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stochastic volatilities and assume that fast mean-reverting processes determine the
stochastic volatilities. Based on the partial differential equation approach, we derive
the analytical pricing formula of the exchange option price with default risk using the
asymptotic expansion. To verify the accuracy and efficiency of our pricing formula, we
compare the results by our pricing formula with those by Monte Carlo simulation,
which is considered a benchmark. In addition, we provide several graphs to illustrate
the properties of the option for significant parameters.
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1 Introduction

The exchange option, derived from the difference between the values of two underlying
assets, is one of the most popular exotic options in the over-the-counter (OTC) market.
Exchange option that offers the option holder the right to exchange one risky asset for
another at maturity was first introduced by Margrabe [1]. Thus, it is occasionally called
the Margrabe option. Since Margrabe provided a closed-form pricing formula under the
Black-Scholes model [2], there have been various extensions of the exchange option pric-
ing model such as stochastic volatility [3—6], jump-diffusion [7-9], fractional Brownian
motion [10], and stochastic correlation [11].

Since default risk exists for option issuers in the OTC market, credit risk must be con-
sidered when pricing options in the over-the-counter market. The option with default risk
is called a vulnerable option. The valuation of a vulnerable option has been studied with
two approaches: the reduced-form and structural model. Under the reduced-form model,
credit events are determined by the counting process with some intensities. On the other
hand, credit events under the structural model are determined by the relation between
the firm value and the option issuer’s value. Based on these models, various studies have
been on the valuation of vulnerable options.
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The pricing of vulnerable option under the reduced-form model has been studied by
many researchers. Fard [12] provided an analytical pricing solution of vulnerable option
using the Esscher—Girsanov transform when the underlying asset follows a generalized
jump—diffusion model. Wang [13] dealt with the valuation of vulnerable option under the
generalized autoregressive conditional heteroskedasticity (GARCH) model which is one
of the discrete models. Koo and Kim [14] derived an explicit pricing formula of the catas-
trophe option with credit risk based on the reduced-form model of Fard. More recently,
Pasricha and Goel [15] studied the valuation of European power exchange option in a
reduced-form model. They assume that two underlying assets have the correlated jump-
diffusion processes.

Structural model also has been used a lot for pricing of vulnerable option by many re-
searchers. Johnson and Stulz [16] first studied on vulnerable option pricing under the
structural model. Klein [17] improved the model of [16] considering the correlated default
risk. Klein and Inglis [18, 19] considered stochastic interest rate and a default boundary,
which depends on the liabilities of option issuer and option itself when vulnerable op-
tion is priced. Zhou et al. [20] extended the pricing model of Klein [17] with a variable
default boundary based on the option’s potential debt and the option writer’s other liabili-
ties. These results were based on the probabilistic approaches similar to vulnerable option
valuation under the reduced-form model. However, unlike the reduced-form model, par-
tial differential equation (PDE) approach has been also widely used for valuing vulnerable
options under the structural model. The PDEs for vulnerable options have been mainly
solved using Mellin transforms, and many researchers have developed the pricing mod-
els of vulnerable options (for instance, see [21-27]). In this paper, we also develop the
vulnerable option pricing model based on PDE approach. More specifically, we study the
valuation of vulnerable exchange option and extend the pricing model for the option with
a stochastic volatility model.

Stochastic volatility models have been developed to overcome the limitation of the
Black-Scholes model. Stochastic volatility models present the time-varying volatilities
and explain implied volatility patterns that arise in real option markets unlike the Black-
Scholes model. In fact, there have been many kinds of stochastic volatility models to de-
scribe the phenomena in financial option markets, and there exist many studies on vul-
nerable option pricing based on the stochastic volatility models. Yang et al. [28] first con-
sidered a stochastic volatility model for vulnerable option pricing. They chose a stochas-
tic volatility model with fast mean-reversion introduced by Fouque et al. [29] and derived
asymptotic expansion formula of European vulnerable option price. Wang et al. [30] inves-
tigated the pricing of vulnerable option under a stochastic volatility which has the short-
term fluctuation with a mean-reverting process. In addition, Lee and Kim [31] dealt with
a multiscale generalized Heston’s stochastic volatility model for the pricing of defaultable
options. Wang [32] proposed a stochastic volatility model which captures leverage effects
and stochastic correlation and obtained an analytic pricing formula of Asian option with
counterparty risk under the proposed model. Ma et al. [33] considered the GARCH diffu-
sion model as the stochastic volatility model for pricing of the vulnerable European option,
and calculated the price using the fast Fourier transform (FFT) algorithm. We also study
vulnerable option pricing with a stochastic volatility model. Specifically, we derive the an-
alytical pricing formula of exchange option with default risk based on the stochastic model

of [29] and verify our formula with some numerical results.
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The contribution of this work is to find the pricing formula of exchange option with
default risk under the stochastic volatility. To present our results, this paper is structured
as follows. In Sect. 2, we introduce the model of a stochastic volatility model for vulnerable
exchange option and derived the pricing formula of vulnerable exchange option under the
proposed model. In Sect. 3, we provide some numerical results to examine the features of
the vulnerable exchange option with a stochastic volatility model. In Sect. 4, we provide

the concluding remarks.

2 Model and option pricing
In this section, we investigate an asymptotic analysis approach to price the vulnerable ex-
change option under a stochastic volatility model. Specifically, we introduce the model for
the vulnerable exchange option with a stochastic volatility model and derive an analytical
pricing formula for the option using an asymptotic approach.

Let S! and S? be underlying assets and V; be an asset value process of the option issuer.
We assume that the stochastic differential equations for the processes S}, S?, and V; are as

follows.

ds} =rS} dt + f(Y})S.dW},

NO i

V2,

dy) = _?(ml_ytl)— — (Y, )_ dt+ —= dz;,
ds? = rS2dt + f,(Y2)S? dW?,
[k V2v 1., 2v
dy? = _f(mg -2 - ﬁz Ao (Y] )_ dt + ﬁz dz},
v, =rVidt +f,(Y) V. dW/,
v _kv «/ﬁvv " \/Evv
dy; = _?(mv— YY) - 7AV(Yt)] dt + 7 azy, 1)

where r is the risk-free interest rate, A; (i = 1,2, v) are the market prices of volatility risk and
W; and Zﬁ fori=1,2,vare the standard Brownian motions under the risk-neutral measure
Q. Here, The Ornstein—Uhlenbeck (OU) processes Y}, Y72, and Y} mean the volatility
driven process for S}, S?, and V/, respectively, and are set to reflect the fast mean reverting
volatility environment. The correlation structures of the Brownian motions are set up as
follows.

Aw?2dW, = p,, dt,

AW!W? = piadt,  dAW}dW} = py, dt,

aw}dz} =mdt,  AW}dZ! =n,dt,  dW!dZ]=n,dt. (2)

Then, the price of vulnerable exchange option under the measure Q is given by

PG (t; $1,82, V,ylxyZ’yV)
=E9[e " T n(Sy, S3, V)IS; = 51,57 =50, Ve = v, Y} = y1, Y2 = 30, Y[ = ],
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where / is the payoff function of the vulnerable exchange option, which is defined by

1-a)V;
(St S, Vr) = (S7 - S7)" (1{VT>D*1 + Lypepn —— ).

D

The default of option issuer occurs if asset value V7 is less than the default level D* at
maturity T and recovery rate is set to (1 — «)Vr/D, where « is the deadweight cost of
bankruptcy and D is the expected value of the option issuer’s total liability at maturity.
From the Feynman-Kac formula, the price P¢ satisfies the following PDE:

‘CGPE(t,SI»SZy Vny;yZ:yv) =0, (3)

PE(T) 81,52, V:yl:yZ)yv) = h(Sl,Sz, V);
where

1 1
L= gﬁo + ﬁﬁl + Ez,

and

Lo =l )a o )a K )a , 02,07 ,0°
=kKimy —y1)— +kolmy —y2) — + KMy — ) — + V] — + V) — + Vv, —,
0 171 =) n 2\ — Y2 2 v Y 3, 1 aﬁ 28}% ayf

a a ad
£1 = —ﬁV1A1()/1)— — \/51)21\2()/2)— - \/EVVAV()/V)—
a1 Y2 ay

14

92 92 92
+/2vinfi()s1 + /202192 (92)s2 + V2 0)8y ———,
05101 0820 08,0y,
0 0 0 0 1 92
,C - o - . —f2 27
275 " r(sl o5 2as, T ov ) i

Yoo L g &
+= 55— + =fr () —
ik 22582 2 92
2 82 2

OO OIS+ 0ROy .

+ p1fi(1)2(r2)s182 3520V

851 352

To obtain a pricing formula for the option by using the asymptotic approach in [29], we
first expand P in power of \/€, P€ = Py + ,/€P; + €P + - - - . Then we have

1 1
EEOPO + —6(£0P1 + Elp()) + (,C()Pz + £1P1 + £2P0)

f
+«/E(£0P3+,C1P2+£2P1)+“~ =0. (4')

In order to derive a solution for the equation £yPy = 0 in the %-order term in (4), Py
should be independent of 1, y,, and y,, in other words, Py = Py(t, 51,52, v). Inserting Py to
the ﬁ-order term in (4), P; is also independent of y;, ¥, and y, similar to Py. We then
have the Poisson equation

,C()Pz + ,CzP() =0 (5)
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in zero-order term, which must hold its solvability condition (£,Py) = 0. Here, (-) denotes
the expectation with respect to the invariant distribution ® of the three-dimensional pro-
cesses (Y}, Y2, Y}). From the independence assumption, the invariant distribution & is
defined as the product of each invariant distribution of Y}, Y? and Y}. That is,

o] 1)

~2
2V;

cD(yl:eryv) = 1_[

1
i=1,2, /2 D}
v

where 7} = . Therefore, Py satisfies the following PDE:

S

(CZ)P(](t,Sl,Sz, V) = O;

1-a)v
Po(T,s1,82,v) = (51— 82)" (1{v>D*} + 1pepr) 5 ) (6)
where
r 0 L oo 1o 1 5.,
(Ly) = % +r(D1+Dy+Dy— )+ EO’IDI + 5021)2 + EUVD"
+ 0120102 D1D; + 01,0616, D1 D, + 02,026, D2D,.

n . n
and D! = s" 25 fori=1,2, D = v 2

i 9sy v’

a1 =4/{f20n),

_ pu{fin)h0n)
Pr2=——-=-—"""

0102

— ,Olv(ﬁ()/l)fv()/v))

Plv=—"T-—=-
010y

= 210021 0)) ?
0920y

Since Eq. (6) represents a three-dimensional Black-Scholes equation, we can derive the
Black-Scholes formula for Py from the work outlined in [22]. The price Py includes the
volatilities 1, &2, and &, and the correlation coefficients p;», 014, and py,. This can be

summarized in the following theorem:

Theorem 1 If Py, Py, and their y;-partial derivatives do not grow exponentially as y; goes
to infinity for i = 1,2, v, then the leading order term P is independent of y1, y2, and y,, and
is given by

Py(t,51,52,V) = s1Na (a1, az; 03) — soNa(by, ba; 63)

1-a)v
St

D (516 TON (c1, 005 -03) — 526 TN (dh, do; —03)),
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where
1 S o
a = 1 _1 _12 T—t,
012 T-t 82 2
1 14 ,(31V6'16'V+V 5'1,)
azz_gln—+<_——— T-t,
O’VVT—t D* Oy 2

1 v P2 020, + T c'rv>
bzziln—+(_7—— T-t,
oNT -t D* oy 2
1 s 01,010y — 02,020, O
1= 1n_1+(p1vlv_p2v2v+£) Tt
opvT -t $2 012 2
1 v 01,010y, + T 6V)
g=-———h—-[——— + — T -t
oNT -t D* ( oy 2
1 s _
dy = lns—1+ <p1v010v_ P2v020y _g)m’
012 T-t $2 012 2
1 % P2,020, + 1 Oy
dy = —_— -+ — T -t
> A/—_t " s ( 5, 2

01 = P1,010y — 02,020y,
0y = 1521/6261/ +7,
P1v01 — 02,072

by = ————,

012

_ > 2 -
012=\/01 + 0y — 20120102,

and N is the cumulative density function for two-dimensional normal distribution defined

by

u® = 2puv + v
p )dudv.

Nale i) = /_oo /_oo 27/1 = p? CXP(_ 2(1-p?)

Next, we consider Eq. (6) to find the correction term P;. Equation (6) yields

LoPy = LyPy — (L) Py

92 92
:—(fl(yl) crl)s1 P0+ (fz()/z) 02)5282P°+ (fz(yv 52 ﬁpo

2

+ Plz(ﬁUl)ﬁ(y2) - (fl(yl)fzo/Z)))Slsz BS?asz Po

2

35181/
2

+ o1 (ALY = (ROVAGW)))s1v Py

+ 02 (02 00) = (2 02)f (1)) s2v 838281/1)0'
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and Eq. (5) leads

Py = — L3N (L2P)
— L5M (L2 = (£2))Po

1 a2
-5 (¢1()’1) + Cl(t’ 81,82, Vs Z))S% PO
2 ds?

1 92
- 5(¢>2(yz) + (651,82, v, Z))Sgﬁpo
2
1(¢(y)+ (t ))282]3
5 v Wv) + L, 81,82, V,2) )V 912 0
82
= p12($12011,72) + c1a(t,51,52,v,2))s152 0
05108)
82
_ plv(¢1v()’lr)’v) + c1(2, 81,82, V,Z))SwaSlaVPo
82
- p2v(¢2v(y2:yv) + Coy(, 81,82, V,Z))SzV Po.
0820V

Here, the functions ¢; (i = 1,2, v), $12, $1,, and ¢, are the solutions of the following Poisson
equations.

Lop1(n) =f10n) - 61,

Lopa(y2) = f5 (92) - 55,

Lodu(ys) =17 0n) = 6.,

/30(1512()’1;)’2) =fl ()’1)f2()/2) - <f1()’1)f2()/2)),

Lod1, 1 9v) = L01)H00) = (AODAO)),

Loy (y2,9v) = 02 0) = (o 02)f 00)), 8
where ¢; (i = 1,2,v), c12, ¢1,, and ¢y, are the integral constant function. Since the operator
Ly depends on the variables y;, ¥5, and y,, ¢; (i = 1,2,v), ¢12, ¢1,, and ¢y, are the func-
tions with three variables. However, as a result of the spectral theory, the functions can
be defined as above. We leave the details of this in the Appendix. In /€-order term in
(4), we have the PDE for Pz, LoP3 + L1Py + L,P; =0, and (L1P,) + (£,)P; = 0 holds from
the solvability condition for Ps. Furthermore, since the terminal condition in Eq. (3) does
not depend on the small parameter ¢, it leads us to the conclusion that P;(T) = 0 from
PS(T) = Po(T) + \/€P1(T) + --- . As a result of this, we can further derive the following
PDE for P§(:= \/€Py).

(L2)P] = H Py,

Pi(T;SI,SZr V) =0, (9)
where

HE = VelL1L51 (L2 = (L))
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14

= «/E< (—\/51)11\1()/1)i - \/ivzl\z()/z)i - \/EVvAv()/v)—
an 9y2

2
2v1nm(y1>slasfa Doanah(1)n g 4 VB OV )

1 92 1 52
X [§(¢10’1) + Cl(t,Ssz,V,Z))S%a—S% + E(d’z(ﬁ’z) + Cz(t,sl,szyV»Z))S%a—S%

82
(¢v(yv) + Cv(t 81,82, V, Z))V ﬁ + P12(¢12()/1,y2)
82

+ C12(%,81,82,V,2))8180 ———
() ) ) ) )) 8S18S2

32

+ ,01v(¢1v()/1,yv) + c1y(t, s1,82, Z))SIV
0810V

82
+ pay (¢2v(72:}’v) + (8, 81,52,V Z))Szv 95,37 ] >

Consequently, the following theorem is derived.

Theorem 2 Under the same conditions as in Theorem 1, the fast correction term PS5, which
is the solution of the PDE (9), is given by

P{=—(T - t)H Py,
where

He = — [D1(ViD} + V{,D1 Dy + Vi, D1D,) + Dy (Vs D5 + Vs, D1 Dy + Vs, Dy D,)
+D,(ViD} + VD1 D, + VE,D,D,) + Wi D} + Wi, D1 D, + Wi, DD,

+ W5 Dj + W5, D1 Dy + Wy, Dy D, + WDy + W D1 D, + Wi, DDy, (10)

and

e__ﬁm"i</. 19 4 >
Vi - «/E l(yl)a i¢t(yz) ’

- Eenppu 0 -010:)

W - ﬂ( 0020100,
=2¢ pl,v,<A(yl ¢l,(yuy,> (11)

Sori,j=1,2,v. Here, pj; = p; and ¢j; = ¢;; are considered for the case where ¢;; is not defined
(for example, ¢, is replaced by ¢1,).

Proof Since the differential operators 5, D! (i = 1,2,v) are commutative for any n € N,

the operator (£,) and H€ are also commutative, and

(L2)Py = (La2)(t = TYH Py

Page 8 of 18
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=H Py + (t — T)({L2) HPo)
=H P+ (t = T)(H (L2)Po)
= HEP,. -

From Theorem 1 and Theorem 2, we can obtain the analytical pricing formula of vul-
nerable exchange option as the approximate solution. Moreover, we verify the accuracy of
the solution in the following theorem.

Theorem 3 Let P¢ = Py + P%, then P¢ approximates to P¢ in (3) with order €**loge. In
other words, there exist a positive constant C such that

’PE —136‘ < Ce?Plog|el.

Proof Since the option in this study has non-smooth and discontinuous payoff, the proof
will sequentially cover three steps. First, we analyze the error of accuracy for smooth pay-
offs. We then consider the case of continuous but non-smooth payoffs. Finally, we address
the error of accuracy for discontinuous payoffs.

Firstly, if the payoff function for P is smooth, it is known that P¢ approximates to P*
with order € (refer to [34, 35]). Reviewing the whole process, first let R = P€ — P¢, where
Pe=P+epy+ €4/€P3. We also suppose that the payoff function for P¢ and its derivatives
are smooth and bounded. We then obtain the following from £¢P¢ = 0 in Eq. (3):

1 1
LR + —E()Po + _(EOPI + EIPO) + (ﬁopz + Elpl + Ezpo)
€ J€

+ \/E(;C()P?, + £1P2 + £2P1) + €(£1P3 + £2P2 + \/g[,ng) (12)

=0.

From ;C()Po =0, £0P1 + L‘,lpo =0, £0P2 + Elpl + sz() =0, and [,opg + £1P2 + /321)1 =0in
Eq. (4), The Eq. (12) is rewritten as

LR+ €R =0,

where R{ = L1P5 + L3P, + /€ L,P3. Considering the terminal condition for Py and P; in
Eq. (6) and Eq. (9), respectively, we obtain

RG(T)SLSZ; VrylxyZ’yv) = _EPZ(T’ 81,82, V;yhyZ:yv) - E\/EPS(T’ 81,82, V;ylryZ;yv)'
Hence, one can use the Feynman—Kac probabilistic representation formula to lead
R =€E® |:e_’(T_t) (-Po(T, 87,83, V1, Y7, Y7, Y7
- ers(T, S}, S5, Vi, Y1, Y7, YY)

T
+ / e IR (u, S, S2, Vi, Yo, Y2, YY) du
t

Stlr S?; ‘/tr Ytl, Ytz; th};
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and then

P — P¢| < |R°| + P - |

= le,

for some constant C; > 0.

We then apply the regularization method described in [36] for handling non-smooth
payoff functions. As a brief sketch of the second step of the proof, we start by regularizing
an option with a continuous yet non-smooth payoff (such as a call option). Since our op-
tion has three underlying assets, for simplicity, let C" be an one-dimensional call option
where the payoff is replaced by the Black-Scholes call option price at ¢ = T — n for small
parameter 7. Further, let C¢" represent the first-order approximation of C¢”, such that

C"~ C" = Cj + /€C],
where

Cy(t,1) = Cps(t —1,51561),

JeC! = (T - )H:C). (13)

Here, the operator H{ is the one-dimensional reduced form of the operator ¢ in Eq. (10).
From this, we can deduce that

|CE - C¢| < |C - Co| + |C" = C| + |Co" - CF| (14)

and the right hand side of Eq. (14) is bounded by three terms (n, € In |7/, %). Refer to [36]
for details.

Lastly, in the case of a discontinuous payoff (such as digital options), an additional fac-

~1/2 js required due to the successive derivatives of C¢ in Eq. (13). This modification

3/2 . . .
el\'}%’” , ET). For further details on discontin-

uous payoffs, please refer to [37]. By substituting = e?, we derive the max-min problem:

tor n

bounds the error term by the three terms (7,

max minig,1 q 3

xminyg,1- =, - -¢q7p.
q ) q

This problem has the solution g = %, leading to an order of accuracy for the error:
|C — C¢| = O(e* log e]).

Given that the exchange option in this study carries a default risk, it has a discontinu-
ous payoff for V;. Although the exchange option has three underlying asset processes, it
is not difficult to extend the methodology from the one-dimensional digital option case
mentioned earlier. As a results, we establish

|P¢ —P| < Ce*log Je|

for some constant C > 0. O
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3 Numerical results

In this section, we carry out several numerical experiments to illustrate the value of vul-
nerable option and to verify our results. Specifically, we provide some graphs to show the
movements for the sensitivity analysis with respect to the significant parameters and im-
plement the Monte-Carlo (MC) simulation, which is generally used for pricing of multi-
asset options, for the verification of our result.

For feasible conduction of numerical experiment, the volatilities f; in (1) are specified as

follows.
ds! = rSdt + ¥ S} AW}, (15)
dy} = I%(ml ~Y})drt+ ‘/j;_“ dz}, (16)
dS? = rS2dt + e S2dW?2, (17)
dy? = %(m2 ~Y?)dt + ‘/;’2 dz?, (18)

AV, =rV,dt + e V,dw}, (19)

V2,
Je

ay; = k:”(mv - Y))dt +

dz. (20)

From the calculation in the appendix of [35], the group parameters in (7) and (11) can be

obtained by
0; = e'”"“jiz, (1)
Pij = Pij exp{—% (57 +77) }, (22)
us = éij exp{Sm,- + gf}f} (62‘71‘2 -1), (23)
us; = @ exp{2m,v +mj + %(26? +77) } (eﬁi2 -1), (24)

for i,j = 1,2, v, where f)iz = vl-z/ki. For the experiment, the baseline parameters are needed.
We use the following baseline parameters r = 0.05, « = 0.25, D = D* = 70, S} = 100, S3 =
100, Vo =100, ky = ky =k, =1, my = my =m3 = —-1.45, p1o = p1, = p2 =02, 11 =12 =1, =
—0.5, € =0.01 and T = 3 unless otherwise stated. From these parameters and (21), (22),

(23) and (24), we can determine the group parameters. The parameters are as follows.

61=03012,  5,=03012,  &,=0.2019,

p12 = 0.1557, o1, = 0.1557, P2y = 0.1557,

U =-111x 1073,  U5=-111x1073,  U=-3.33x107%,
us,=-151x10",  Uf,=-1.01x10" U5 =-151x10",

us,=-1.01x 107", Uus, =-678x107°,  US,=-678x107.

Page 11 of 18
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Figure 2 Option values with respect to S} for different p1;
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(a) 1315 varying with positive p1, and p2,.(b) 15'1E varying with negative p1, and pa,.

Figure 3 Option values with respect to V for different p1, and py,

Figure 1(a) and Fig. 1(b) illustrate the sensitivities of the option value P§ and the cor-
rection term P with respect to initial values of two underlying assets. In Fig. 1, we can
observe that the effect of stochastic volatility correction is nonlinear with respect to the
underlying assets. Note that the values P{ and P are more sensitive with respect to as-
set S} than asset SZ. Figure 2(a), Fig. 2(b), Fig. 3(a), and Fig. 3(b) present how the option
value with the stochastic volatility changes for different correlations when the underlying
assets S! and V increase. In Fig. 2, it can be seen that high value of correlation p1, lowers
the option value. We also find the results in higher value difference for positive values of

Page 12 of 18
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50 75 100 125 150
Vo

(a) ]5f varying with different D. (b) 1515 varying with different D*.

Figure 4 Option values with respect to Vj for different D and D*

correlation p13. In contrast to Fig. 2, Fig. 3 shows that the option value increases as the
correlation between underlying asset and the option issuer’s asset increases. However, we
can see that the option values converge to the same value for all correlations if V is suffi-
ciently large. Figure 4(a) and Fig. 4(b) present how the option value changes for different
D and D* as the option issuer’s asset V varies. As expected, higher values of D and D* cor-
respond to lower values of vulnerable exchange option, and the option values converge to
the same value for all values of D and D* if the value of V is sufficiently large. We also find
that the option values are more sensitive with respect to values of D than values of D*.

In what follows, we show the accuracy of our pricing formula by comparing the val-
ues of P and the values by MC simulation. The MC simulation is based on the processes
(15), (16), (17), (18), (19), (20), and the baseline parameters. It is well known that the MC
method is very costly in terms of time. However, the MC method is widely used to verify
the accuracy in pricing of financial derivatives since the value by the MC method con-
verges to exact value for sufficiently large sample paths. For the experiment of MC simu-
lation with the stability, we adopt the Euler scheme with N = 1,000,000 sample paths and
M =1000 x T time steps for the discretization of the stochastic processes. The numeri-
cal results are presented in Table 1. Values of ‘R-err’ in Table 1 denote the relative error
defined by

» | Pricing formula’ — ‘Monte Carlo’

R-err — -
Pricing formula

The results of Table 1 show that our analytical pricing formula for vulnerable exchange
option provides the exact value. Moreover, we can see that it takes less than 0.01 seconds
to calculate each option value. In other words, we consider the value obtained by the MC
simulation as the benchmark and verify the accuracy and efficiency of our formula com-
pared to benchmark value.

4 Concluding remarks

In this paper, we study the valuation of exchange option with default risk, which is called
‘vulnerable exchange option, under a stochastic volatility model. The stochastic volatil-
ity model is assumed as a fast mean-reverting model. Since vulnerable exchange option
consist of three underlying assets, we assume that the processes of three assets follow the
stochastic volatility model. We derive the PDE for vulnerable exchange option based on
asymptotic expansion approach and provide an explicit analytical pricing formula of the
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Table 1 Values obtained from our approach and values from Monte-Carlo simulation. The baseline
parameters are r = 0.02, & = 0.5, D =100, S} = 100, $3 = 100, Vo = 100, ks =k =k, = 1,
miy=my=my,=-2, p12 = p1v= P2y =05,and ny =n, =n, =-0.7. Pricing formula* in Py denotes
the value obtained from Theorem 1. Av. run time’ denotes average CPU execution time for the
computation when T =3

Py Pé(=Po +F%)

T D* Pricing formula* Monte Carlo  R-err Pricing formula  Monte Carlo  R-err

Panel A.€ =0.01

170 6.1275 6.1324 80x 10 6.0996 6.1141 24 %1073
80 5.9549 5.9610 1.0%x 1073 5.9069 5.9208 23 %1073
90 54297 54353 10x 1073 53947 54077 24 %1073

3 70 10.2437 10.2326 1.1 %1073 10.1801 10.2058 25% 1073
80 96883 96794 90 x 10 96293 9.6498 2.1 %1073
90 8.9200 89118 90 x 107 88798 89014 24 %1073

Panel B.€ =0.02

1 70 6.1275 6.6.1324 80x 10 6.0881 6.0596 47 %1073
80 5.9549 5.9610 1.0x 107 58870 5.8639 39 %1073
90 54297 54353 10x 1073 53802 53629 32 %1073

3 70 10.2437 10.2326 1.1 %1073 101536 10.1374 16 x 107
80 96883 96794 90 x 107 9.6049 9.5900 16x 1073
90 8.9200 89118 90x 10 8.8631 8.8481 17 %1073

Av. run time (T=3) 0.0097 s 26 min48s

option with the correction term. We also carry out the numerical experiments to show
some features of vulnerable exchange option and the accuracy of our formula. We pro-
vide some graphs to illustrate the features of the option. From the graphs, we observe the
stochastic volatility correction effect on the vulnerable exchange option and the behaviors
of the option values with respect to some significant parameters. In addition, MC simula-
tion is applied to obtain the value that is considered as a benchmark. From the numerical
results with MC simulation, we can find that our formula is accurate and efficient in pric-
ing of the vulnerable exchange option.

Appendix: Spectral theory
In this section, we investigate the dependence of the functions defined in (8) on certain

variables. Without loss of generality, we consider only ¢; and ¢, here, which should be
defined as

Lopr(y1,52,9v) =f£ 1) -7,
Lod1201,y2,3) = L0)A02) - (A01)A02)),

where

0 0 d
Loy = ky(m —y1)— + ko (my —)’2)— + Kk, (m, —yv)—
8y1 8)’2

Yy
82 2 32
+ k02— + ko2 — + kD2 —
PR TRy T

[S]

and v? = ],)(—’ for i = 1,2,v. Using the change of variables

yi=m; + D;u; (l =1,2, V),
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the operator £y can be converted to Lo, which is given by

< 92 0] 92 d 92 0]
PN (LN IR AL B DAL |
0 l(au% u18u1>+ 2(8u§ u28u2)+ <8u% " Buv>

The operator L is the infinitesimal generator of a multivariate OU process with zero
mean-reverting level. Also the invariant distribution y of the OU process is given by the

product of the univariate OU processes because of their independence, as follows.

y(dur,dus,du) = [ vilduy),

i=1,2,v

where

1

2
et 12 dbti,

vildu;) =

for i = 1,2,v. According to [38, 39], the operator Lo has the eigenfunction H,, which is

known as the Hermite polynomial and given by

H, (Mljubuv) = 1_[ Ha,‘ (ui):

i=1,2,v

for index « = (a1, 09,,) € N3, Here, N® denotes the set of all three-dimensional positive
integers. Also, its corresponding eigenvalue is —k - «, where k = (k1 ky, k,), and it means
that the following holds.

[:OHot (MI’ us, uv) = _(klal + Kooty + kvav)Ha (Mh us, uv)-

By a result of spectral theory, the set of the polynomial H, forms a complete orthogonal
basis for the Hilbert space L(y) in which the inner product is given by

if.8)= ///3f(u1,uz, uy)g(ur, t, )y (dur, dus, du,),
R
for f,g € L*(y). Therefore, the three-dimensional Poisson equation,
EOQ’;I (le u, uv) :jiz(ul) - 0_'12,

has the following solution

~ e 1
Uy, Uy, Uy) = — —H,(uq1,uy,u,),
o1 (1, u, 1) ZNg)k'“\/a o (U1, Uz, )
oe

where

1 . _
Co = <ﬁHa(ul, uo, ), fE(uy) — 012>,
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and a! = a7lay!

a,!. By simple calculation, one can obtain

Cq = <%Ha(ul: us, uv):ff(ul) - &12>
_ J% /R Hopy 102) (P2 0t2) = 2) (i) /R Ha (1t2)y (d) /R Ha (1) (du,)
and
1 ife;=0,
[ Hotwaptau={
R ifa; >0,

for i = 1,2, v. Hence, we conclude that

Cy =
0

S o Hay )2 1) ~ 67y (duwy) iy = 0 and t, = 0,

otherwise,

and ¢~)1 is the function of u;, which means ¢; is the function of y;.

Similarly, the equation,

[:00312(141,

Uy, Uy) f1 u1f2 Uy) (fl(h)fz(yz»

has the solution of the form

¢>12(u1, us

S Uy) = Z = afH o (01, U, 1),

aeN3

where
1 - -
da = <ﬁHa(u1’ U, uv);fl(ul)fZ(MZ) - (fl()’l)fﬁ()’z))>
1 - -
Tt J e Hoy (1) oy (1) (F (101 (142)
= — (L)Y (dur)y (duy) ifae, =0,

0 otherwise.
Therefore, ¢;5 is also the function of y; and y,.
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