mapping with f(0) = 0 for which there is a function ¢ : A" —
[0, 00) satisfying (2.36), (2.37), (3.7) and

”Du,rl,...,rnf(xlr ey X)) ||B <P(xa,...,xn), (3.14)

forall xi,...,x, € Aand all y € S'. Assume that limy_, ,,2* f (e/2¥) is invertible. Then the mapping
f A — Bisa C*-algebra homomorphism.

Corollary 3.7. Let {ek}rc; and {px}ye; be real numbers such that ex > 0 and p > 1 (0 < px <1)

forall k € J, where ] C {1,2,...,n}. Assume that a mapping f : A — B with f(0) = 0 satisfies the
inequalities

||D,"lrr1/"~rrnf(x1/'"’xn)”B < kzek”xk”pk/
€J

7(5)-1(z)

€
<5

B kej
<resp" Ilf@") = f@ )l < kZ]€k2mpk>f (3.15)
lrG) -Gl < ke,szik Bl

(v lr@n - rera sl < Seze ot ),
kejJ

for all x1,...,x, € A, all u € U(A), al m € N and all p € S'. Assume that
limg —, 2K f (e/2F) (resp., limk o, (1/2%) f(2Xe)) is invertible. Then the mapping f : A — B is
a C*-algebra homomorphism.

Proof. The result follows from Theorem 3.6 (resp., Theorem 3.5). O

Remark 3.8. In Theorem 3.6 and Corollary 3.7, one can assume that >}, 7 #0 instead of

£(0) =0.

Theorem 3.9. Let f : A — B be a mapping with f(0) = 0 for which there is a function ¢ : A" —
[0, 00) satisfying (2.6), (2.7), (3.2), (3.3) and

”D‘u,rl,.‘.,rnf(xlr ey xn) ”B < (P(xll LRy xn)/ (316)
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forp=ilandall xy,...,x, € A. Assume that limy_, (1 /2k)f(2ke) is invertible and for each fixed
x € A the mapping t — f(tx) is continuous in t € R. Then the mapping f : A — B is a C*-algebra
homomorphism.

Proof. Put y =1 in (3.16). By the same reasoning as in the proof of Theorem 2.3, there exists a
unique generalized Euler-Lagrange type additive mapping H : A — B defined by

f(2*x)

: (3.17)

HG) = iy

for all x € A. By the same reasoning as in the proof of [4], the generalized Euler-Lagrange
type additive mapping H : A — B is R-linear.
By the same method as in the proof of Theorem 2.4, we have

——
jth v
= 1i 1 k
= Jim Dyr,.rnf@O,...,0, 2°x ,0,...,0) (3.18)
jth v
< lim —¢| 0,...,0, 2kx ,0,...,0 | =0
o jth
for all x € A. So
ripH (x) = H(rjux) (3.19)
for all x € A. Since H(rjx) = rjH (x) for all x € X and r; #0,
H (pux) = pH(x) (3.20)

for p=1i,1and forall x € A.
For each element A € C we have A = s +it, where s,t € R. Thus

H(\x) = H(sx +itx) = sH(x) + tH (ix)
3.21
=sH(x)+itH(x) = (s+it)H(x) = AH (x) (320

forall A € Cand all x € A. So

H(¢x +ny) = H(gx) + H(ny) = ¢H(x) + nH (y) (3.22)
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forall ,n € Cand all x, y € A. Hence the generalized Euler-Lagrange type additive mapping
H : A — Bis C-linear. The rest of the proof is the same as in the proof of Theorem 3.5. [

The following theorem is an alternative result of Theorem 3.9.

Theorem 3.10. Let f : A — B be a mapping with f(0) = 0 for which there is a function ¢ : A" —
[0, 00) satisfying (2.36), (2.37), (3.7) and

1Dy fX1s s X) || g S P10, Xn), (3.23)

forp=ilandall x,x1,...,x, € A. Assume that limy_, o, 2K f(e/ 2k is invertible and for each fixed
x € A the mapping t — f(tx) is continuous in t € R. Then the mapping f : A — B is a C*-algebra
homomorphism.

Remark 3.11. In Theorem 3.10, one can assume that >};_; r¢ # 0 instead of f(0) = 0.
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