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1. Introduction and Preliminaries

In this paper, we study the global dynamics of the following rational system of difference
equations:

a1 + X
X = %
" n=0,1,2,..., (1.1)
_ A+ YlYn
]/n+1 - Az + Xn 7

where the parameters ai, fi, az, y», and A, are positive numbers and initial conditions xy >
0 and yo > O are arbitrary numbers. System (1.1) was mentioned in [1] as a part of Open
Problem 3 which asked for a description of global dynamics of three specific competitive
systems. According to the labeling in [1], system (1.1) is called (21,29). In this paper, we
provide the precise description of global dynamics of system (1.1). We show that system
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(1.1) has a variety of dynamics that depend on the value of parameters. We show that system
(1.1) may have between zero and two equilibrium points, which may have different local
character. If system (1.1) has one equilibrium point, then this point is either locally saddle
point or non-hyperbolic. If system (1.1) has two equilibrium points, then the pair of points is
the pair of a saddle point and a sink. The major problem is determining the basins of attraction
of different equilibrium points. System (1.1) gives an example of semistable non-hyperbolic
equilibrium point. The typical results are Theorems 4.1 and 4.5 below.

System (1.1) is a competitive system, and our results are based on recent results
developed for competitive systems in the plane; see [2, 3]. In the next section, we present
some general results about competitive systems in the plane. The third section deals with
some basic facts such as the non-existence of period-two solution of system (1.1). The fourth
section analyzes local stability which is fairly complicated for this system. Finally, the fifth
section gives global dynamics for all values of parameters.

Let 0 and 2 be intervals of real numbers. Consider a first-order system of difference
equations of the form

Xn+l = f(xnr yn)/

n=0,12,..., (12)
Yni1 = g(xnr yn)/

where f:Ox 92 — 0, g:0x 29 — 2, and (xo, yo) € D x 2.

When the function f(x,y) is increasing in x and decreasing in y and the function
g(x,y) is decreasing in x and increasing in y, the system (1.2) is called competitive. When the
function f(x,y) is increasing in x and increasing in y and the function g(x, y) is increasing
in x and increasing in y, the system (1.2) is called cooperative. A map T that corresponds
to the system (1.2) is defined as T(x,v) = (f(x,y), g(x,y)). Competitive and cooperative
maps, which are called monotone maps, are defined similarly. Strongly competitive systems of
difference equations or maps are those for which the functions f and g are coordinate-wise
strictly monotone.

If v=(u,0) € R? we denote with Q,(v), ¢ € {1,2,3,4}, the four quadrants in R?
relative to v, thatis, Q1(v) = {(x,y) € R? :x >u,y >0}, Qo(v) = {(x,y) €ER* :x<u,y>
v}, and so on. Define the South-East partial order <, on R? by (x,y)=Zs(s, ) if and only if
x < sand y > t. Similarly, we define the North-East partial order <,. on R2 by (x,y)Zne(s, t)
if and only if x < sand y < t. For &/ C R? and x € R?, define the distance from x to < as
dist(x, «4) :=inf {||[x —y|| :y € &#}. By int<#, we denote the interior of a set 4.

It is easy to show that a map F is competitive if it is nondecreasing with respect to the
South-East partial order, that is if the following holds:

xl x2 x? x2
<y1> = <y2> - <y1> = <y2> ' =

Competitive systems were studied by many authors; see [4-19], and others. All known
results, with the exception of [4, 6, 10], deal with hyperbolic dynamics. The results presented
here are results that hold in both the hyperbolic and the non-hyperbolic cases.

We now state three results for competitive maps in the plane. The following definition
is from [18].



Advances in Difference Equations 3

Definition 1.1. Let R be a nonempty subset of R?. A competitive map T : R — R is said
to satisfy condition (O+) if for every x, y in R, T(x)=nT(y) implies x<,y, and T is said to
satisfy condition (O-) if for every x, y in R, T (x)<n.T (y) implies y=<pex.

The following theorem was proved by de Mottoni and Schiaffino [20] for the
Poincaré map of a periodic competitive Lotka-Volterra system of differential equations. Smith
generalized the proof to competitive and cooperative maps [15, 16].

Theorem 1.2. Let R be a nonempty subset of R, If T is a competitive map for which (O+) holds, then
forall x € R, {T"(x)} is eventually componentwise monotone. If the orbit of x has compact closure,
then it converges to a fixed point of T. If instead (O-) holds, then for all x € R, {T*"} is eventually
componentwise monotone. If the orbit of x has compact closure in R, then its omega limit set is either
a period-two orbit or a fixed point.

The following result is from [18], with the domain of the map specialized to be the
Cartesian product of intervals of real numbers. It gives a sufficient condition for conditions
(O+) and (O-).

Theorem 1.3 (Smith [18]). Let R C R? be the Cartesian product of two intervals in R. Let T : R —
R be a C! competitive map. If T is injective and det 1 (x) > 0 for all x € R, then T satisfies (O+). If T
is injective and det [ (x) < 0 for all x € R, then T satisfies (O-).

Theorem 1.4. Let T be a monotone map on a closed and bounded rectangular region R C R2. Suppose
that T has a unique fixed point € in R. Then € is a global attractor of T on R.

The following theorems were proved by Kulenovi¢ and Merino [3] for competitive
systems in the plane, when one of the eigenvalues of the linearized system at an equilibrium
(hyperbolic or non-hyperbolic) is by absolute value smaller than 1 while the other has an
arbitrary value. These results are useful for determining basins of attraction of fixed points of
competitive maps.

Our first result gives conditions for the existence of a global invariant curve through a
fixed point (hyperbolic or not) of a competitive map that is differentiable in a neighborhood
of the fixed point, when at least one of two nonzero eigenvalues of the Jacobian matrix of the
map at the fixed point has absolute value less than one. A region R C R? is rectangular if it is
the Cartesian product of two intervals in R.

Theorem 1.5. Let T be a competitive map on a rectangular region R C R2. Let X € R be a fixed point
of T such that A := RNint(Q; (x) UQ3(x)) is nonempty (i.e., X is not the NW or SE vertex of R), and
T is strongly competitive on A. Suppose that the following statements are true.

(a) The map T has a C" extension to a neighborhood of X.

(b) The Jacobian matrix of T at X has real eigenvalues A, p such that 0 < |A| < p, where |A| < 1,
and the eigenspace E* associated with \ is not a coordinate axis.

Then there exists a curve C C R through X that is invariant and a subset of the basin of attraction
of X, such that C is tangential to the eigenspace E* at X, and C is the graph of a strictly increasing
continuous function of the first coordinate on an interval. Any endpoints of C in the interior of R
are either fixed points or minimal period-two points. In the latter case, the set of endpoints of C is a
minimal period-two orbit of T.
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Corollary 1.6. If T has no fixed point nor periodic points of minimal period-two in A, then the
endpoints of C belong to OR.

For maps that are strongly competitive near the fixed point, hypothesis b. of
Theorem 1.5 reduces just to |A\| < 1. This follows from a change of variables [18] that allows
the Perron-Frobenius Theorem to be applied to give that, at any point, the Jacobian matrix of
a strongly competitive map has two real and distinct eigenvalues, the larger one in absolute
value being positive, and that corresponding eigenvectors may be chosen to point in the
direction of the second and first quadrants, respectively. Also, one can show that in such case
no associated eigenvector is aligned with a coordinate axis.

The following result gives a description of the global stable and unstable manifolds of
a saddle point of a competitive map. The result is the modification of Theorem 1.7 from [12].

Theorem 1.7. In addition to the hypotheses of Theorem 1.5, suppose that u > 1 and that the
eigenspace E* associated with p is not a coordinate axis. If the curve C of Theorem 1.5 has endpoints
in OR, then C is the global stable manifold 30°(x) of x, and the global unstable manifold " (x) is a
curve in R that is tangential to E* at X and such that it is the graph of a strictly decreasing function of
the first coordinate on an interval. Any endpoints of 10" (X) in R are fixed points of T.

The next result is useful for determining basins of attraction of fixed points of
competitive maps.

Theorem 1.8. Assume the hypotheses of Theorem 1.5, and let C be the curve whose existence is
guaranteed by Theorem 1.5. If the endpoints of C belong to OR, then C separates R into two connected
components, namely

Y- = {xeR\C:3y e C with xZ,y}, W, ={xeR\C:3IyeC with y<,x}, (1.4)

such that the following statements are true.

(i) W_ is invariant, and dist(T" (x), Q2(X)) — O0asn — oo for every x € J0_.

(ii) W, is invariant, and dist(T" (x), Q4(X)) — 0asn — oo for every x € W,.

If, in addition, X is an interior point of R and T is C? and strongly competitive in a neighborhood
of X, then T has no periodic points in the boundary of Q1(x) U Q3(x) except for x, and the following
statements are true.

(iii) For every x € 107, there exists ng € N such that T"(x) € int Qx(X) for n > ny.

(iv) For every x € W, there exists ny € N such that T" (x) € int Q4(X) for n > ny.

2. Some Basic Facts

In this section we give some basic facts about the nonexistence of period-two solutions, local
injectivity of map T at the equilibrium point and (O+) condition.
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2.1. Equilibrium Points

The equilibrium points (x, i) of system (1.1) satisfy

CBF
= a _ﬁlx,
Yy
. m+tny
Y="a+x
First equation of System (2.1) gives
_ o«
y= % + P

Second equation of System (2.1) gives
y(Az + ?) =ay + Yzy
Now, using (2.2), we obtain

o _
(a1 +ﬁ1x_)( 2 +X) =062+Y2a1 +pix

X pu—

This implies
(a1 + p1X) (Az + X) = X + o + Pr)oX,
which is equivalent to
pix° + % [(a1 — a2) + p1(Az - 12)] + a1 (A2 - 12) = 0.

Solutions of (2.6) are

—[(a1 —a2) + 1 (A2 - 12)] + \/[(“1 — @) + p1 (A2 - 12)]* - 4 (A2 - 1)
2p !

—[(t1 — ) + p1 (A2 —12)] - \/[(dl - )+ p1(Ar - Yz)]2 —4mp1 (A2 —12)
2p '

X1 =

Xy =

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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Table 1
E; Ar <y,
Ey, E; Ay >y, [(a1 - m) + Pi(Ar - 12)]* —danfi(Ar - 12) > 0,p1 (A2 — o) <ot — o1y
Ei=E Ay >y, [(a1 —a2) + p1(Ar - Yz)]2 —4a1f1(A2—12) =0,61(Ar—2) <ap — g
E Ay =1, ar>m
No equilibrium Ay >y, [(an — @) + Pi(Ar —12)]* —4aifr (A2 —12) <0
No equilibrium Ay >y, [(a1—m) + Bi(Ar - )P —daifi(Az - 12) 20, Bi(Ar — 1) > a2 —
No equilibrium Ay =7, ap <

Now, (2.2) gives

_ (m-a)-p (A2-12) + \/[(“1 - ) + P1(Az - Yz)]2 —4a1p1 (A2 - 12)

! -2(A2-12) '
(2.8)
— (a1 —az) = p1 (A2 —12) — \/[(“1 —m) +pi(Ar - Yz)]2 —da1p1 (A2 - 12)
72 -2(A2-712) '
The equilibrium points are:
Ey = (X1,71),
(2.9)
Ey = (X%2,7,),
where X1, Y,, X2, Y, are given by the above relations.
Note that
The discriminant of (2.6) is given by
D= [(a1 — a2) + 1 (A2 - Yz)]2 —4a1p1 (Ar - 12). (2.11)

The criteria for the existence of equilibrium points are summarized in Table 1 where

E:(“Z_“l pracz > 2.12)

B Tar-m

2.2, Condition (O+) and Period-Two Solution

In this section we prove three lemmas.

Lemma 2.1. System (1.1) satisfies either (O+) or (O-). Consequently, the second iterate of every
solution is eventually monotone.
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Proof. The map T associated to system (1.1) is given by

ar + pix ar +ny
T(x,y)=< y Az+x>‘

Assume
T (x1,y1)ZneT (22, 12),

then we have

a1 + frxy <o + p1x2

—_ 7

W1 Y2
ax + 2y1 < a + 212
Az +x1 Az + Xo '

Equations (2.15) and (2.16) are equivalent, respectively, to

a1(y2 — 1) + Pr(x1y2 — x211) <0,
ar(x2 — x1) + Aaya (1 — y2) + Y2 (221 — x12) < 0.

Now, using (2.17) and (2.18), we have the following:

If yo > 1 = M1y < Y1 = X1 <X = (X1, Y1) Zne (X2, Y2),

If y <y1 = x2 <xy and/or xoy1 — x1Y2 <0 = x2 < x1 = (2, ¥2) Zne (X1, ¥1).

Lemma 2.2. System (1.1) has no minimal period-two solution.

Proof. Set

ar+ ix ar +ny
T(x’y)=< y ’Az+x>‘

Then

B a+ pix ax+ Yy
T(T(xy)) = T(RE SR

_ <(x+ A) (a1 + (Pr(an +xp1))/y) y(az+ (r2(a2 +yy2))/x + A2) >

a + Yy ! YAr + a1 +xp

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
(2.18)

(2.19)

(2.20)

(2.21)
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Period-two solution satisfies

(x + Az)((xl + (ﬂl(al +xﬁ1))/y) B

ay + Yy

x=0, (2.22)

y(a+ (n(a+yn))/(x+4A))
]/Ag + a7 + xﬂ1

y=0. (2.23)

We show that this system has no other positive solutions except equilibrium points.
Equations (2.22) and (2.23) are equivalent, respectively, to

xyay + yAsa — xyay + xai i + Agar i + X2Br% + xAxpi” - xyPys _
y(a2+yy2)

0, (2.24)

—xy? Ay — Y2 AR% - xyay — yAsa + xyag + yAran — X2yPi — xy A + yaoy: + y2y> _

0.
(x + Az) (yAz + a1 + xﬂ1)
(2.25)
Equation (2.24) implies
yA2a1 + xy(acl - a2) + Azalﬂl + xzﬂlz + xﬂl ((Xl + Azﬂl) - xy2y2 =0. (2.26)

Equation (2.25) implies

—XyzAz - Xzyﬁl + xy(—al + ap — AZﬁl) + y(Az(—ocl + az) + az}fz) + y2 <—A22 + Y22> =0.
(2.27)

Using (2.26), we have

2 YA — xy(an - a2) = Asanfpr — xPi (a1 + Asfr) + xy°ys
p? .

X

(2.28)

Putting (2.28) into (2.27), we have

y(y(x +Ad)ay + y(—Az(x + A1 — xyys + ﬁ1y22> +ay(—xy+ pr(x+ Ay + YZ))> =0.
(2.29)

This is equivalent to

. —y A Pr + Ag(yar + aofr) + Prya (a2 + yy2)

2.30
~yar +ax(y - p1) + y(A2p1 + yy2) (230
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Putting (2.30) into (2.24), we obtain
pr(aa+yp) (apr+y* (A=) +y(@ — o+ fi(-A+1))) =0 (231)
or

Yy (An)+hn (ta+p (A+n)+y (A+n) (ca+a+p (A2+12)) =0,
(2.32)

From (2.31), we obtain fixed points. In the sequel, we consider (2.32).
Discriminant of (2.32) is given by

A= (AZ + Yz) <—4ﬁ1)’22(—a1 + ﬂl (Az + Yz)) + (Az + Y2) (—Lt1 +ap + ﬂl (A2 + }’2))2> (233)

Real solutions of (2.32) exist if and only if A > 0. The solutions are given by

_ (A2-1) (a1 +a+p1 (Ar+12)) -VaA
n 2y, (Az + Yz)

7

(2.34)
_ (_A2 —YZ) (—tX1 +a+f (Az +Y2)) +VA
Y2 2y, (A2 +72) '
Using (2.30), we have
(rarta+fr (A2 -1)) (Ar+y) + VA
X1 = ¢
20172
(2.35)
o (car+a+p1 (A-12)) (Ar+1) - VA
2= 2P1y2 '
O

Claim. Assume A > 0. Then

(i) for all values of parameters, y; < 0;

(ii) for all values of parameters, x, < 0.

Proof. (1) Assume (—a1 +as + 1 (A2 +72)) > 0. Then it is obvious that the claim y; < 0 is true.
Now, assume (—a; + a2 + ff1 (A2 +12)) <0. Then y; < 0if and only if

A - (Az + )’2)2(—0(1 +ap + '61 (A2 + Yz))z >0, (236)
which is equivalent to

—4p17," (A +12) (a1 + 1 (A2 +72)) > 0. (2.37)
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This is true since
(—a1 + ‘[51 (Az + Yz)) < (—a1 + an + ‘51 (Az + Yz)) <0. (238)

(2) Assume (—a1 + ap + f1 (A2 — 12)) < 0. Then it is obvious that x; < 0. Now, assume

(—a1+ar+pi(Ax—12)) > 0. (2.39)
Then x; < 0 if and only if
A= (- +az+ fi(A2—12)) (A2 +72)* > 0. (240)
This is equivalent to
4p172 (A2 +12) <A2(—IX1 +a + Aof) + anys — ﬂ1}f22> > 0. (2.41)
Using (2.39), we have
(Az(—al +a+ Arf) + aoys — ﬂ1Y22> > Ayyafi + aays — friy2* > aryz > 0, (2.42)
which implies that the inequality (2.41) is true. O

Now;, the proof of the Lemma 2.2 follows from the Claim 2.2.

Lemma 2.3. The map T associated to System (1.1) satisfies the following:
T(x,y) = (X,y) onlyfor (x,y) = (X,7). (2.43)
Proof. By using (2.1), we have

T(xy) = (%¥),

a1 +ﬂ1x _ a1 +ﬂ1f
vy (2.44)

Ny a + Ry

Ay +x A2+§'

First equation implies
a1 (y-y) +pi(xy-xy) =0. (2.45)
Second equation implies

(X - x)+ 1A (v -7) = p(xy — yx). (2.46)
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Note the following

Xy -xy=(x-0)y+x(y-y).

(2.47)
Using (2.47), Equations (2.45) and (2.46), respectively, become
Pry(x-%) + (a + piX) (Y -y) =0,
B _ o (2.48)
(2 + 1Y) (x =%) +12(A2 + %) (¥~ y) = 0.

Note that System (2.48) is linear homogeneous system in x — X and y — y. The
determinant of System (2.48) is given by

— o+ BT
hy 0 ﬂl{ . (2.49)
a2+ 1Y Y2(Az2+X)
Using (2.1), the determinant of System (2.48) becomes
" P g R ) 0. (2.50)
Y(A2+X) 12(A2+%)
This implies that System (2.48) has only trivial solution, that is
X=X, y=y. (2.51)
O
3. Linearized Stability Analysis
The Jacobian matrix of the map T has the following form:
& _a1 + ﬁlx
y y?
Jr : (3.1)
e 12

(Ay+x)> Axtx

The value of the Jacobian matrix of T at the equilibrium point is

po X
Y )2

A2+E A+ X
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The determinant of (3.2) is given by

Pr-xy (3.3)

det]; (%,7) = AT

The trace of (3.2) is

Y2

—— B
Tr]; (%) = 7 + S (3.4)
The characteristic equation has the form
AZ—A<@+ 12 _) AN (3.5)
Yy Ay+X Y(Az +X)

Theorem 3.1. Assume that Ay < y,. Then there exists a unique positive equilibrium Ey which is a
saddle point, and the following statements hold.

(a) Ifﬂl(}"z + Az) <ai+ap, then )11 € (1, +OO) and )Lz € (—]., 0)

(b) If p1(y2 + A2) > a1 + az, P1Ar < ar < Pryz and o (Pr1y2 — az) < Pry2(a2 — P1A2), then
L€ (1,+00) and A, € (0,1).

(©) If pr(2+A2) > ar+aa, az > Py and ar(az—P1y2) > pry2(a2—p1Az), then Ay € (1, +0)
and A, € (0,1).

(d) If pr(y2+ Az2) > a1 +az, ax > Pry2 and aq(ax—Pry2) < Pry2(az—pP1Az), then Ay € (1, +0)
and A, € (-1,0).

Proof. The equilibrium is a saddle point if and only if the following conditions are satisfied:

|Tr]r (X, )| > |1+ det]; (X, )], T (X, 7) —4det] (X, 7) > 0. (3.6)

The first condition is equivalent to

@+ Y2_>1+E1)’z——x_y. (3.7)
y Ay+Xx Y(Ar+X)

This implies the following;:

P1(A2+X) + 2y > Y(A2 +X) + fiy2 — XYy
= A+ X)(p-Y) +ny-H)>-xy (3.8)
= (y-p1) (A2 -1 +X) <xy.
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Notice the following:

(m-wm)-p (A2 —712) + \/[(“1 —a) + p1(Ar - 1)]* - 41 pr (Ar - 12) B

y1_ﬁ1 —Z(Az—Yz) 1
_(a—a) + pi(Ar-12) + \/[(“1 —-m) + Pi(Ar - )’2)]2 —da1p1 (A2 —12)
B -2(A2-12)
B —[(a1 — a2) +p1 (A2 - 12)] —\/[(al — ) + Pi(Ar - Yz)]2 —daifi(A2-12) 2B
- 2ﬂ1 Z(Az — Yz)
=B
- A1
(3.9)
That is,
R . (3.10)
Similarly,

Ay—1+x1=Ar—-72

. —[(t1 — @) + 1 (A2 —72)] + \/[(“1 - ) + Pi1(Ar - Yz)]2 —4a1p1 (A2 —712)

201
_Pi(Ar-p) — (i -a) + \/[(m — ) + (A2 - 1)’ - danfr (A2 - )
- %
~ —p1(A2—12) + (a1 — ) — \/[(“1 —m) + (A - Yz)]z —4a1p1 (A2 —712)
= =5
(@ —m) =B (A2 —71) - \/[(a1 —a) + pr(As - Yz)]z —4api(A2—12) Ay -1
B ~2(A2-1) B
_ A7
- yZ ﬁl .
(3.11)
Now, we have
Y, - B) (A - +x1) <X, &= sz ﬁi Y, Az <X1Y,- (3.12)
22 53}
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This is equivalent to
XY, < X1Y;. (3.13)
The last condition is equivalent to
XY, —x1Y, <0 = —(y,(x1 -x2) +x1(y; - ¥,)) <0 (3.14)

which is true since x; > X, and v, > v,.
The second condition is equivalent to

P 12 >2 Py Xy
Py _ , 315
<y+A2+z YD G 0 (3.15)

This is equivalent to

,31 12 )2 Xy
_ 7 3.16
<_ 2+_ +4]7( 2_'__)>0, ( )

establishing the proof of Theorem 3.1.

Since the map T is strongly competitive, the Jacobian matrix (3.2) has two real and
distinct eigenvalues, with the larger one in absolute value being positive.

From (3.5) at E;, we have

_P Y2
J\1+)Lz— _1 + A2+§1,
C (3.17)
d = Piy: — X1y,
2 Y, (Az + 1)

The first equation implies that either both eigenvalues are positive or the smaller one
is negative.
Consider the numerator of the right-hand side of the second equation. We have

—(m - ) = p1(A2—12) + VD (a1 - ) = 1 (A —12) + VD

Piya =%y, = Pry2 - 28, -2(A2-12)
i VD + (a1 + txz; -Bi(Ar—12) (3.18)

= Pi(y2 + Az) = (a1 + az) = VD
2 ,

where D = [(a1 — a2) + p1(Az - Yz)]2 —4a1$1(Az = 12).
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(a) If B1(y2 + A2) < a1 + ay, then the smaller root is negative, that is, A, € (-1,0).
If ﬁ1 (Yz + Az) > (le + az), then
ﬂl()’z + Az) - ((x1 + az) > \/5

= B+ A2)* =281 (12 + A2) (a1 + @) + (a1 + a2)*

(3.19)
> (@ - @) +2B1 (a1 = a2) (A2 = 12) + B (A2 = 12)” — 4 i (A2 - 1)
— ﬂle(ﬂlAz - dz) + o (0!2 - ﬂle) > 0.
From the last inequality statements (b), (¢) and (d) follow. O

We now perform a similar analysis for the other cases in Table 1.

Theorem 3.2. Assume
Ary>y, Pi(Ar-1) <ar—ay, [(a—az) + pi(Ar - Yz)]z —4api(Ay—12) >0.  (3.20)

Then E,, E; exist. Eq is a saddle point; E, is a sink. For the eigenvalues of E1, A1(E1) € (1,+c0) the
following holds.

(a) IfﬂlYZ <ay < ﬁlAz, then )Lz € (0,1)

(b) If az > p1 Az and a1 (az = P1y2) < Pr1y2(az — f1Az), then Ay € (-1,0).

(c) If oz < Pryz and Piya(PrAz — a2) > a1 (Pry2 — a2), then A € (0,1).
Proof. Note thatif f1A> —a> <0and ay — 17, <0, then a, > f1Ar and a; < f1y2, which implies

Aj <y, which is a contradiction.
The equilibrium is a sink if the following condition is satisfied:

|Tr]r (X, 7)| < |1 +det]r (X, )| <2. (3.21)
The condition | TrJ; (X, )| < |1 + det]; (X, y)| is equivalent to

&+ & <1+ plYZ XY

Y Aty V(A +%) y(Ar+x)

(3.22)

This implies

P1(A2 +X) + oy <Y(A2+X) + fiy2 — XYy
= (A+X)(p-Y)+ 1y -H) <-xy (3.23)
= y-p) (A2 -1 +X)>xy.

Now, we prove that E; is a sink.
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We have to prove that
(¥, - P1) (A2 - 12+ X2) > X2, (3.24)

Notice the following:

7, fr = (a1—0c2)—ﬁ1(Az—Yz)—\/[(al—az)+ﬁ1(A2—yz)]2—4a1pl(A2_Y2) iy

1

-2(A2-12)
(@ —m)+f (A2 —12) - \/[(“1 —a) + i (Az - Yz)]z —da1p1 (A2 —72)
B -2(A2-12)
B —[(t1 — ) + p1 (A —12)] + \/[(061 -m) + pi1(A; - Yz)]2 —4a1p1 (A2 - 12)
B 2(A2-12)
Al -a) +pi(A-y2)] + \/[(“1 —a) +pi(Ar - )] - dap (A2 - 1) By
a 2(A2-12) Ay -1
=B
- A -1

(3.25)
Similarly,

Ay—1+x=Ar—-7

N —[(a1 - a2) + fr (A2 - 12)] - \/[(“1 —m) + Pi (A2 —1)]” — i (A2 - 2)

201
(@ —a) - fr(Ar 1) + \/[(“1 —m) + i (A - 12)]” — A (Az - 1)
= =5
() - pr1(Ar—12) + \/[(Dq - )+ Pi(Ar - yz)]z —daip1(A2-12) Ay -1
) -2(A2-12) P
_ A7
- yl ,ﬁl .

(3.26)

Now, condition

(Yo - P1) (A2 -2+ X2) > XV, (3.27)
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becomes

_ B _ A7
x
11‘12—}’2]/1 P

> Ezyz ,
that is,
X1y, > X2Y,,

which is true. (see Theorem 3.1.)
Condition

|1+det]r(x,v)| <2
is equivalent to

Py Xy <1
Y(A+%) y(Ar+7x)

This implies

ﬂlYZ - W < y(Az + J_C) — [51}’1 - yAz < 2@

We have to prove that
Pirz = Y, A2 < 222,

Using (2.2), we have

a1 _ aq
-(= Ar <2%( = .
2 <72 +ﬂ1> 2= xz(@ +ﬁ1>
This is equivalent to

— A
ﬁl (Yz - Az) <2a1 + 2x2ﬂ1 + “1}2 2,

17

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

which is always true since A, > y; and the left side is always negative, while the right side is

always positive.
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Notice that conditions

X1y > X2Y,,

2 — (3.36)
<@— 12 _> +4$>0,
y Ay+Xx Y(Ar +X)
imply that E; is a saddle point.
From (3.5) at E1, we have
/\1 + .)Lz = & + 12 —,
Yy A+ X1
o (3.37)
Wi, = P Xy
yl (A2 + El)

The first equation implies that either both eigenvalues are positive or the smaller one
is negative.
Consider the numerator of the right-hand side of the second equation. We have

—(a1 —a2) = 1 (A2 = 12) + VD (a1 — a2) = p1 (A2 - 2) + VD

e =1y, =Py - 26, ~2(A2-12)
_ ﬁ _ \/5 + ([X1 + le) — ,Bl (Az - Yz) (338)
172 5
P+ Ay) — (a1 + @) - VD
= 5 )
We have
__ +A)) - (g +a) -VD
piyr - Xy >0 = Al 42) ; 1+ @) > 0. (3.39)
Inequality
Bi(y2+ Ar) — (a1 + @) = VD >0 (3.40)
is equivalent to
Biy2(BrAr — a) + aq (a2 — P1y2) >0, (341)

which is obvious if f1y» < a2 < p1Az. Then inequality (3.41) holds. This confirms (a). The
other cases follow from (3.41). O
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Theorem 3.3. Assume
Ay >y, Pi(A-p) <ar—ai, [(m—az)+pi(Ar - Yz)]2 —4mpi(Ar—71) =0. (342)

Then there exists a unique positive equilibrium point

E =E,- <(lxz —a1) - pi(Ar-12) Pri(A2—12) — (1 - d2)>, (3.43)

26 ' 2(A2-12)

which is non-hyperbolic. The following holds.
@) If pr(Az +12) > a1 + ap, then My = 1 and A, € (0,1).
(b) Ifﬂl(Az + }’2) <ai+ap, then .}L] =1and .)Lz € (—1,0)

Proof. Evaluating the Jacobian matrix (3.2) at equilibrium E; = E;, = (((a2 — a1) — pi1(Az -
12))/2B1, (P1(A2 = 12) = (a1 — a2)) /2(A2 - ¥2)), we have

Ir (%)
55} B (a2 =) =1 (A2 —12)) /2P
~ Pr(Ar—12) — (01— a2))/2(A2-12) (Pi(A2—12) — (a1 —a2)) /2(A2 - 12)
| B 1) - (@ - @) /2(4 - ) 1
A+ (((ax—a1) = p1(Ar—12))/2p1) As+ (((a2—a1) — 1 (A2 —12))/2P)
(3.44)
The characteristic equation of J(x, ) is
det(Jr(%,7) - AI)
P - (a2 — 1) = p1(A2—12)) /2P
| Br(A2-72) - (a1 - @2)) /2(A2 - 12) (Br1(A2-12) = (01— 2)) /2(Az - 12)
| B ) - @ - @) /2(4 - ) 12

A+ (((a—m1) = P1(A2—12))/2p1) Ao+ (2 —a1) = B1(A2—12))/2P1)

=0,
(3.45)

which is simplified to

Az_)t< B + )2 )
Bi(Ar—12) — (a1 —@2)) /2(A2—12)  As+ (((a2—a1) = p1(A2—712))/2P1)

P = (2 —an) = i (A2~ 12)) /1261) ((Pr(A2 = 12) = (a1 = 22)) /2(A2 — 1)) _

((B1 (A2 = 12) = (a1 = 22)) /2(A2 = 12)) (A2 + (a2 1) = B (A2 = 12)) /2B1))
(3.46)
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Solutions of (3.46) are

M1 b= —a +2may — ag + ASPT + 2AB3y, - 363y . (3.47)
’ a% —-2aap + [X% — 2A2L¥1ﬂ1 + 2A2L¥2ﬁ1 + Aéﬁ% — ﬁ%)’zz

Note that A, can be written in the following form:

(@ - @)’ + B (AT - 1) + 2B (A2 - 1)

Ao = .
(a1 — a2)” + 221 (@ — @) + (A2 —y2)

(3.48)

Note that |A;] < 1.
The corresponding eigenvectors, respectively, are

(_ Ar—12 1) <_ (A2 —12) (a1 — az + Asfr — Priy2) (a1 + az + Asfpr + Pry2) 1>'

P Bi(—a1 +ar + Asfy — ﬁ1Y2)2
(3.49)
Note that the denominator of (3.48) is always positive.
Consider numerator of (3.48)
—(a1 - a2)* + B <A§ -1 > + 2012 (A2 - 12). (3.50)
From
[(“1 —a) + p1(Az - Yz)]z — 4o By (Az -1) =0, (3.51)
we have
(a1 — a2)? = 4a1fr (Az — 12) = 2B1 (a1 — a2) (A2 = 12) — B2 ( Az — Yz)z- (3.52)
Substituting (a; — ;) from (3.52) in (3.50), we obtain
— 411 (As — 1) + 21 (a1 — @) (Az =) + B2 (A3 =13 + 2B (Ar - o) 553)
=201(A2-12) (B1 (A2 + 12) — (a1 + 2)). |
Now, (3.48) becomes
201 (A2 - 12) (P1(Az + a2) — (1 + a2)) (3.54)

2 = 7
(a1 — a2)” + 2A2p1 (a2 — @) + (A2 —y2)

establishing the proof of the theorem. O
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Now, we consider the special case of System (1.1) when A; = y».
In this case system (1.1) becomes

ay + Pix,
4
Yn
ay + Azxn
4
Az + Yn

Xn+l =

n=0,12,.... (3.55)
Yn+1 =

Equilibrium points are solutions of the following system:

a1 + ﬂlf
_—,

Y (3.56)
ay + Azy
A, + x

K|
Il

<|
I

The second equation implies

(3.57)

Now, the first equation implies

Praz

o —ag

y= , 02> aq.

(3.58)

The map T associated to System (3.55) is given by

T(x,y) _ <LI1 +ﬂ1x a2+A2y>.

R (3.59)

The Jacobian matrix of the map T has the following form:

& _061 + ﬂlx
y y?
Jr = . (3.60)
B ay + Azy Y2
(Ay+x)?  As+x

The value of the Jacobian matrix of T at the equilibrium point is

Ir(x,y) =

< <=
<

. (3.61)
Az +xX Ar+Xx
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The determinant of (3.61) is given by

— . prAr-xy
det];(x,y) = =————.
]T( y) y(AZ +x)
The trace of (3.61) is
—— _ P Ay
Tr]r (%) = 7 + S

Theorem 3.4. Assume

A2 =72, a2>ag.

Then there exists a unique positive equilibrium point

E <0(2—a1’ Praz >
o Tar—m

of system (1.1), which is a saddle point. The following statements hold.

(a) IfﬂlAz —ay >0, then \; € (1, +OO) and A, € (0,1)
(b) IfﬂlAz —ap <0, then PERS (1, +OO) and A € (—1,0)

Proof. We prove that E is a saddle point.
We check the conditions

|Tr]r (X, )| > 1+det]r(x,7), T (X, y) —4det]r (X, ) > 0.

Condition | TrJ; (X, y)| > 1 + det] (X, y) is equivalent to

P Ay p1A2 x
=+ —>1+ —— — —.
y Ay+x (A2 +x)y Ax+X

This implies
ﬁl(A2 +§) +A2y>yA2 +@+ﬁ1A2 —@=ﬁ1E> 0.
Condition

T (%,7) - 4det]; (%, 7) >0

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)
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is equivalent to

H 12 >2 Xy
_ 7y ) 3.70
(y Ay +Xx +4y(A2+E)>O ( )

Hence E is a saddle point.

Now,
M+ = %,
b (3.71)
-
Aidy = _1 2 —
(A2 + )

The first equation implies that either both eigenvalues are positive or the smaller one
is less then zero. The second equation implies that

If ,61A2 > ay, then A € (1, +OO), A € (0, —1),'

(3.72)
If ,61A2 <ap, then Ay € (1, +OO), A € (—1,0),
establishing the proof of theorem. O
4. Global Behavior
Theorem 4.1. Assume
A < Y2- (41)

Then system (1.1) has a unique equilibrium point E; which is a saddle point. Furthermore, there
exists the global stable manifold W*(E;) that separates the positive quadrant so that all orbits below
this manifold are asymptotic to (oo, 0), and all orbits above this manifold are asymptotic to (0, o). All
orbits that start on W*(Ey) are attracted to Eq. The global unstable manifold W*(E;) is the graph of
a continuous, unbounded, strictly decreasing function.

Proof. The existence of the global stable manifold W*(E;) with the stated properties follows
from Theorems 1.5, 1.7, and 1.8 and Lemmas 2.1 and 2.2. O

Theorem 4.2. Assume
Ay >y, Pi(Ar-1) <ar—ar,  [(a1—a2) + pri(Ax - Yz)]z —da1p1 (A2 —712) >0. (42)

Then system (1.1) has two equilibrium points: Ey which is a saddle point and E, which is a sink.
Furthermore, there exists the global stable manifold W*(E,) that separates the positive quadrant so
that all orbits below this manifold are asymptotic to (o0,0), and all orbits above this manifold are
attracted to equilibrium E,. All orbits that start on W*(Ey) are attracted to Ey. The global unstable
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manifold W*(E,) is the graph of a continuous, unbounded, strictly decreasing function with end point
E,.

Proof. The existence of the global stable manifold W*(E,) with the stated properties follows
from Theorems 1.5, 1.7, and 1.8 and Lemmas 2.1 and 2.2. O

Theorem 4.3. Assume
Ar>y, Pi(Ar—1) <ar—ar, [(a1—a2) + (A — Yz)]2 —4da1p1(A2—1) =0.  (43)

Then system (1.1) has a unique equilibrium E, = Ez which is non-hyperbolic. The sequences
{x2n}, (X204}, {V2n}, and {yoni1} are eventually monotonic. Every solution that starts in Qu(Es)
is asymptotic to (oo,0), and every solution that starts in Qo (Ey) is asymptotic to the equilibrium E,.
Furthermore, there exists the global stable manifold W*(E,) that separates the positive quadrant into
three invariant regions, so that all orbits below this manifold are asymptotic to (co,0), and all orbits
that start above this manifold are attracted to the equilibrium E,. All orbits that start on W¥(E,) are
attracted to E,.

Proof. The existence of the global stable manifold W?(E,) with the stated properties follows
from Theorems 1.5, 1.7, and 1.8 and Lemmas 2.1 and 2.2.
First we prove that for all points M (x) = (x, (a1/x) + p1), x #0, the following holds:

M(x)Zse T (M(x)). (4.4)

Observe that M(x) is actually an arbitrary point on the curve x = (a; + pix)/y, which
represents one of two equilibrium curves for system (1.1).
Indeed,

T(x,(a1/x) + pr) = <x “2+Y2((“1/x)+ﬁ1)>

A2+x

(4.5)
- ax + 12 (a1 + Pix)
“\v (Ay + x)x '
Now we have
a arx + Y2 (a1 + Pix)
(2% A1)z <x’ (A + %) >
(4.6)

ar + pix _ apx +y(ar + Pix)
x - x(Az + x)

— x <X,

The last inequality is equivalent to

(a1 + f1x) (Az + X) > arx + yaaty + Pryx. (4.7)
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This is equivalent to
ﬂ1x2 + x(a1 —ay + ﬂl (Az — Yz)) + aq (Az - Y2) >0, (48)

which always holds since the discriminant of the quadratic polynomial on the left-hand side
is zero.
Note that M (x)=<seE2, and M(x) = E; for x = ((az — a1) — p1(A2 — 12)) /2.
Monotonicity of the map T implies

T"(M(x))Ze T (M (). (4.9)

Set T"(M(x)) = {(xn,yx)}. Then the sequence {x,} is increasing and bounded by
x-coordinate of the equilibrium, and the sequence {y,} is decreasing and bounded by
y-coordinate of the equilibrium. This implies that {(x,,y,)} converges to the equilibrium
asn — oo.

Now, take any point A(x,y) € Q»(Ez). Then there exists point M(x*) such that
M (x*)Zse A(x, ) Zse E2. By using monotonicity of the map T, we obtain

T (M(x*)) <6 T" (A(x,Y) ) e Ea. (4.10)
Letting n — oo in (4.10), we have
lim T"(A(x,y)) = Ea. (4.11)

Now, we consider Q4(E»). By choosing M (x) such that E;<,e M (x), we note that
Er%se M(x)ZseT(M(x)). (4.12)
By using monotonicity of the map T, we have
T"(M(x))Ze T (M (). (4.13)

Set T"(M(x)) = {(xn,y»)}. Then the sequence {x,} is increasing, and the sequence
{yn} is decreasing and bounded by y-coordinate of equilibrium and has to converge. If
{xn} converges, then {(x,, y,)} has to converge to the equilibrium, which is impossible. This
implies that x, — oo, n — oo. Since y,.1 = (@2 + oY)/ (A2 + x,,), then lim,, _, .y, = 0.

Now, take any point B(x,y) in Qu(E;). Then there is point M(x**) such that
Er<se M (x**)<seB(x, y). Using monotonicity of the map T, we have

Ep< T" (M(X**))ﬁseTn(B(x; y)) (414)

Since, T" (M (x**)) is asymptotic to (oo, 0), then lim,, ., T"(B(x, v)) = (o0, 0). O
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Theorem 4.4. Assume
Az =72, ar > aq. (415)

Then system (1.1) has a unique equilibrium E which is a saddle point. Furthermore, there exists the
global stable manifold W*(E) that separates the positive quadrant so that all orbits below this manifold
are asymptotic to (oo,0), and all orbits above this manifold are asymptotic to (0, oo). All orbits that
start on W*(E) are attracted to E. The global stable manifold W*(E) is the graph of a continuous,
unbounded, strictly increasing function.

Proof. The existence of the global stable manifold W¥(E) with the stated properties follows
from Theorems 1.5, 1.7, and 1.8 and Lemmas 2.1 and 2.2. O

Theorem 4.5. Assume

Ay >y, (a1 —a) +pi(Az - }’2)]2 —da1p1(A2-12) <O, (4.16)
Ay >y, (a1 —ag) + pi(Ar— Yz)]z —da1p1(A2—12) 20, fi(Ar—12)>a—ar  (417)
or

A2 = Y2, o < aq. (418)

Then system (1.1) does not possess an equilibrium point. Its global behavior is described as
follows:

Xy — o, Y,—0, n— oo. (4.19)

Proof. If the conditions of this theorem are satisfied, then (2.6) implies that there is no real (if
the first condition of this theorem is satisfied) or positive equilibrium points (if the second
condition of this theorem is satisfied).

Consider the second equation of system (1.1). That is,

_ax+YolYn
Yn+1 = A, (4.20)
Note the following
a
Yn+1 < A_22 + l;_zyn (421)
Now, consider equation
Y2 [24)

Up+1 — A_zun = A_Z (422)
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Its solution is given by

Y2 )" a
Uu,=c({ —) + —. 4.23
<A2 A -1 (4.23)

Since Aj; > ¥, then letting n — oo we obtain that u,, — 0. Now, (4.21) implies

an
A -1

Yn < +¢ n— oo. (4.24)

This means that sequence {y,} is bounded for A; > y.
In order to prove the global behavior in this case, we decompose System (1.1) into the
system of even-indexed and odd-indexed terms as

o+ ,leZn
Xop+l = ———,
Yon
a + ﬁ1x2n—1
Xop = ———————,
2n-1
Yo (4.25)
ax + Y2Yon
Yo+l = —/————
Az + Xy
az + Y2lYon-1
Yoon=—F"_—""

7
Ap + Xop1

for n=1,2,....

Lemma 2.1 implies that subsequences {x2,41}, {x21}, {y2n+1}, and {yo,} are eventu-
ally monotone.

Since sequence {y,} is bounded, then the subsequences {v»,+1} and {y.,} must
converge. If the sequences {x7,.1} and {xy,} would converge to finite numbers, then
the solution of (1.1) would converge to the period-two solution, which is impossible by
Lemma 2.2. Thus at least one of the subsequences {x2,.1} and {x2,} tends to +oo,n — co.
Assume that x;, — oo asn — oo. In view of third equation of (4.25), 2,51 — 0, and in
view of first equation of (4.25), x2,41 — oo which by fourth equation of (4.25) implies that
Y1 — Oasn — oo.

Now, we prove the case when A; =y, and a; = a;.

In this case System (1.1) becomes

a + Pixy
Xnt1 = %/
" (4.26)
_ a1 + Azyn
Yni1 = A2 + X, ’
The map T associated to System (4.26) is given by
aq +ﬂ1x 241 +A2y>
T = . 4.
(x,v) ( v A rx (4.27)
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Equilibrium curves C; and C; can be given explicitly as the following functions of x :

a
C1:y1=;1+ﬂ1,

. (4.28)
C22y2:;.

It is obvious that these two curves do not intersect, which means that System (4.26)
does not possess an equilibrium point.

Similarly, as in the proof of Theorem 4.3, for all points Ci(x) = (x, (a1/x) + p1),x#0
the following holds:

Ci(x) < T(Cy(x)). (4.29)
Indeed,

a+ Ay (4 pr)

T(x,% +ﬂ1> =1 x,

A2 +Xx
(4.30)
_ a1x+A2(a1 +ﬂ1x)
A\ (Ay + x)x '
Now, we have
aq a1x+A2(a1 +[51x)
<x,; +ﬂ1>5se<X, (Ar +x)x
(4.31)
a ar1x + Ay (ag + Prx)
< — >
(z)x_xandx+ﬂ1_ (A, + )%
The last inequality is equivalent to
(a1 + p1x) (Az + x) > a1x + Asaty + PrAsx, (4.32)
which always holds.
Monotonicity of T implies
T"(C1 (%)) Zse T (C1 (%)) (4.33)

Set T"(Cy(x)) = {(x',,¥',,)}. Then the sequence {x',} is increasing and the sequence
{v/,} is decreasing. Since {1/, } is decreasingand v, >0, n=1,2,..., then it has to converge.
If {x',} converges, then {(x',,y',)} has to converge to the equilibrium, which is impossible.
This implies that X', — o0, n — oo. The second equation of System (4.26) implies that
y,— 0 n— co.
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Now, take any point (x,y) € R2. Then there exists point C; (x*) = (x*, a1 /x*) such that

Ci(x")Zee(x, ). (4.34)
Monotonicity of T implies
T"(Ci1(x")ZT" (%, ). (4.35)
Set
T"(x,y) = (Xw yn), T"(C1(x")) = (3, ¥p)- (4.36)
Then, we have
Xy < Xp,
) (4.37)
Yn 2 Yn-
Since
Xy — oo, Yy,—0, n— co. (4.38)

we conclude, using the inequalities (4.37), that

Xp — o, Y,—0, n-— oo. (4.39)

Similarly, we can prove the case A> = y», a < ay. O
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