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1 Introduction

In recent years, fractional differential equations have attracted much attention since they
play an important role in widespread fields such as biochemistry, physics, biology, chem-
istry, and finance; please refer to [1-6]. The interest of the study of fractional differen-
tial equations lies in the fact that the fractional-order derivatives and integrals enable the
description of memory and hereditary properties of various materials and processes [7].
Time-fractional diffusion equations, obtained from the standard diffusion equation by re-
placing the standard time derivative with a time-fractional derivative, have been stud-
ied with respect to their direct problems in different contexts, see [8—16] and references
therein.

In some practical problems, we need to determine the diffusion coefficients, initial data
or source term by additional measured data that will lead to some fractional diffusion
inverse problems. Among them, the inverse source problems for the time-fractional dif-
fusion equations have been widely studied. A large number of studies has been done to
research the uniqueness [17-19], conditional stability [18—20], and numerical computa-
tions [18-25] of these problems. Many methods for solving these problems are based on
the eigenfunction system of a corresponding differential operator [19-24]. This leads to
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a problem: only when the solution satisfies certain boundary conditions can the methods
obtain better convergence results. Next, we illustrate this with the inverse source problem
considered in this paper.

We consider the following unknown source problem in a time-fractional diffusion equa-
tion [20]:

00f U — Uy =f(x), O0<x<1,0<t<T,
u(0,t) =u(1,£) =0, 0<t<T,
u(x,0) =0, 0<x<1,

(1)
u(x, T) :g(x)¢ 0<x<1,

where (9 u is the left-sided Caputo fractional derivative of order « defined by

N 1 L du(x,s) ds
00, u = , O<a<l,
ra-w) s (t—s)*

where I'(-) is the Gamma function. Our goal is to recover the source term f(x) from the
final data u(x, T') = g(x). Since the data g(x) is usually based on the observation, they must
contain errors and we assume the noisy data g° satisfies

lg’ -] <s. ©)

To obtain the solution of problem (1), we solve the following Sturm-Liouville Problem
(SLP)

X"+AX=0, in(0,1),

®3)
X(0)=X(1)=0.
Its solution is
A = 0272, Xg:x/isinﬁnx, £=1,2,....
If we define the generalized Mittag—Leffler function as
E, = _—, 4
2 ]X;« T(ak + B) @

where @ > 0, 8 € R, then it can be deduced that the solution of (1) has the form [20]:

o]

1= Egy(—et®)
u(x, t) = Z #(}C;XZ)XZO
=1 ¢

Hence, we can obtain

o0

1—E 1 (-€27%T%)
gw)=>" e (f, X0)X..
=1
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Define operator K : f — g as

o0

Kf(x)=Y

=1

1—E  (—0272T"
T x0%, = gt (5)

then a singular system {oy, ¢¢, ¢} of K can be given as

1-Eg1(=2,T%)
op= T ==X, (6)
Ay
Hence, the inverse problem (1) can be transformed into solving the following compact
operator equation

Kf =g’ 7)

Based on the above singular system, we can obtain the stable solution of (7) by differ-
ent regularization schemes and the complete process of the truncation method has been
given in [20]. In this framework, the following source condition is needed to obtain the
convergence rates of the regularization solution:

1

(Z)\2|(f:Xz)|2) <E;, r>0, ®)
=1

where E; > 0 is a constant. In other words, the smoothness of the function is character-
ized by the decay rate of the expansion coefficient with respect to X,. However, it is well
known that the Fourier-sine coefficients of a function can decay rapidly only if the function
satisfies certain boundary conditions. Specifically, if boundary condition

does not hold, then even if the function is sufficiently smooth, the condition (8) holds
only for r < 1. The fundamental reason for this situation is that the SLP in formula (3)
is regular, i.e., a smooth function can be approximated by the eigenfunctions of (3) with
spectral accuracy if and only if all its even derivatives vanish at the boundary [26].

Hence, in this paper we change the approach to approximate the source term f. A di-
rect idea is that we can construct an approximation by Jacobi polynomials that are eigen-
functions of the singular SLPs. Jacobi polynomials as recommended basis functions have
been used to solve some inverse problems [27-30]. In this paper, we will use the Jacobi
polynomials instead of eigenfunctions {X,}. Moreover, we introduce a modified Tikhonov
method to overcome the illposedness of the problem (7). The method has been used to
solve a numerical differentiation problem in [30]. A discrepancy principle will be used to
choose the regularization parameter and the new method can self-adaptively obtain the
convergence rate without the limitation of boundary conditions.

The outline of the paper is as follows: we construct the regularization solution by a mod-
ified Tikhonov regularization method with Jacobi polynomials in Sect. 2. In Sect. 3, the
detailed theoretical analysis of the method is carried out. Some numerical examples are
given in Sect. 4 to confirm the effectiveness of the method. Finally, we end this paper with
a brief conclusion in Sect. 5.
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2 A modified Tikhonov regularization method based on Jacobi polynomials
The kth Jacobi polynomials are defined by [26]

k k
(_1) 1 d [(1 _x)sz(l +x)k+ﬂ]’

o, _ I
P ) = 2Kkl (1 —x)2(1 + x)P dxk 9)

k=0,1,..., a,8 > -1.

They satisfy the orthogonality relations

1
/ P ()PP ()P (x) dx = v b
-1

where

wp 2P (k+o+DI(k+p+1)

Ve T k+a+Br DT (k+a+B+1)

From [26], the following derivative relations hold
@ ap B prt B '
d—J(/Pk (%) = dk,/’ Pk,j ), k=j (10)

where

b Fk+j+a+pB+1)
K7 oT(k+a+p+1) "

Since we consider the problem in the interval A = [0,1], we introduce the functions

Ly (x), Jx(x) by coordinate transformation:

Li(x) = v/2k + 1PY°(2x - 1),

Ji(x) = J(Zm 4)P%Z(zx -1), x€[0,1]. .
The following related properties can be easily obtained:

L(0) = (-1)'V2k+1, L) =v2k+1, and L) = (), (12)
where

e = k= 1Dk(k + 1) (k + 2)‘

4

The orthogonality relations of Ly and J; can be given as:

/ALk(x)Lj(x) dx = 8y,

/A @) da = 8
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with
o) = 0*(2x - 1) = (dx - 42?)".

The weighted space L2 (A) is defined as

1/2
Lf)(A) = {f: Wfllz2 = </A w(x) 2(x)dx) < oo}. (13)

For a function f € L2 (A), we can obtain

@) =" fik(x),
k=0

with
fi= / ) i) d.
A

By the Parseval equality
12 = D7
k=0

Let vector f = (ﬁ), fi,.. .f,,, ...)T that contains all expansion coefficients of f € L2 (A) with
respect to Ji(x), and we define the operators

(THE) =Y fik(),
k=0

L (14)
PNf:(ﬁ)) 11"';fN1010)"')T;

R?: (fO’efiy...,enj;,,...)T,

where N is a nonnegative integer and e is the natural constant.
We introduce the following variable Hilbert scale spaces

oo

Wy = 3f € L2(A): IFIG, = Y v (R)f <oo}, (15)

k=0

where ¢ : [0, 00) — (0, 00) is a nondecreasing function satisfying lim,_, o, ¥ (x) = 0. In this
paper, we will consider the following two cases:
1.  Finitely smoothing case:

1, «x<1,

V(%) = ¢r(x) = r>1 (16)

x", x>1,

2. Infinitely smoothing case:

U(x) = ¢i(x) =€, A>0. (17)
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In both cases, the regularization solution of problem (1) is defined as the minimizer of the

following Tikhonov functional:
2
| K=" + oI, (18)

where p is a regularization parameter and it will be chosen by the Morozov discrepancy

principle: p is the solution of the equation
|Kn-¢'| = Cs, (19)

with a given constant C > 1.
Ifwelet A=K7 and s = jfl, then (18) becomes

|Ah—g*|* + plIRR|%, (20)
hence, the minimizer of (18) can be given as

W= TR, (21)
where l_i‘sp is the solution of equation

(A*A + pR2)fl = A*g. (22)
In this case, the equation (19) converts to

|ARS - ¢ | = Cs. (23)
Lemma 1 [20] For 0 <« < 1, E, ; is a monotone decreasing function for t > 0 and we have

1=E41(0)>Ey 1(-t)>0, £>0. (24)

Lemma 2 [31] If we let B = AR, then by using functional calculus, we have

_ 1
W =R'd,(B*B)B*g  withd,(}) = T (25)

The function d, : (0, | B||*] — (0, 00) such that
1
supA?ld, (V)| < —, supA|d, (V)] <1 (26)
A>g | ? { 2\//_) k>£) ! P |
and

supAl2[1 - ad, (1) < 4, sup|1 - Ad,(3)| < 1. 27)
A>0 A>0
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3 Convergence rates of the regularization solution
We will derive the error estimates of the method in this section. For any f € W2, let f=

(Forfrreeerfor )T,

fv=Pnf,  fu=T(Pyf) (28)
and we define ?,,)N by

f,n = R7'd,(B*B)B*Afy. (29)
It should be noted that we only use the parameter N for theoretical derivation and it does
not appear in practical computing. In the following different proof process, N has to be

chosen properly. This approach is borrowed from [31].
It is easy to obtain that

Ak, ~£,x) = Bd, (B"B)B" (¢’ - Aly),
A(fy -, x) = B[I - d,(B*B)B* B| Ry,
U, . (30)
R(h‘fO ~f,n) =d,(B*B)B* (g’ - Aty),
R(fy - f,n) = [1 - d,(B*B)B*B]Riy.
Lemma 3 Iff e W, then we have
. 2k 3
IRfwle < ( ax W(k)> £ ls- (31)
Proof From (14) and (15)
R N N
IREN N2 = e = Z - - (k)f
k=0 i V)
e
= 05N Y20 Z VR < 0k wz(k) Hfllw O
Now, we define an operator K as
PRI |
Kf = —(f, Xo)Xo. 32
9% L}:Zl i (f, Xe)Xe (32)
Then, it is easily to see that
K k —F || Kf]||
KA < IRF < 1 g ] (33)
Lemma4 Iff e sz , then there exists a constant c¢; > 0 such that
|4~ Pa)t] < (34)

Nw(N
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Proof Let h; = JE, hy = j(PNE) and g; = Kh;, i =1,2. Then, it can be deduced that q; are

the solutions of the following equations:

-q! = hi(x), x€(0,1),
q:(0) = g;(1) = 0.

Then, from (12), we can obtain

© 7 k+1 / o k. / z
ql(x):—znfk Lk+2(x)+(z [+ 2k + o +ZM) (35)

k=0 k+2 k=0 Nk+2 =0 Nk+2

and

N7 N k+ / 7 N & ~
qZ(x)z‘Z A Fraala) + (Z 1+ D™ 2k+5kx+ZM).

oo k2 =0 Mic+2 =0 Nic+2

By using the Cauchy inequality, we have

1

5 V2k + 5[] 5(2 2k2+5> (ka2> 3 1/,N)<Z ’ (k)fk) '
k=N+1

kene1 k2 kene1 ka2 k=N+1

Hence, we can obtain

A - o)
< |KT - PoE| = |1 - 02 |

00 2 00 T+ ~ 00 P ~
‘_ 5 i W(Z L+ COMIVIRTER 5 (D) «/—2k+5k>

k=N+1 Nk+2 k=N+1 Nk+2 k=N+1 Nk+2
35> |+ 3 ROy
k=N+1 'Tk+2 k=N+1 k+2
< Y2k f) ( v )f) < .
N%/f(N) (k; ©) TNy k;l ‘) TNy 0O

Lemma5 Iff e W, then we have

JA(R ~£y) | < (C+1)s LA

o2k \ 2
IR -2l < 5 [( e R e

- NG o2k \ 3
AR - ¢ <68+ Nw(N)”f”“’ (021;35\[%) If Il

Page 8 of 19
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Proof Using the triangle inequality, (2), (23), and Lemma 4, we obtain
JA®, ~£v)] < |4k, —&'] + & ~¢] + AU - P

<(C+1)5+ A%ufuw-

Due to the triangle inequality, (30), (2), and Lemmas 2—4
IR®) )] 2 < [R(K) = Eo) [ 2 + [REox —E)] 2

<5 f||g — Afy | + IREx 2

€2k
(I¢ -l + |at - Pif]) + ( max 5o )imw

_2\/_

1 o2k \ 1
52\//_)< Nlp(N |lf||w> (OIS%VW> flly-

Let S, =1 —d,(BB*)BB*, then we use the representation g° —Aﬁ‘; = S,¢° and obtain from
the triangle inequality, (2), and Lemmas 2—4

|AR - || = [S,8° | < 1S, (¢° - )| + |Snte - ARw)| + IS, Akl
<5+ |AU - POE| + 18,81 - I REx 2

[ e2k %
<8+ <0r<r}(a<>§v—w2(k)) Ny O

B Nl/f(N)

3.1 Convergence rates for ¥ (x) = ¢,(x)
Lemma 6 Iff e W;’ with ¥ (x) = ¢.(x) (r > 1), then there exists a constant ¢y such that

; 2
2 < callKFI72 IF11 7 (36)

Proof By using the Holder inequality

Ilflle—ka —Z<¢2 i 2) )

k=0 k=0
- 2 (37)
00 1 A2 r+2 [e'e) ) n 42
k .
From (35)
IKF |
= H_ i j—kLkJrz(x) + (i [+ GOV SAkx + i M)
ko h+2 k=0 Ni+2 =0 Nk+2 (38)
= fi 1 4 :
L — .
= g Nk+2 2 x) (g nk+2> f(kzo ¢2(I() k)

We can finish the proof by using (37), (38), and (33). O
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Lemma 7 For the vector sequences h® = (8, 13,..., fzf‘, ST
- - SR
|AR | <cs8, |RR| o <cae™ 67T, ass—0 (39)
hold with some nonnegative constants cs, cs, cs, then there exists a constant M, such that

[(7h)

g =M1 (40)

Proof Using the properties of the exponential function and the power function,

1 Cr+l
1
e s 57 V8 < 8o

holds for a constant §y. Now, we prove the lemma for § < &y, let
1
N = C5(S_m,
then by using the triangle inequality
ré ré ré
|ow], | <|TPww|,  +|TU-PoR|, =h+h.

For the first term I3,

, N (k) , |
B=|gpek’|; =3¢ (kfF =) L f2 < N2 .
1P - Lo - S e Y

For the second term I,

. k
B lgu-Poill - Y o= Y 2y

k=N+1 k=N+1

r—2 =512
= 22N HRf Hﬂ_)O'

This finishes the proof. O

Theorem 8 Suppose that f Wf with ¥ (x) = ¢,(x) (r > 1) and the condition (2) holds. If
the regularization solution h‘; is defined by (21)—(23), then

|7 ~f],2 = O(37). (41)

Proof From Lemma 5,

A ~£v) | < (C+ D5+ ——flly

Nr+1

IR(E - = %( e ) s (155 ),

> eN
C3 = AR} ~¢'| =5+ oty + 7 max (1,55
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Now, we choose N such that

c-1

S,
Wflly = )

Nr+l

then we can obtain that there exist constants C;, C,, C3 such that
JA(H, - )] <
oo S,
||R(hf> —fy) ng < Cpe®® Mg,

Hence, from Lemma 7, there exists a constant M, such that

7 (5, ~ )., < Mo

Hence, by using the triangle inequality

|5, -

Flo < IT@ -8, + 1 ~Allg, < Mo+ Iflly- (42)
Moreover, from (2), (23), and the triangle inequality

|k, ~¢] < AR} -] + |¢ ¢l = (1) )
It follows from Lemma 6 that the assertion of this theorem is true. O

3.2 Convergence rates for ¥ (x) = ¢y (x)(A > 0)
Lemma 9 If the functions sequences f° satisfy

|6 <ess I, < 80, (44)
where cg, ¢; are two fixed nonnegative constants, then we can obtain

o-ofn(2))

Proof Let

() ()

then we have

"cr:

N N
[Pl = Do) < AT Z
k=0 k=0

and

[e¢]

[=Pal = > @ <o Z ) 0

k=N+1 k=N+
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Theorem 10 Suppose that f € W;’ with Y (x) = ;.(x) (A > 0) and the condition (2) holds.
If the regularization solution hi is defined by (21)—(23), then

£, = o(a(log@)z). (46)

Proof From Lemma 5, for 0 <X <1,

HA( fN)|| <(C+1)8§+ I llys

NAN
IR(E -l = ﬁ( ol )+
\/_ (1- )LN”f”

AR, - <6+ W1l +

Now, we choose N such that

Wflly = el

Ne}‘N

then
AR - )] < s
and
| R(®S - )] o < 58T

hold with two constants ¢, and c5. Hence, it is easy to obtain by the Holder inequality that
there exists a constant M3

|7 (8, ~£0),, <Ms. (47)
Hence, we can obtain

1,1, < [T =E0)[,, + U —Flly, < M+ [f . (48)
Secondly, for 4 > 1, noting that b is the minimizer of (18), hence, we can obtain

[, =& [* + ol |5, < 1KF =& + pUF,
Hence,

512, <, + S (1 - - 1, - ) < W,
Therefore,

|75 =11, <2Ifllg,- (49)

Page 12 of 19
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Moreover, by the triangle inequality
|AR, -] < [AR) -&’] + &’ -] = (C+Ds. (50)
It follows from Lemma 9 that the assertion of this theorem is true. O

4 Numerical experiments
In this section, we present several numerical results from our method. Let x; = ﬁ, i=
0,1,...,M. For noisy data, we use

&) =glx)(1+e),
where {¢;}¥ | are generated by Function (2 * rand(N, 1) — 1) * §; in Matlab. Since the exact
solution of the fractional diffusion equation is difficult to obtain, we generate the addi-
tional data g(x) by the method in [20].

We obtain flsp approximatively by solving the following equation:

(A*A +B)h = Ag’,

where
sinwx; sin2wx; ... SsinNmx;
9 | sinmxy sin2mx; ... SInNmx
A=—
M
sinxy  sin2mwxy ... SINNwTXy
[ ay sina a sinmxy, ... apsinmTay
arSin2mwx;  axSin2mwxy ... dpSIn2mwxys
| ansinNmx; aysinNmxy ... aysinNmxy
[ Joxo)  Ji(xo) ... Jum(xo)
Jox1)  Jilx) ... Jmxr)
Loxar)  ixar) oo Jur(oear)
_ 22
with a; = %, [=0,1,...,N and Ji(x), which is defined in (11), k=0, 1,...,M and

g’ = (&°(x0),8°(x1),...,8°(xm))T, B is a diagonal matrix with the elements of (1,e% €%, ...,

)T on the main diagonal.

Then, the regularization parameter p is chosen by
|ab-g'], - €5,

with C = 1.01, where § = /M + 15;.
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Numerical tests for four examples are investigated as follows. We take 7 =1 and M =
N =256 in all of the examples. The relative error of the numerical solution is measured by

YoM () — f ()7 B
r ): < : £ ) .
’ (f Z?;Iof(xi)z

We also give the comparison of the numerical results between our method (M1) and the
one in [20] (M2).

Example 1 Take
fx)=¢,
then £(0) #0, f(1) #0 and f(x) is smooth.

In Fig. 1(a), the comparisons between the exact solution and numerical approximations
with 8; = 1e-2 are shown and we give the variation of e,.(f) with é; in Fig. 1(b). Moreover,
we present the relative errors for various « and §; in Table 1. We can see that the results
of M1 are much better than those of M2 when the boundary condition does not hold.

3.5

Exact solution

- M1

(a) Exact solution and its approximations with §; =

le — 2
10° T
6‘9‘9000 s -G-m1
: =0-0-0-0-6-0- —O-m2
107 O000-0-
90060604
&
NS
10 Oo a
<>~<>\
3 B
< 10 G‘Q\
o &
B
10 Y
©
-
10° oy
a
<>~<>\
100 N
10—7 L L L I
107 102 10 10 10 10®

(b) The variation of e, (f) with 1

Figure 1 Numerical results of Example 1 with o =0.5

Page 14 of 19
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Table 1 Relative errors of Example 1

& a=0.1 a=05 a=09

M1 M2 M1 M2 M1 M2
le-1 2.32e-02 3.10e-1 221e-2 3.09e-1 1.66e-2 3.09%e-1
le-2 3.81e-3 2.21e-01 3.50e-3 2.20e-1 257e-3 2.19e-1
le-3 8.66e-4 1.73e-1 6.47e-4 1.69e-1 6.44e-4 1.68e-1

Table 2 Relative errors of Example 2 with & = 0.5

I3 Te-1 Te-2 Te-3 le-4

M1 1.79e-1  207e-2  206e-3  285e-4
M2 1.8%-1 6.22e-2 1.78e-2 6.34e-3

1

Exact solution

(a) Exact solution and its approximations with 6; =

le — 2
107 oY
Q\&<>~<>»§>\<> -1
% A -O-m2
2 ® $$\®\$ 4
10 . AR
& 6o
& N
3 ¢ ) QQ\@A
103 AN
©-
= ®a
o RN
104 Q\‘\ 3
Q\
&
O
5 \<>\\<>
105k ]
0 %
o
o
10'6 1 1 1 L
107! 102 10° 10 10 10

3,

(b) The variation of e, (f) with 1

Figure 2 Numerical results of Example 2 with o =0.5

For different «, there is little difference in the numerical results. Hence, in the following
experiments we only give the results for « = 0.5.

Example 2 [20] We take
fx)=x(x-0.1)(x — 0.4)(x — 0.6)(x — 0.8)(x — 1),

then f(0) =f(1) = 0 and f(x) is smooth.
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1.2 T T T T T T T T T

Exact solution \

081
06 p i
04

0.2

-0.2

(a) Exact solution and its approximations with d; =

le —2
10° i T T -
-<-m1
©-%- —o-
f}(}{}\eie;Q‘Q <-M2
<>«>\$;W><>
L NS RN ]
& O % ©-0-0-06-0-4
(R AN
¥R
s A
o 10° 66 9
‘oo
o
\Q"Qg
103 O
10'4 L L L L
107 102 10? 10 10 10

%

(b) The variation of e, (f) with §;

Figure 3 Numerical results of Example 3 with o =0.5

The relative error has been listed in Table 2. Figure 2(a) shows the comparisons between
the exact solution and numerical solutions and Fig. 2(b) exhibits the changes of e,(f) with
81. We can see that the results of M1 are still better than those of M2. The advantage of
M1 becomes obvious as §; decreases.

Next, we consider the case of piecewise-smooth functions. Example 3 does not satisfy

the boundary condition but Example 4 does.

Example 3 Take

-2x+1, 0<x<0.,
flx) =

2x -1, 05<x<1.

Example 4 Take

Zx, 059(:505,
-2x+2, 05<x<1.

flx) =
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Figure 4 Numerical results of Example 4 with o =0.5

Table 3 Relative errors of Example 3 with o = 0.5

I3 Te-1 Te-2 1e-3 le-4

M1 753e-2  472e-2  24%-2 133e-2
M2 409-1  297e-1  2.28e-1 1.81e-1

Table 4 Relative errors of Example 4 with o« = 0.5

& Te-1 Te-2 1e-3 le-4

M1 1.17e-1  506e-2 241e-2  1.25e-2
M2 512e-2 222e-2 1.16e-2  6.54e-3

From the results of Figs. 3 and 4 and Tables 3 and 4, we can see that the results of the two
examples using M1 are close. However, the results of Example 4 using M2 are obviously
better than those of Example 3. The results of M1 in Example 3 are better than those of
M2, but the results of M2 in Example 4 are slightly better than those of M1. These results

are consistent with theoretical analysis.
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5 Conclusion

To overcome the dependence of previous methods on boundary conditions, we present a
modified Tikhonov method based on Jacobi polynomials to identify an unknown source
in a time-fractional diffusion equation. The convergence results of the new method are no
longer restricted by boundary conditions, and the method has obvious advantages when
the solution has high smoothness.
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